LOCAL POINTWISE A POSTERIORI GRADIENT ERROR
BOUNDS FOR THE STOKES EQUATIONS

ALAN DEMLOW?! AND STIG LARSSON?

ABSTRACT. We consider the standard Taylor-Hood finite element method for
the stationary Stokes system on polyhedral domains. We prove local a pos-
teriori error estimates for the maximum error in the gradient of the velocity
field. Because the gradient of the velocity field blows up near re-entrant cor-
ners and edges, such local error control is necessary when pointwise control of
the gradient error is desirable. Computational examples confirm the utility of
our estimates in adaptive codes.

1. INTRODUCTION

We consider finite element methods for the stationary Stokes equations

—Au+Vp={, in €,

(1.1) V-u=yg, in €,
u =0, on 0f).

Here we assume that Q@ C R™ n = 2,3, is a polygonal (n = 2) or polyhedral
(n = 3) domain with Lipschitz boundary. Many of our main arguments also ex-
tend to polyhedral domains with non-Lipschitz boundaries such as cracks, but we
assume Lipschitz domains for simplicity, see Remark [ below. We assume that
f e (Lo(2))™ and g € W, () for some ¢ > n; in some of our results we assume
further restrictions on g when n = 3. Finally, we also require that fQ gdz =0 in

order to ensure existence and fQ pdz = 0 in order to ensure uniqueness of solutions.
With

V= (Hg()", X = Ly(Q),
we introduce the bilinear form
(12) ﬁ((u,p),(v,)\)) :a(u,v) +b(V,p) 71)(11, )‘)7

where

(1.3) a(u,v) = /Q Z Ou; Ovi dz, b(v,p)=-— /Q(V -v)pdz.

Ox; Ox;
ig=1 "7 "
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Writing also

€)= [ Y tvide (g0 = [ g
Q Q

ij=1
we obtain the weak formulation of (LI)): find (u,p) € V X X such that
L((a,p), v,\)=(f,v)+(g9,A) V(v,)) eV xX.

Let {75} be a regular family of triangulations of €2, generated for example by an
adaptive bisection algorithm. We assume that V;, C V and X, C X are standard
Taylor-Hood finite element spaces corresponding to a mesh 7y ; properties are given
below. The finite element method for is: find (up,pr) € Vi, x X}, such that

(1.4) L((an,pn), (Vi, An)) = (£,vi) + (9, An)  Y(Vh, An) € Vi X X

We enforce fQ ppdz = 0 in order to ensure uniqueness.

Our goal in this paper is to prove local a posteriori error estimates for V(u—uy,)
in the maximum norm. More precisely, let D C 2 be a given target subdomain.
We seek a posteriori control of

V(u—un)lL.p) = Sup max |Di(u; —up;)(2)|
S s

along with the related quantity ||p — pallz.(D)-

In order to motivate our results, we briefly describe the PhD thesis [24] by
E. D. Svensson. It considers the problem of computationally characterizing mixing
in incompressible flows. Let @ C R™, n = 2,3, be an open set containing a fluid.
The motion v: [0,00) x Q@ — Q of the fluid is described by the system

ov(t,x)

ot
of ordinary differential equations. Here x € Q is the starting point of the particle
path and u is the velocity field obtained by solving (1.1). In order to solve
computationally, Svensson discretized both and (1.1) by the finite element
method. In order to control the error in approximating ([L.5), it is necessary to
control [u—upl/z__(0). Such bounds can be found for arbitrary polyhedral domains
in R? or R? in [25].

Svensson also developed a shadowing error estimate for , that is, an estimate
for the distance between the computed path and a true path not necessarily having
the same starting point. This estimate involves a linearization of , which in
turn requires pointwise error bounds for V(u — uy). Global pointwise gradient
bounds for the case when € is convex can be found in [25]. However, is often
naturally formulated in nonconvex domains, and Vu is generally not bounded near
reentrant corners and edges of 2. For this application, it is sufficient to provide a
posteriori control of |V(u — uy)[1_(p) on regions D C €2 not abutting nonconvex
parts of 9. In this work we employ techniques developed in [5] in the context of
Poisson’s problem in order to provide local pointwise gradient error control for the
Stokes system. We note that while [5] provides a roadmap for the current work, our
proofs here also involve significant technical challenges not present in scalar elliptic
problems.

More precisely, let D C Q with D lying a distance d > 0 from any reentrant
vertex (when n = 2,3) or edge (when n = 3) of 99). We assume for simplicity that

(1.5) =u(v(t,z)), t>0; v(0,z)=u,
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d<1. Let Dy = {z € Q:dist(D,z) < d}. We define the W1 -type residual error
indicator

M,oo(T) = hrllf + Aup, — VL (1)
+IVulllzoory + lg =V -walle )y, T € Th.

Here [Vuy] is the jump in the (componentwise) normal derivative of uy, across the
element boundary 97 and hp = diam(7T"). Let also h = minpe7, hp. Finally, let
Tp, ={T € Tp : TN Dq # 0}. We use the standard norms |||, (p), [I[lw:(p) and

seminorms ||y (p), |{c1.6(m)- Our first main result is then the following.

Theorem 1. Let p < comin{d, h} for a sufficiently small constant ¢y, and assume
that (u,p) € CYP(B,) x C%P(B,) for some B € (0,1). Assume also that the Green’s
functions estimates of Lemma. 110} below for convex polyhedral domains hold. Under
the above assumptions, we then have

[V(a—=up)llz. o)+ 1P —prlli. (o)
d h
<C {1n — max —Tnlpo(T)

(1.6) p T€To, hr + dist(T, D)

1
+ g(”u —uplr (@) + max hTm,oo(T)> + Pﬁ(|u|cl 5@, T IPlcos( )ﬂ

Here B, = B,,(z0) C Dq is a ball of radius p centered at a point where the mazimum
error is attained.

The above estimate consists of a local residual term, a regularization penalty,
and a global pollution term. The local residual term maxrer,, mnlm(T)
measures local error contributions from a neighborhood of the target region D.
Since W#ﬂtq(ﬂm =1 when TN D # (, error contributions from D are measured

by the WL-type residual indicator 7 . Error contributions from elements in-
tersecting Dy but not touching D are measured by the term #Tt(:rp)nl,oo(T)'

The strength of this contribution decays smoothly from 71 o (T") to hTTr]LOO(T) as
hr + dist(T, D) increases from hp to O(d). The extra factor hp present in the
latter error indicator significantly de-emphasizes these contributions as the mesh
is refined, and in particular effectively measures the error contribution from these
regions in Lo, instead of WL.

The pollution term C%(|lu — uyl|p (o) + maxre, hrn,oo(T)) measures the
influence of global solution properties on the local solution quality. Following [25],
it can be bounded a posteriori, as indicated in the corollary below.

The regularization penalty Cpﬁ(\u\cm @) T [P co.s (E)) is due to technicalities
associated with bounding maximum norms, and in particular to regularization of
the Green’s function in our arguments. Because D is away from reentrant corners, it
should be expected that (u,p) € C1#(B,) x C%#(B,) for some 3 € (0,1). Following
this observation, we use local Holder regularity estimates in order to control the
regularization penalty by data in the corollary below. However, the results available
in the literature restrict our choice of the compressibility g somewhat in the case
n = 3, though the incompressible case g = 0 is always allowed. After obtaining
local regularity bounds, we make use of our ability to choose p arbitrarily small in
order to obtain a final, completely a posteriori bound.

Note finally that we assume the validity of certain Green’s function estimates in
Theorem |1| because the precise estimates that we need are not quite available in
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the literature in the case n = 2. The needed estimates have been published in the
case n = 3 and almost certainly hold as well for n = 2; see the discussion following
Lemma

Corollary 2. Let the Green’s functions estimates of Lemma below for convex
polyhedral domains hold. In the spatial dimension n = 3 assume also that the
incompressiblity g in is 0 in a neighborhood of all edges of Q0 lying within a
distance d of D. Define

F(f,9,d) = fllz @) + lglwr ) +d 2 (Iflly, 10y + l9llz,@)

hr
£ = L S——— Y
X g, o) )

B=1- Z, p = min(d, h, (5/F(f797d))1/6>‘

Then there exists q > n sufficiently close to n and depending on Q0 and Dy such
that the following dichotomy holds.
If £ =0, then

1yanl
(1.7 [V —w)lleom) + I —prllLo. (o) < C(ln E) 7 tax hrmi oo (T).

If £ # 0, then

IV(u—wp)llzo)y+lp —prlle. (0
(1.8)

< 0(1 +In %)5 + C’(ln i)aéjlpea%( h1 o0 (T).

Here as =2 and a3 = 4/3.

Because we expect convergence to be faster in Lo, than in W21 | the pollution term
in is of higher order when viewed from the perspective of a priori convergence
rates. Adaptive algorithms based on can correspondingly be expected to
generate coarser meshes in 2\ Dy than in Dy.

The logarithmic factor Ind/p in above is nonstandard, so we briefly remark
on it. When (§/F)'/8 < h, the logarithmic factor will depend on £ and on d,
but not on the meshsize h. In the standard literature on maximum norm error
estimates such logarithmic factors depend only on the (minimum) meshsize. In the
typical case where £ > Cﬁk, the possible presence of £ does not change the essential
nature of the logarithmic factor at all. Only in the exceptional case & < h¥ does
the nature of the log factor become nonstandard. The presence of the computable
estimator £ in the logarithmic factor allows us to obtain a completely a posteriori
bound.

We finally give a brief discussion of related literature. Local a priori error es-
timates for the Stokes equation are developed in [12] and used to justify a local
parallel finite element algorithm. Global W1 a priori error estimates for the Stokes
system on convex polygonal and polyhedral domains can be found in the recent
papers [8], [9], and [I0]; we also refer to these works for a more comprehensive
overview of previous literature on maximum norm a priori analysis for the Stokes
problem.

As mentioned above, [25] contains global a posteriori error estimates in the
maximum norm for the Stokes equation. Local a posteriori estimates for maximum
gradient errors for Poisson’s problem are proved in [5]; related global maximum
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gradient error estimators are developed in [4]. In both of these works, the regular-
ization penalty in was essentially assumed a priori to be small. Our treatment
here is entirely a posteriori, so in this regard we obtain sharper results than have
previously been available even for Poisson’s problem.

An outline of the paper is as follows. In Section [2| we give several preliminary
definitions. In Section [3] we use a duality argument in order to represent the local
pointwise gradient error, and in Section [4] we complete the proof of Theorem [I]
by proving a number of regularity estimates. In Section [5] we prove Corollary
Finally, in Section [f] we present a computational example.

2. PRELIMINARIES

2.1. Finite element spaces and interpolants. We employ the standard Taylor-
Hood finite element spaces. Let Vj be the continuous piecewise polynomials of
degree k and let X}, be the continuous piecewise polynomials of degree k—1, k > 2.
With this definition, existence of solutions to is well known to hold, as well as
uniqueness so long as fQ pp dx = 0 is enforced.

We also assume the existence of interpolation operators I,: V — Vj,, Jp: X —
X}, such that, for 1 < p < o0,

(2.1) 1no = vllywgry < ChE 7 olwpneppy,  4=0,1, m=1,2,
(2.2) [Jnp = pllz, 1) < Chylplwn(pry, m=0,1.

These are standard properties of interpolants of Clément or Scott-Zhang type. Also,
Pr is the patch of elements touching T, with a corresponding hierarchy of neighbor
patches of a simplex T' € T}, defined by:

Pr=u{SeT,:5nT# 0},
Pr=U{Se€T,:SnNPr#0},
Pl=U{Se€T,:SNP,+0}, etc.

We finally note that I;, and J, may be defined so that, if v € (Hg(Dy))" and
q € L2(Q) is supported in Dy, then Iv and Jpq have support in Tp,.

2.2. Reference domains. Our proofs involve carrying out duality arguments over
subdomains B of 2. To describe these we recall that the target domain D is a fixed
distance away from reentrant corners or edges but may touch the remaining parts
of Q. We fix a point zyp € D where the maximum error over D is attained, see §3.1]
When dist(zg, 92) > d we can choose our subdomain B to be a square or cube with
diameter d centered at xg. When z( is close to 92 we must carefully control the
size and shape of these subdomains in order to ensure that regularity constants ap-
pearing in our estimates are uniformly bounded. We thus define reference domains
to which we may map portions of Q lying near 9€). A similar approach was used
in [B], and we refer to §2.2 of that work for more detail. In particular, it is shown
there that there exists a set {Bl, ey BM} of reference domains of unit diameter,
each of which is a convex polyhedron, with the following properties.

There exists a constant dy < 1 depending on §2 such that whenever d < dj, the
following hold: Assume that xo € Q with dist(xg, e) > d for all reentrant corners or
edges e of 0. Then there exist constants ¢; > 0 and 0 < ¢z < 1, independent of
Zo, and a subdomain B of Q such that zg € B, dist(z,dB \ 0Q) > c¢1d, and such
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that for some 1 < i < M there is an affine bijection A;: B; — B, where A; consists
only of translation and scaling by cd for some c; < ¢ < 1.

|
I
D ]
[
!
/
[ i) /
A ,
B /
cid /
1 /
‘ /
/
'
d
Dd //
.7 Q
///

FIGURE 1. Diagram indicating relative positions of 2, D (shaded),
D, (with dashed boundary), and the reference domain B (a square
with fine dashed boundary). In this case the unit reference domain
B would be a unit square.

FIGURE 2. Blowup of B, showing x¢, Bc,q/2(%0) (darker shaded
disc), and B 4(zo) (lightly shaded disc). Bg/o is defined as
the connected component containing xy of the intersection of
Bcld/Q(l.()) with Q.

We will also use a cut-off function w. With zy and ¢; as above, let w €
C§°(Be,a(zo)) satisty

(2.3) w=1on B, q/2(z0).
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Here B, (x) denotes the open ball with radius r and center x. If B, q(zg) N is
not connected, then we assume that w = 0 on any component of B, 4(z¢) N not
containing . Note that w =0 on 9B\ 09 and that w may be defined so that

(2.4) lwllyws, gy < Cid™7, §=0,1,2,...

In summary, D is the “target” domain for error control, while D, is a larger
“cut-off” domain with cut-off parameter d. Because we cannot control the shape
of D and D, and attendant regularity constants, we also define reference domains
B C Dy which has one of a finite number of pre-defined polygonal shapes and
which may be obtained essentially by scaling a reference domain by d. Finally,
B, d(xo) is the support of the cut-off function w which will play an essential role
in our arguments. See Figure [1| and Figure [2| for a visual representation of these
definitions.

2.3. A posteriori estimates in L.,. We quote a result from [25].

Lemma 3. Assume that Q is a polyhedral domain in R™, n =2,3. Then

QAn

1
(2.5) = wnllgy < () i b oo (7).
Here as =2 and a3 = 4/3.

Remark 4. The arguments of [25] and ours below are valid for polyhedral domains
with Lipschitz boundary, which excludes crack domains and other non-Lipschitz
polyhedra. However, similar estimates for Poisson’s problem can also be obtained
for polyhedral domains such as crack domains that do not have Lipschitz boundaries
(cf. [6]), and it is likely that the same is true for the Stokes system. The reason
for this difference is that certain relevant regularity estimates for the Stokes system
are only available in the literature for Lipschitz domains. Our numerical examples
are carried out on a two-dimensional domain with a crack.

3. ERROR REPRESENTATION

In this section we represent ||V(u—up)| . (p) and |[pn — pl| .. (p) by employing
a regularized Green’s function.

3.1. Pointwise pressure and velocity gradient errors. Let
€y =uy —u, €p=php—p.
Our goal is to simultaneously bound [|[Vey||r_(p) and [ley|/z(py.- We begin by
selecting xo € D and i, j so that
sup (max | Dyew (¢)] + ey (@)]) = [Diew;(0)| + ey (w0)]
zeD k,l

= [Dseu(o) - kj| + |ep(z0)]-

Here k; denotes the j-th basis vector. Making the definition ||Veu|r_(p) =
SUp,.e p maxy,; |[Dyew ()], we see that ||[Veullr(py + llepllz.(py is bounded up
to a factor two by the above expression.

We shall express the above errors by means of an approximate “delta function”
at xo: Dieu(xo) - kj = (Diey - kj,0) = (D;ey, 0k;) and e,(xo) =~ (ep,d). In order
to do so, we select a simplex T, € Tj, such that

Xo € Tm(y
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Furthermore, we define a regularized “delta function” § corresponding to the point
xo (cf. [22]). Following §2.3 of [5], we let p be as in Theorem [1| and fix a shape-
regular simplex T; of diameter p such that xg € Ty C Tj,; see Figure More
precisely, T; should satisfy the same regularity assumption as the simplices in the
mesh family {7}. Then ¢ € C§°(Tp) may be defined so that for any polynomial P
of degree at most k — 1 (where k is the polynomial degree of V4,),

P(xp) :/ 0P dz,
To
Ciin(1-1 .
(31) ||6||W5(T0) S Cp / (1 p)a 1 S p S oo, ] = 07 1.

Following precisely the arguments in Proposition 2.3 of [5], we obtain the follow-
ing.

Lemma 5. Assume that (u,p) € O (T5) x C%(Tp) for some f € (0.1) and that
(Vh,qn) € Vi, x Xp,. Then

(52) |Di(w; — vig)(zo)| + |p(z0) — qn(zo)| < [(Di(u; —vay),0) £ (p — qn, )|
+ Cpﬁ(|u|cl,ﬁ(ﬁ) + |P‘cﬂ,ff(ﬁ))~
Here the sign of £(p — qn,0) is chosen to match the sign of (D;(u; — Vi), 9).
Employing , we obtain the following error representation.
Lemma 6. Under the assumptions of Theorem[1] we have
IVeullzo) + lleplzo o) < 20(Diew, 6k;) £ (e, 0)
+ Cpﬁ(|u|cl,ﬁ(?p) + ‘p|co,ﬁ(Fp)),

where as above the sign of £(ep, ) is chosen to match the sign of (D;ey, 0k;).

FIGURE 3. Left: Triangulated domain Q2 with D indicated (shaded
area) and xg and Ty, labeled. Right: Blowup of T,, with zo indi-
cated (dot) and Ty labeled.
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3.2. Localization. As above, we let d be the distance from the target subdomain
D to the nearest reentrant edge or vertex in 9. Let 2y € D be a point where the
maximum error is attained and choose the subdomain B and the cut-off function
w as in As in Theorem [I] we assume that p < cod for ¢y sufficiently small.
Hence, we may achieve w = 1 on supp(d) and supp(d) C Tp C B, so that the main

term in (3.3)) becomes

(3.4) (Djey,dk;) — (ep,0) = —(eu, D;dk;) — (ep, ) = —(wey, D;dk;) — (wep, d).
For the sake of notational simplicity we assumed here that the sign in front of (e,, 0)
is —; the actual sign has no effect on our arguments below. We additionally let dp
be a smooth function satisfying [(d —dp)dx = 0; a precise definition will be made

in below. We introduce a localized adjoint problem: find (v,q) € Vp x Xp
with [, ¢dz = 0 such that

(3.5) Lp((w,A),(v,q)) = (w,D;0k;)+ (N, 0 —dp) VY(w,\) € Vg x Xp,

where the form Lp is defined as in (1.2)—(1.3) but with integrals extending only
over B and Vg x Xp = (H}(B))" x Ly(B). The strong form is:

—Av — Vg = D;0k;, in B,
—V'V:(S—(SB7 inB,
v =0, on 0B.
We extend v by zero outside of B. Note that we,, € Vg because w = 0 on 9B\ 99
(since dist(zg,0B \ 0Q) > ¢1d) and e, = 0 on IS
3.3. Duality argument. We choose (w, \) = (wey,we,) € Vg x Xp in (3.5), use
(3.4), and recall that v = 0 outside B. Thus,
—(Dieu, (5kj) + (ep,(s) = (weu, D,(Skj) + (wep, o — (SB) + (wep, (53)
(3.6) — Lo((weawey), (v,0)) + (ep, wip)
= a(wey, v) + b(v,wep,) — b(wey, q) + (ep, wdp).

Writing a(u,v) = fQ u; ;v; j do, performing elementary manipulations, and inte-
grating by parts yields

a(wey,v) = / [wewi,jVij + ewiw jV;i ;] do
Q

= / [ewi,j (WV)i,j — €ui jw jVi + euw ; Vi ;] do
Q

(37) = a(eu,wv) + / [eui(w,jvi)J + euiw,jvw-] dx
Q
= a(eu,wv) + / [euiviw,jj + 2euiw7jvi,j] dz
Q
= a(ey,wVv) + (ey, VAw + 2VvVw).
Similarly,

b(v,wep) — b(wey,q) = —(V - v,wey) + (V- (wew), q)
= _(v . (wv)76p) + (V - Vuw, ep) + (vw *€u, Q) + (v . eU7WQ)
= b, ep) — blewwa) + (v T, €) + (60, qV).
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Therefore, (3.6) can be written
—(D;eu, 0k;) + (ep, ) = L((eu, €p), (wv,wq)) + (ep,wdp + v - Vw)
+ (en, VAw 4+ 2VvVw + qVw).

Setting Bq/o = B, q/2(20) N B, recalling from (2.3) that w = 1 and thus Vw =0

on Bz, and recalling from (2.4) that |D*w)| < Cd=*, we conclude that
[(Diews 0K;) — (e 0)] < 1£{(€wsep)s (0, wa)| + |(Ep, w8 + v - Vo)
+ Cd71||eu||Loo(B) (d71||v||L1(B\Bd/2) + IVVlL, (B\Byy2) ||Q||L1(B\Bd/2))'

(3.8)

We now consider the term |L((ey, €p), (wv,wq))|. Galerkin orthogonality implies
(3.9) L((eu,ep), (wv,wq)) = L((eu, ep), (Wv — In(wv),wq — Jp(wq))).

Recalling that supp(wv — In(wv)) C Tp, and employing standard techniques for
proving residual error estimates (cf. [5] for similar computations), we next compute

|£((euvep) ( (wv),wq Jh(WQ))I
<C Z Moo (T)( hy' lwv = In(wV)l L (7
TeTp,

+ IV @V = @) lary + w0 = n (@0l 2acr )
(3.10) - hr
- - @@ o T
<O pax e, oy 1)

hr + dist(T, Ty, )
x> s

(h7* v = Tu(¥)lln,
TETDd

+ IV (v = @)l + lwg = Ja(wa)llzr))-

Here we used that hy + dist(T, T,,) > C(hr +dist(T, D)), so that
Cor—il——.

hp+dist(T,D) "

Recall that we assume p < cph. We choose co so small that Bs,(xo) N C P’

and then apply the interpolation estimates and (| . ) to the terms in
as follows. Recall that xg € Ty,. For T € P”mo we apply (2.1) with m = 1

and (2.2) with m = 0, while for all other T' € Tp, we use m = 2 and m = 1,
respectively. We also note that hp + dist(7T,T,,) ~ hy for T € P:;fmo and that

hy + dist(T, Ty, ) ~ dist(z, x0) for z € T € Tp, \P}wo.
More precisely, let

h + dist(T, Ty, )
hr

+ IV (v = Tn@v)llzy ) + lwa = Ju(wa) [z, er )
When bounding ZTeTD I(T) in (3.10)), we have for the terms with T' € PIT;O

Yo I <C Y (V@Y lnern + llwallz, o)

TEPT’JIO TEPf,

< C(A M Vllzacrg ) + 1VVIaeg ) + ey ))-

hr
R dist (T, Tag ) <

1(r) = (hz v = In(@v) 1, )
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For the terms with T ¢ Pilflx(]’ we first note that for T with TN (0B \ Q) £ 0, v ¢

W2(T) since OB may cut through the interior of T, but we do have wv € W2(T).
We then use Ba,(z9) C Pq’ﬂm, (2.4), |z — zo| < d for all x € B, the scaled Poincaré

inequality ||V||L () < Cd||VV| L, (), and that wv, wqg vanish outside B to obtain

Y Im<c Z (hr + dist(T, Ty )) (1 D*(wV)l| 2 ey + IV (@) | 2, (Pr))
T€P// P//
<C |z — 0| [lw|(IVa| + [ D*v]) + [Vwl(la| + |VV]) + |Aw]|v] dz
To, \Pr.

< Cllallzas) + IVVliLys) + a7 IVIL,ms)

+C |z — 20| (|Vq| + |D?v|) da
B\ Bz, (o)
< Cllallam + 19¥lam) + € [ o= aol(Val + D) do
B\ Bz, (o)

Collecting the previous two inequalities while again applying a scaled Poincaré
inequality, we obtain

> 1) < C(I9Vlnm) + lallz, o)
(3.11) 1Ty

+ / |z — z0|(|Vg| + |D?V]) dx).
B\ Bz, (z0)
Collecting the previous results, we obtain the following error representation.

Lemma 7. Under the assumptions of Theorem[1] we have

hr
<C _
IVeullr.py + llepllLo () Tm%iid oz + dist(T, D)

< (Whwyo + sy + [ o= a0l (Val + [DV]) de)

2p(zq)

771,oo(T)

+Cd eullL.(m) (d_lHVHLl(B\Bd/Z) VYL, (B\Byy2) + ||(J||L1(B\Bd/2)>
+|(ep,w53 +v~Vw)|+C'p (‘u‘Cl 8(B, +|p‘co B( ))

Proof. We collect (3.11)) into and subsequently into and . Com—
bining the result with (3.3 completes the proof.

3.4. Regularity estimates. The estimates contained in the following two lemmas
compose the remainder of the proof of Theorem [I] The proof of these estimates is
carried out in We remind the reader that By = B.,q/2(z0) N B; see (2.3).

Lemma 8. Let (v,q) € Vg x Xp be the solution of (3.5). Then

d
(3.12) Ivllwr ey + llallz, ) < Oln;,
(3.13) dilHVHLl(B\Bd/Q) + HVV”Ll(B\Bd/Q) + H‘I||L1(B\Bd/2) <C,

(3.14) / |z — 20|(|Vaq(z)| + |D*v(z)]) dz < C’lné.
B\Bz,(x0 P
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In the next lemma we provide a computable bound for the term |(e,, wdp+v-Vw)|
in Lemma

Lemma 9. Let v, q, and p be as above. Then

1
(3.15) |(ep,wdp + v - Vw)| < Cg :aneaT};(L hrn oo (T').

4. REGULARITY ESTIMATES

In this section we prove Lemma [§ and Lemma [9] First we collect some basic
regularity results and properties of the Green’s function for Stokes’ problem from
the literature and then use them to analyze regularized Green’s functions.

4.1. Regularity and Green’s matrix estimates for the Stokes system on
convex polyhedral domains. We begin by stating a standard regularity result.
Let B = B; be one of the unit reference domains B; defined in Assume that
(v,q) € Vz x Xj solves the adjoint problem

(1) Lp(w, ), ®,0) = (w.B)5+ (NG5 Y(w,)) € Vg x X,
where f € (H~1(B))"” and § € X5/R. Then

(4.2) 191l z2 3y + 11l 3y < CUIEl -1y + 1911, 5))-
Since B is convex, we also have (cf. [I5])

(4.3) IVl g2y + 1l g 5y < CUEN L) + 13l m1ca)-

As normally stated in the literature, the above estimates require that || 5Gdz =0,
but we modify this assumption slightly so that we can employ properties of Green’s
function for convex polyhedral domains from [I7] p. 555 and the following. We let
¢ € Cs°(B) with J5 #d& = 1. We then require that [z §¢di = 0. Because C§° is
dense in Ly(B), we may for any given € > 0 choose ¢ so that |||B|~! — O, Se
By choosing ¢ sufficiently small (e = % will suffice), we easily see that then
and hold also for ¢ satisfying [z G¢ dZ = 0 instead of the usual [5¢dE = 0.
In what follows we take ¢ to be a fixed function that is sufficiently close to |B|~!
in L,(B) for a sufficiently large (but fixed and finite) range of values of r.

Next we state results for the Green’s matrix for the adjoint problem .

Lemma 10. Assume that B CR™, n=2,3, is a convex polyhedral domain and let
(v,q) be the solution of (4.1)). There exists {Gi;(Z,£)} 1< j<n+1, (£,€) € B x B,
such that forx € B and 1 <1< n,

(@) = [ 36u@OOE+ [ Guua(@.H3@) dé

§(@) = /B S G (5, )8 (6) dE + /B Gt (. )3(E) €.

Moreover, there is a constant C' such that, for 8,41+ <1 and dp41,;+16] < 1,

- {C|:z &5, if k>0,

(4.5) 1Dz oA
Clnlz—¢|, ifc=0,
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where §; ; is Kronecker’s delta and
K=n+0n+1+ ]|+ 0ny1;+ 8] — 2.

In addition,

(4.6) Gij(#,6) = Gu(&,7), #€eB, 1<lj<n+l,

and when ¢ is chosen as above,

(4.7) / Gy j(3,6)p(#)dZ =0, £€B, 1<j<n+1.
B

In case of three space dimensions, these estimates can be found in [I9] and [17];
cf. [14]. In the case n = 2, Lemma does not appear directly in the literature to
our knowledge. In the case of Poisson’s problem, a similar estimate for n = 2 is
found in [7] for generic convex domains. [18] contains Green’s function estimates for
elliptic scalar equations of order 2m on (polygonal) cones in two space dimensions.
The correct asymptotics for convex polygonal domains may be derived from these
estimates (cf. [20]), and the authors also state that “The passage to the case of
elliptic systems entails only some notational complications”. We shall thus also
assume the results of Lemma [I0] in the two dimensional case.

Note that the constants C' in , , and do not depend on the choice
of the reference domain B = B;, since B; lies in the finite set {Bl, .., Bar}.

We finally remark that we only employ with Kk = n and kK = n — 1. The
logarithmic estimate occurring when x = 0 is thus not used here; we only include
it for the sake of completeness.

Remark 11. An alternative to using Green’s function estimates is to employ qu—
type regularity estimates as ¢ | 1. This was the approach taken in [25] for proving
gradient estimates for the Stokes system in the global maximum norm on convex
polyhedral domains. The disadvantage of this approach is that it requires an un-
natural restriction on the maximum interior dihedral angle when n = 3. The a
priori estimates of [§], [9] suffer from the same restriction, which was subsequently
overcome in [I0] by the use of sharp Green’s function estimates. We similarly avoid
this restriction by employing sharp Green’s function estimates. Note also that the
techniques we employ here could be easily used to extend the global W1 a poste-
riori estimates of [25] to include convex polyhedral domains with no restriction on
the maximum interior dihedral angle. In the context of Poisson’s problem, we refer
to [] for a posteriori estimates and to [II] for a priori estimates which similarly
use sharp Green’s function estimates to obtain pointwise gradient bounds on any
convex polyhedral domain.

In two space dimensions, the use of L,-type regularity estimates leads to optimal
results with respect to domain geometry and thus provides a reasonable alternative
to using Green’s functions. The techniques of [25] could be extended to prove local
error estimates for n = 2 as well.

4.2. Transformation to a reference domain. We now map B to a reference
domain B by translating and scaling B by a factor cd for some ¢ < ¢ < 1 as in
Let (v,q) be the solution of (3.5). With slight abuse of notation, we assume
¢ = 1 and define v(z) = d~'v(d%), (&) = q(dZ), and §(Z) = 6(dz). Note that o
has radius of support p/d, since § has radius of support p. We also have

(48)  Ls((w,X),(9,8) = (W, Dz,0k;) + (X6 —dp) V(w,A) € Vj x Xp;
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recall that the maximum error is attained at xg in the i-th derivative of the j-th
component of ey.
Here we also make precise our definition of d5: we let & B( f 5 ) dy

and define dp correspondingly as dp(z) = dp(x/d). Since fB da: =1, we then
have f B 5 — 33) dZ = 0 as required. In addition, because ¢ is a fixed smooth
function on B and by change of variables ||5||L )y S Cd7"6]|p, 5y < CdT, we
have the estimate

(4.9) 16511 L.(m) + dIVEB La8) < Cd"? |05l 41 () < Cd™/2,
where C' depends only on B (and thus ultimately only on Q).

4.3. Proof of Lemma [8f We can now prove regularity estimates for the localized

adjoint problem (|3.5)).
Proof of (3.12). We begin by bounding [[v|lw.i(s) + ll¢llL, (5. Letting To € B be
the image of zy € B, we first compute

IVllwazy + lalle, s) < Cd”(H{’HWll(B) + ||67||L1(B))
(4.10) < Ca" (I¥lw; (52, a(00) + 1dllE (5, a0
19w 08, a0 + 1l a3y i)
Using with f = Djigk]‘7 g= 5—dp, , and 7 we next find that

d"(I¥llwi(Bs,,a@0)) + Gl L1 (Bay o))

< Ca"(2)" (0¥ 101y a0 + Wil )
(4.11) < Clpd)™ (191l sz ) + lll 1 5))

< Clod)" (18]l 3 + 13 = 351 1,5

< CP"2 (|0l acm) + 108 a(m)) < C-

Employing (4.4) and (4.5)), and also using (4.7)) while recalling that ép is a constant
multiple of ¢, we have for & € B\ By,/4(Z0), that

(112) - /B . s>( D2 Gy(a 7§)d§+DmGz,n+1(i’a§)>d§
p/d{To

< Pl o192, @ DG (&)
|| HL (B) | zkf lj( )|+‘ K +1 | Lo (B,,/d(ro))

< Ca il s [F— €7 < O — ol
£eB, qa(To)
For the term D;ké_Glj(fc, -) we used that 1 < 1,j < n, |a| = |8| = 1, so that (4.5)
applies with x = n. For the term Dz, G} ,11(Z, ) we used that |o| = 1 and |5] =0,
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l <n,and j = n+1, so that again k = n. We also used |Z —Zo| < |Z—€|+|€—F0| <
|Z — &+ p/d < 2|z — £|. Similarly,

(4.13) §(@) < Cd™ "7 —To|™"
and
(4.14) V(%) < Cd™"™|F — Fo|"

Thus, setting r = |Z — &o| and transforming to polar coordinates leads to
A" (I¥llwz (8\Bs, a0 + 1Al L, (B\Bs, aio))
(4.15) diam(B) d
< Cd”d*”/ Pl dr < Cln —.
2p/d p

Collecting (4.15)) and (4.11)) into (4.10)) completes the proof of (3.12).

Proof of (3.13)). We first complete the calculation for the term [[Vv|w1(z\ 35, ),
recalling that By, = Bc a/2(z0) N B, see (2.3). We set ¢; = 1 for simplicity.
Transforming to B and using Hoélder’s inequality, we have
IVVIwi\B4s2) < CCNVIwa a8, a0y < C IV lw 5\, 2 30))
Note that since p < cod for ¢g sufficiently small (here ¢y = % suffices), we have
B\ Bi)2(%0) N By,yalio) = 0. Thus by ([EI2), we have |V¥#(z)| < Cd~" for
ieB\B /2(Zo), which when inserted into the previous equation yields
IVVilwis\B40) < C,

as desired. The bounds for d_1||v||L1(B\Bd/2) and ||q|[z,(B\B,,,) similarly employ

(4.13) and (4.14). Thus (3.13) is proved. )
Proof of ([3.14). Let dy = 35 and d; = 274, j > 1. Let also Q; = {# € B: d; <

‘[i’—i‘o| < dj+1},j > 0 and Q; = Qj_1UQjUQj+1; note that B\ng/d(i‘o) = U}-jzlgj
with J ~ In %. Finally, we let w; be a smooth cut-off function which is 1 on Q;, 0
outside of Q,;_1 UQ; U1, and which satisfies ||Dle||Loo(B,) < C’dj_l, 1=0,1,2.

Transforming to B, we then have

[ e ml([Va@)] + 1D*v@)) do
B\ Bz, (7o)

<cao [ @~ 2| (IVi(@)| + |D*(3)]) di
B\Bs,,4(%0)

J
n n/2+1 ~ ~
< a3 a7 (Villwyo,) + 10,0,
j=1

J
n m/2+1 ~ ~
<" Y a1V @)l 5 + 1D @) s )-
j=1
We apply (4.3) with v replaced by w;v and ¢ by w;¢. Then
f= —Aw;¥) — V(w;§) = —VAw; — 2V¥Vw; — §Vw;,
since w;(—AV — V§) = 0. Also,

G=-V - (wj¥) = —w;V ¥ —¥-Vw; = —w;(0 —0p) — V- Vw; = w;op — V- Vuwj,
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since supp(8) C B,/4(Z0) and w; and 4 thus have disjoint supports. Also, integra-
tion by parts yields [5§dE = [zw;Vv-V1dz = 0, since v =0 on OB. Employing
(4.3)), bounds for the derivatives of w;, and Hélder’s inequality then yields

J
car S dy (195l m) + 10259 s

Jj=1

J
n n/2+1 ~ ~
< a3 & (98wl 4, 5 + VIV a

Jj=1

13Vl 3 + 19 - Vsl iy + 0398l s )

J
< a3 (47 19 pie) + V¥ i) + 1oy )
j=1

J
n/2 N 4~
+Cd” Zdj/ i (HV(SBHLz(Q;) + dj 1H6BHL2(Q;)).

j=1

Inequalities (4.12), (4.13)), and (4.14) then yield

J
Car 3 i (190w + IVl i + 12 )
j=1
4 d
<Cd™y d7(dy TN 4 dpd; ™) < CJ < Cln >
j=1

Employing (4.9) and the fact that Z;’Zl d?/ *isa geometric series with uniformly
bounded largest term and is thus uniformly bounded, we also have

! J
a3 (1965 Iy + d5 165 Ly ) < Ca* - dya < C.
j=1 =
Collecting the previous statements completes the proof of (3.14) and thus also of
Lemma [§

4.4. Regularity estimates for the Stokes system on general polyhedral
domains. In order to bound the pollution error term |(e,, wdp+v-Vw)| in Lemma
and thereby prove Lemma [0 we will carry out a second duality argument, but
this time over the original domain €2. Our estimates employ L, regularity results
for such dual problems, which we state now along with further similar estimates
that we will use later in our development.

In the following two lemmas, we assume that (z,\) € V x X solve

(4.16) L((w,q), (1) = (w,F) +(¢,9) V(w,q) €V x X,

where we assume that fQ g(z)dz = 0. Other assumptions about f and § will be
made below. These lemmas are found in essentially the form below in [25], Theorem
1.1, Theorem 1.3, and Remark 1.2 and summarize results from [3], [I3], and [15].

Lemma 12. Let Q C R", n = 2,3, be a bounded Lipschitz domain. There exists

€ > 0 such that if giz <qg<3+efe Wq_l(Q)", and § € Lqg(Q) with [, gdz =0,
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then there is a unique solution (z,\) € Wy (Q)" x Ly(Q)/R to [@16). Moreover,
(4.17) ||Z||qu(Q) + Mz, )/r < C(||?||W;1(Q) + 1191z, ©2))-

Lemma 13. Let Q C R", n = 2,3, be a polyhedral domain and let 1 < q < 4/3.
Suppose £ € Ly(Q)" and g € W{(Q)™ with [,gdx = 0. Then the unique weak
solution (z,\) to (4.16) satisfies

(4.18) Izllwz ) + [ Alwr o) < C(|If]lz, ) + 19lw0))-

Assume in addition that n = 2 and that § is convexr. Then (4.18) holds for some
q > 2 with q sufficiently close to 2, depending on the mazximum interior angle of Q2.

4.5. Proof of Lemma@. We use a duality argument to bound the term |(e,, wdp+

v - Vw)| and thus prove Lemma@ Let f =0, M = ﬁ JoWdp + v - Vw)dz, and

g = wdp+v-Vw—M. Noting that [ e,dz =0, we have (e,,wdp+v-Vw) = (ep, J).
Let (z,A) € V x X solve

(4.19) L(w,0), (V) = (¢.5) Y(w,q) €V x X.
In strong form, we thus have —Az — VA =0, —V -z = §. Then we have
(4.20) (ep,wdp +v-Vw) = L((eu, ep), (2, X)).

Standard manipulations for proving residual-type error estimates then yield
(421)  Ll(ewep), (2.0) < O max o oo ) ([2lwzey + M e )-

We now bound |z|y2 ) + |Alwi(q)- Recalling from that w € C§°(Be,d(xo)),
we let Brg = Bie,a(zo) for K > 0 and note that

Z| 12 + | Ayt
(4.22) 1z w2(0) + [Alwi
< lzlwz (i) T [ NwiBw) + 12wz @\Ba) T A wi@\Baw)-
Fixing qo with § > go > 1, recalling that |[Diw| < Cd~7, recalling that w = 1 on
Bg/2, and finally applying Hélder’s inequality, we compute that
|Z‘W12(B4d) + |)\|W11(B4d) < Cdn(lil/qO)GZ‘WqQo(B‘*d) + |/\|quo(B4'i))
< Cdn(l—l/Qo)vanLqU(Q)
< Cd" 0|V (wip + v - VW)L, )
(4~23) < C(dn_QHVHLOO(Bd\Bd/g) + dn_lHVVHLoo(Bd\Bdm)
+d"?|V(w6B) | L.(5))
< C(d" 2Vl LB Baya) + 4" HIVVI L (B Bay)
+d"2 Y05 Lym) + A2 (IVOB a5 ) -
We next let dj = (4c1d)2?71, j > 0,and Q; = {z € Q: d; < |z — xo| < dji1},
j > 0. We then let Q; ={reQ:dj_1 <|r—x0| <djt2, and let w; be a smooth
cut-off function which is 1 on €2;, 0 outside of 2, and which satisfies | DFw;| <

Cdjfk7 k > 0. Recall that —Az — VA = 0 and note that the support of w; does not
overlap with the support of wép + v - Vw for j > 0. Thus —A(w;z) — V(w;A) =
—2Vw;Vz — zAw; — A\Vwj, and -V - (w;z) = —w;V - 2z — zVw; = —w; M — zVw;.
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Choosing J to be the smallest integer so that d; > diam(Q) (so that J ~

log, %(Q)), we apply Holder’s inequality and (4.18) with ¢o as above to compute

that for g2 > q1 > qo

J
|Z|W12(Q\B4d) + |)‘|W11(Q\B4d) < Z (|ij|W12(Q;.) + \WM\W}(Q;))
j=1

J
< Z d;b(l—l/qo) (HQVOJjVZ + Zij + /\ij ||LqO(Q)
j=1
IV (M +295) 1, )

J
n(1—1/qo0) [ ;—2 -1 -1
(4.24) <> d; 1 (dj 2l 25 +d; V2l L, @) + d; ||)‘HLQO(Q;))
. =

J
—14+n(1-1
< (IVallL,, @) + Mz, @) Zdj =)

j=1

J
—24+n(1-1
2, @ Y d; 0T v

j=1

In the next-to-last inequality we have used the fact that M is a constant to compute
d?(lfl/qo) IV (w;M)||L,, @) < C’d}l_1 and in the last inequality we have noted that

Z;.le d?_l is a uniformly bounded geometric sum.

We next choose ¢1 = 3;” , where p is fixed and sufficiently small so that ¢; > giz
with € as in Lemma [12| Noting that ¢; < n for n = 2,3, we choose g = =4

n—qi’
Noting that =2+ (1 — 1/g2) = —1 4+ (1 — 1/¢1) and using the Sobolev inquality
||z||Lq2 @) < C||Vz||Lq1 (), We have

J J
—24n(1-1 —14n(1-1
(4.25) lzllz,, @ Y d; >V < |Vl )Y dy Y,

Jj=1 Jj=1

Note in addition that [M| < [lwép + v - Vwl|L, (o). Inserting this inequality and
(4.25)) into (4.24)) while employing the regularity result (4.17)) and finally employing
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Holder’s inequality yields
|zl w2\ Ba) T (AW @\Baa)

J
—14+n(1-1
< (IV2ll,, o) + ML, @) S d; V) 4
Jj=1

J
- —14n(1—1/q1
< Olalle,, @ Y dy T 4 M|
j=1

4.26 I o
(4.26) < O(wdp +v - Vol @) > d; e

j=1

J
- —14n(1-1
< C(d MV, (3\Baym) + 1080, ) 3 dy 1)

=1

J
< C(d v s (3B + D W ) S d; ),
j=1

Collecting ([4.26]) and (4.23)) into (4.22) then yields that for ¢; = 377",
1z wz(0) + [Awi )

J
n— —14n —1+n(1-1
<o(a 2 atnim 3 g OO i,

Jj=1

J
+ C<dn/¢h—n/2 Zdjfl%»n(lfl/fh) + dn/2—1) ||5B||L2(B)

Jj=1

+ Cd VYl (Ba\By ) + CA V0B 18-

(4.27)

We easily compute from the change of variables v(dz) = dv and from (4.12]), (4.14)
that d’1|\v||Lw(B\Bd/2) HIVV Lo (Ba\Byy) < Cd™". Inserting this inequality along

with (4.9) into (4.27) yields

J
lzlwz(0) + Alwie) < C(d_l 4 gr/n-n Zd]fprn(l*l/ql))

j=1

J
| 1—n+n —1+n(1-1/q1)
(4.28) = ca (14 e Y g V)
i=1

—Cd! (1 +i1 (z)l_anl).
=

We now recall that ¢; = 3_7“, so that for n = 2,3 we have 1 —n+n/q; > 0. Since

% ~ 277, the above sum is thus bounded by a constant, and we finally have
J

1zl w2 ) + [ Alwi) < cd~1.
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5. PROOF OF COROLLARY [2} RECULARITY OF (u,p) AND REMOVAL OF THE
REGULARIZATION PENALTY

In this section we state precise local regularity results for the solution (u,p) on
D and use them to reabsorb the “regularization penalty” |u] cva@y + Ip| 0.8 (By)-

5.1. Global regularity on convex polyhedral domains. Before proving local
regularity estimates, we first state global regularity estimates on convex polyhedral
domains. In space dimension n = 2, we are able to use qu X qu regularity for
g > 2 along with a Sobolev imbedding in order to obtain C1# x C%# regularity.
This approach fails in three space dimensions, since Wq2 imbeds into C# only if
q > 3 but obtaining VVq2 X V[/q2 regularity for ¢ > 3 on convex polyhedral domains
requires that all edge opening angles be less than 327“. Instead we state Schauder
estimates directly. These estimates hold for any convex polyhedral domain, but
require that the compressibility g be 0 on a neighborhood of all edges of 92. We
are unaware of similar two-dimensional Schauder estimates in the literature, thus

the necessity of using different regularity results depending on space dimension.

Lemma 14. Assume that B is a convez polygonal or polyhedral domain in R",
n = 2,3. Let (1,p) € Vz x Xz solve L5z((W,D),(V,\)) = (£,v) + (A, §) for all
(v,)\) € Vi x Xg. Assume that fBgdx = 0 and, in addition, that § = 0 on a

neighborhood of all edges of B when n = 3. Then for ¢ > n, sufficiently close to
n (depending on the mazimum edge opening angle of B), and f =1 — %,

(5.1) 18l g 3y + 1Bl go.s 5y < C(IEll, (5 + 191w ())-

Proof. First we let n = 2. Using the Sobolev imbeddings W;"*!(Q) < C™7” (E)
(m =201, 8=1- %; cf. Lemma 5.17 of [I]) and then a Wq2 X qu regularity
estimate with ¢ > 2 but sufficiently close to 2 as in Lemma[I3] we obtain

12l 6B + 18l o6 5y < CUIRNw2z) + 1Pllwas)
c c0.5(B) z )
< C(H?HL,I(B) + ||g||qu(B))'

In the case n = 3, it is stated in [16], §6.4, that if (f, §) € elct ﬂ(T)P X Co’ﬁ(T)
with 8 > 0 sufficiently small, then (@, p) € [C*F( ~)] x C%P(B). When combined

(5.2)

with Fredholm properties of the associated operators (cf. [I7]), this statement im-
plies the regularity estimate
(53) H 0 ”[Cl [3(3) + ”pHCo [-}(B) (”f”[c_lﬁ(g)]s + ||§||CO[3(§))

Here f € [C-L8(B)P if f = f(o)_|_z £U), where £0) € [CO#(B)]3,j =0, ..., 3.
That is, f is a linear combination of dlbtrlbutional derivatives of C%# functions;
cf. equation (71) of [I6]. The corresponding C'~ LA norm is given by the infimum
over all such representations of f of the quantity Z 0 Hf(ﬂ)||c0 5 (B) (cf. [2], §2).

We choose 3 so that . ) holds and then let ¢ = 175
The last step in the proof is to use the natural Sobolev imbedding L (B) —

c—t 5( B), which completes the proof when combined with ( . Negative-order
Sobolev spaces are not entirely common in the literature, however, and we are
unaware of a direct reference to this imbedding and so establish its validity as
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follows. Note first that for 8 ¢ N, C~1#(R™) is equivalent to the Besov space
B;{;B(R") (cf. (3.5) of [2]), which in turn satisfies the embedding L,(R"™) —
B2 (R™) (cf. [21], Theorem on p. 31, equation (2)). Extending f boundedly to
R? in [L,]® and employing these relationships in turn completes the proof. [

5.2. Local regularity. We prove a regularity bound for |u|01,3(§p) + |p|Co,g(§p).

As previously let B C 2 be the local scaled reference domain containing xg, let B
be the corresponding fixed unit reference domain, and let w be the cut-off function
about zy. Denote by wu and wp the natural transformations of wu and wp to B,
that is, wu(7) = d~'u(d?)w(dz) and wp(7) = w(dT)p(dx). Also, 0(¥) = d~'u(di)
and p(&) = p(dz). Then —Aa(i) + Vp(Z) = df(di), and V - a(F) = g(dZ) in B.
Also, the assumption that w =1 on B, q/2(20) and p < cod for cq sufficiently small
implies that w = 1 on B,. Employing Lemma |14 with ¢ and 8 = 1 — £ chosen as
above and performing elementary manipulations yields

‘u‘cl,ﬁ(ﬁp) + |p‘00,ﬁ(F)

< Ca?|a| o)
< Ca™ (|| = A@R) + V@) 1,3+ IV - @)y 5))

< Ca Pt ) + IVl () + 4l ) + oz, o)

c1s(B) + 1Dl

(5.4) +lglz,5) +dIVllz,m)
=Cd! (dHfHLq(B) +IVullp, ) +d HullL,z) + Pz, 5

+ lgllz, ) + VgL, )
= C(HfHLq(B) +IVllL,z) +d gllo,m +d VullL,s

+d 7Pl 5y + A2l ) )

Assuming without loss of generality that ¢ > n is chosen so that the qu x Lg
regularity estimate of Lemma [12| applies, we finally employ the regularity estimate
(4.17) on the whole domain €2 in order to obtain the following lemma.

Lemma 15. Let B, be as in Theorem and B as above and let £ and g satisfy the
assumptions in Corollary|3. Then for g > n, sufficiently close ton, and g =1— %,
the solution of (1.1)) satisfies

[ulcra,) +IPloos @)

(5.5)
< C(Ell L) + N9l +d 2 Ellw, 2 ) + 47 2llgll 2, )-

Remark 16. It is possible to sharpen slightly by following Corollary 1.4
of [25]. In particular, it is possible to bound d=2|lullL, @) by d72(||f||Wq—2(Q) +
||g||(W$(Q)/R),) for some ¢ sufficiently large, where % + % =1 and (Wi}(ﬂ)/R)' is
the dual space to qu (Q)/R. Using such an argument allows us multiply factors of
£l + l9llz,@) by d~! instead of d=2 in our final result. This makes little

difference in the end, since dependence on d is only logarithmic, so we do not pursue
this line of argument.
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5.3. Proof of Corollary Let F(f,g,d) and & be as in Corollary Assume
first that £ = 0. Then we may let p — 0 in Theorem |1} since the factor ln% is not

present. Combining the result with Lemma [3| yields (1.7]).

If £ # 0, then we let p = p = min(cod, coh, (§/F(f, g,d))"/?) in Theorem
Hence p” < £/F(f,g,d). Employing this inequality along with (5.5) yields
(5.6) Pﬁ(|u|cl,ﬂ(ﬁp) + |p|co,ﬁ(ﬁp)) <CE.

Inserting (|5.6) into (1.6)) along with (2.5 completes the proof of (|1.8)), and thus of
Corollary [2]

6. COMPUTATIONAL EXAMPLE

6.1. Algorithm. In our tests we employ the standard adaptive finite element al-
gorithm given by

solve — estimate — mark — refine.

Given D, d, and Dy as above, we let

hr
(6.1) n(T) = for t dise, Dy o (D TN D0,
%mm(T)’ TNDg=0.

We employ a maximum strategy in the “mark” step of the algorithm. More precisely,
we mark an element T € 7T;, for refinement if

T)>05 ).
n(T) > Trxlggshﬁ( )

Note that greater efficiency can at times be obtained by calibrating constants more
carefully in (6.1)), i.e., by weighting residual contributions %771700(T) from elements
T € Ty \ Tp, by a different constant than residual contributions from elements in
Tp,. Fine-tuning the algorithm in this fashion does not affect rates of convergence
and is explored more thoroughly in [5], so we do not consider it further here.

We use the polynomial degree k£ = 2 in our tests. The computations were carried
out using the finite element toolbox ALBERTA (cf. [23]).

6.2. Test function and subdomain. Let
1+384(z — 1)(x — 0.5)° — 64(x — 0.5)5, = > 0.5,
w(z) = ¢ 1, 0<x<0.5,
w(—x), x < 0.
Note that w € W2 (R). Letting (r,¢) be polar coordinates, we also define
y(r,0) = r'>(3sin(0/2) — sin(36/2)).
Finally, we let

o) =5 (w)wl) (). 0.0))).
ur(,y) =~ o (wahwly) (i v). 0. ) ).

and

u(l’,y) = (ul(x,y),uQ(ﬂc,y)).
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Then u satisfies homogenous Dirichlet boundary conditions on 92 and also satisfies
V-u=0in Q. Finally, we let

p(r,0) = —6r="°cos(/2).

Then —Au+ Vp =0 for r < 0.5. For r > 0.5, we set f = —Au+ Vp. Note that the
most singular part of u behaves like 705, so u € H3/2=¢(Q) for any € > 0. Also, Vu
is not bounded near the origin, but u is in fact smooth (infinitely differentiable) on
any open subset of 2 not abutting the origin.

6.3. Results. In Figure[dwe display a logarithmic error plot showing optimal-order
decrease of the target error quantity ||V(u — )|z (p). Note that the pollution
error ||u — uy| 1 (o) only decreases at the same rate as ||V (u —uy)||z_(p), which
is suboptimal for the L, norm but sufficient to maintain optimality for the target
error quantity. In Figure |b| we display a computational mesh having 28974 degrees
of freedom. Note that the heaviest refinement occurs in the lower left hand corner
in the target subdomain D and also near the singularity at the origin (crack tip).

1000 +
~N
100 -
10 -
1 -
0.1 - — — Slope=-1
—— | |grad(u-u_h)||_D
0.01 - —e— Estimator
—&— | |u-u_h||_Omega
0.001 ‘ ‘ ‘ ‘ i
10 100 1000 10000 100000 1000000

FIGURE 4. Target error |[V(u — uyp)||L_(p), error estimator
maxrer;, 7(T), and pollution error |[[u —upl/z_ (o)
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