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MOTIVATION FROM NATURAL LANGUAGES

Some relative of each villager and some relative of each
townsmen hate each other. (Hintikka 1974)

(:jii) (V(x) A T(z) = (R(x, y) A R(z, w) A H(y, w)))

Most of the dots and most of the stars are all connected by
lines. (Barwise 1979)

Each of two examiners marked each of six scripts.
(Davies 1989)



BRANCHING GENERALIZED QUANTIFIERS IN DEPENDENCE LoGIC MULIVALUED DEPENDENCIES
oeo 000 00000000

BRANCHING
For monotone quantifiers the branching of Q; and Q,

O x) R
<Q2y ()
is Br(Qy, Qy)xy R(x, y), where Br(Q;, Q,) is the quantifier

{R|3JA€ Q;,B€ Q,,AXBCR}.

Example:
R € Br(V3,V3)

iff
35,85 € Vdsuchthat $; x So C R
iff
3f, g : M — M such that Vx, zR(x, f{x), z, g(2))
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BRANCHING IN DEPENDENCE LOGIC

ME Br(V3,V3)xyzwR(x, y, z, w)
iff
ME Vx3yVz3w (=(z, w) A R(x, y, 2, w))
What about generalized quantifiers?
M= Br(Qy, Qy)xy R(x, y)
iff

ME Q;xQy (=(y) AR(x,y)) @
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GENERALIZED QUANTIFIERS IN
DEPENDENCE LOGIC
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LIFTING FUNCTIONS

The Hodges space of order ideals on the power set is

Given h : P(A) — P(B) we define the Hodges lift:
L£(h) : H(A) = H(B), 2 — L{h(X) | XE X},
where | 2 is the downward closure of 2, i.e.

12 ={X|3Ye 2, XCY}.
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LIFTING QUANTIFERS

Q a monotone type (1) quantifier.
Q: P(M™) — P(M")
H(Q) : H(M™T) — H(M")

Gives truth conditions for Q in Hodges semantics:

vV vV vvY

MEx Qx iff there is F: X — Q such that M Fyjp/q ¢.

where X[F/x] = { s[a/x] | a € F(s) }.
H(3) and H(V) give the same truth conditions for 3 and V as
before.

v

Proposition

For formulas ¢ without dependence atoms:

MEx g iff foralls € X, MF ¢[s].
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QUANTIF IERS AND DEPENDENCE

If Q contains no singletons then M #x Qx (=(x) A ).
Assume that D(x, y) is an atom closed under subteams satisfying:

Vx Qy (D(x, y) A R(x,y)) <» Br(¥, Q)xy R(x, y).

Fix M= {0,1,2 }, then (M, M?)  Br(V, 323)xy R(x, y), thus:
MF 2/, D(x, y). Using that D is closed under taking subteams:

X={0,1}x{01Hu({2}x{L2})

satisfies the atom D and thus (M, X) F Vx322y (D(x, y) A R(x, y)).
However (M, X) i Br(V, 323)xy R(x, y).

Thus no single atom D(x, y) closed under taking subteams does the
job intended with both the quantifiers 322 and 373,
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A COURSE DATABASE
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Course Student Credits
LC1510 Svensson 7.5 hp
LC1510 Johansson 7.5 hp
LC1520 Svensson 15 hp
LC1520 Andersson 15 hp

» =(Course, Credits)

» It is not true that =(Course, Student).

» =() is context independent: X F =(X) iff YF =(X), where Yis
X with some columns / variables, not in X, removed.

» =() is closed downwards: If X = =(X) then Y F =(x), where Y
is X with some rows / assignments removed.
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A COURSE DATABASE

vV VY VYV VY vVYYVYY

Course Student Credits Year
LC1510 Svensson 7.5hp 2010
LC1510 Johansson 7.5 hp 2011
LC1520 Svensson 15 hp 2011

LC1520 AnderssonJohansson 15 hp 2011

FStudent takes values for Course and Credits and gives set of
possible values for Student.

FStudent(1,C1510, 7.5 hp) = { Svensson, Johansson }

FStudent j5 determined by the value of Course.
[Course—Student]

[—»] dependent on context.

FStudent(1,C1510, 7.5 hp, 2010) = { Svensson }
FStudent(1,C1510, 7.5 hp, 2011) = { Johansson }

[—»] not closed downwards.

not [—»Student]
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MULTIVALUED DEPENDENCE AND TEAMS

» If s € Xthen Fy(s) = { a| s[a/y] € X}.

Definition
XE [x—y] if F} is determined by the values of x. (Only for y ¢ x.)

Proposition

X E [x—>y] iff for all s,s' € X such that s(x) = §(x) there exists s) € X
such that sy(x) = s(x), so(y) = s(y), and so(z) = s'(z), where z are
the variables in dom(X) \ ({ x}U{y}).

» XE [x—y)| is dependent on context and not closed downwards.

» XF =(x,y)iff XF [x—>y] and Ff; only takes singleton values.
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GENERALIZED QUANTIFIERS AND MULTIVALUED DEPENDENCE
Proposition
If Q is monotone then M F Br(Q, Q)xyR(x, y) iff

ME QxQy ([-»y] A R(x, ).

> E Vx[—x], but M ¥ Vx=(x) for |[M| > 2, thus
MF Yx¥y (=(y) A R(x, y))-
» Br(V,V)xyR(x, y) is equivalent to VxVyR(x, y).
Proposition
FOL + multivalued dependencies has the same strength, on the level of

sentences, as ESO, and thus as Dependence Logic.

In a DL-formula with all occurrences of dependence atoms of the form
3y(=(x, y) A -) we can replace the =()s with []s keeping the
meaning.
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AXIOMATIZATION OF MULTIVALUED DEPENDENCE

» Fix a set V of variables. X is sets of assignments s: V — M.
» DU { d} is a (finite) set of atoms of the form [x—}].
» DE difforall X, XFE D implies X F d.

Proposition (Beeri, Fagin, Howard, 1977)
D& d iff d is derivable from D using the following inference rules:
» Complementation: [f xUyUz=V,yNzC X, and [x—}] then
[x—2]
» Reflexivity: If y C X then [x—}).
» Augmentation: If z C w and [x—Y)] then [x, w—7Y,Z|.

» Transitivity: If [x—7Y| and [y—Z| then [x—>Z \ .
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EMBEDDED MULTIVALUED DEPENDENCE

» Multivalued dependence is dependent on context.

Definition
XF [x—+Y|z] iff YE [x—}] where Y is the projection of X onto
{xyz}

» [x—Y]|Z] is independent on context.

» Observe that this is the independence atom:

y Ly ziff [x—>7|Z]

» However, this relation is not axiomatizable. [Sagiv Walecka 1982]
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What are the definable sets of teams in multivalued dependence
logic?

What is the exact relationship with the Independence Logic of
Gradel and Vadnanen?

Which generalized quantifiers Q have uniform definitions in
Dependence Logic?

What should [#; —t;] mean?
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THANK YOU FOR YOUR
ATTENTION.
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