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ú�ýªøvö
�&ö	��ò�ø�öºú�ñ
ýÅôvú�ÿ��°ð�� ��øvïÅð�ñ&ú���øvð�ñ&ôvð7� ð�ôvôvð�óHøvúHò�õ6ø�ï¹ð � �ºúZù%ð�ôH8x�ºð���ð���ý¹ô�ú�ÿ��°ð�� � �7/u.7ïÅð7ú���ð�ôBò��	��ú�ÿ���ð�þ+ø�ö	��ð7öºõ�ú�ýªø�ö	�&ö
��ð�ó&ò�þ�þ+ú�ôvóªöºñÅ÷
øvú/ò�þ�ô�ö°ø�ð�ô�öºú�ñ=ö°ñ�øvð�ô��&õ`ú��2ÿCú�øvï
óªð�õ�ö°÷�ñ�ò�ñ¹ó�ô�ðfõ�ýCú�ñ�õ�ð0/
1¦ñ�ú�ôBóªð�ô�ø�ú
ôvð�ý¹ô�ðfõ�ð�ñ�ø�ø�ï¹öºõHþ�ú"���&ú�ñ � ôvò"��ð�ù%ú�ô�û
öºñ �&ò�ø�ïÅð��TòZø�ö¸þ�ò"�)ñÅú�øBòZøvö°ú�ñ-�2õ,�ÅýÅýCú�õ�ð�ø�ïÅðTóªðfõ�öº÷�ñLöºõ ô�ð�ý�8

ôvð�õ�ð�ñ^ø�ðfó�ÿ3��ò ��ð�þ+ø�ú�ô
x ∈ R

n
ò�ñ�ó
ø�ï¹ð�ôvð�õ�ýCú�ñ¹õ�ð�ÿ3��ò ��ð�þ+ø�ú�ô

y ∈ R
m
/21x�5øvïÅð9ú�ÿ���ð�þ+ø�ö	��ð�öºõ�øvú
�&öºñÅö	��ö	��ð�øvïÅð

� �Åñ�þ�ø�öºú�ñ
f : R

n ×R
m → R

ò�ñ¹óTøvïÅðFôvð�õ�ýCú�ñ¹õ�ð�þ�ò�ñTÿCð�óªðfõ�þ�ô�öºÿCð�óTÿ3��ø�ïÅð�ýCú�öºñ�ø:8­øvú�8¦õ�ð�ø_�Tò�ý¹ýÅö°ñ¹÷
S : R

n
⇒ R

m
�

øvïÅð�ñ¬ù¯ð þ�ò�ñ¬óªðfõ�þ�ô�öºÿ�ð�øvïÅð # %!')(nýÅôvú�ÿ��°ð�� ò�õ¯øvï¹òZø7ø�ú

(
#&%!')(

)















minimize
(x,y)

f(x, y),

subject to (x, y) ∈ Z,

y ∈ S(x),

ù'ïÅð�ô�ð
Z ⊆ R

n × R
m ö¸õ¯ø�ï¹ð õ�ð�ø`ú��)ò�ó=�&ö¸õ�õ�ö°ÿ��°ðHóªðfõ�öº÷�ñ¹õ7ò�ñ¹ó�ô�ðfõ�ýCú�ñ¹õ�ð�õ�/

1x��ø�ïÅð �Tò�ýÅýÅöºñÅ÷
x 7→ S(x)

óªðfõ�þ�ô�öºÿ�ðfõ¯ø�ïÅð9õ�ú0�
�ªøvö°ú�ñ¬ú�� ò��Zò�ôvöºò�ø�öºú�ñ¹ò"�4ö°ñÅð����¹ò��ºö§øO� � ;81F�c�¹ý�ò�ôBò��&ð+øvð�ôvö
��ð�ó=ÿ��
x
�

øvïÅð�ñ�ø�ï¹ðHö°ñ¹þ��
��õ�öºú�ñ
y ∈ S(x)

ïÅú"�¸óÅõ7ö
��ò�ñ¹ó�ú�ñ��	�/ö
�

−F (x, y) ∈ NY (x)(y),
� y �

ù'ïÅð�ô�ð
Y (x) ⊆ R

m
öºõ�øvïÅð � ð�ò�õ�öºÿ��°ð�õ�ð+ø¬ú���øvïÅð�;.1c�

F (x, ·) : R
m → R

m
öºõ=øvïÅð ;81=þ�ú�õ�ø
�Tò�ý¹ýÅö°ñ¹÷���ò�ñ¹ó

NY (x) : Y (x) ⇒ R
m
öºõ�øvïÅð&ñÅú�ô��Tò���þ+ú�ñ¹ð>�Tò�ýÅý¹ö°ñÅ÷¬ò�õvõ�úlþ�öºò�ø�ðfó
ù'ö§øvï�øvïÅðTõ�ð�ø

Y (x)
�2ò��	�6ý�ò�ôBò��&ð+øvð�ôvö
��ð�ó
ÿ3�

x
/

îLð`ò�õvõF����ð%ø�ï¹ô�ú0�Å÷�ïÅú0�ªø6ø�ï¹ò�ø6øvïÅð'õ�ð�ø
Y (x)

öºõ�þ7�ºú�õ�ð�ó9ò�ñ¹ó�þ+ú�ñ3��ð76e�Zù'ïÅð�ñ¹þ+ð¯ö°øvõ�ñÅú�ô,�Tò��ªþ�ú�ñÅð7ö¸õ<øvïÅð`õ�øvò�ñ�óÅò�ôBóHú�ñ¹ð
öºñ¡þ+ú�ñ3��ð76�ò�ñ¹ò"�
�ªõ�öºõ4M!� ú�ô

y /∈ Y (x)
�
NY (x)(y) := ∅

��ò�ñ�ó
� ú�ô
y ∈ Y (x)

�
NY (x)(y) := { z ∈ R

m | zT(w − y) ≤
0, w ∈ Y (x) }

/�1x�
F (x, ·) = ∇ϕ(x, ·)

� ú�ô õ�ú"�&ð
C1 � �Åñ¹þ�øvö°ú�ñ ϕ(x, ·) : R

m → R
øvïÅð�ñ � y ��öºõ�øvïÅðk>¹ôBõ�ø:8Xú�ôvóªð�ô

ú�ýªø�ö	�Tò��ºö§øO��þ+ú�ñ�óªö§øvö°ú�ñ¹õ)� ú�ô7øvïÅðHý¹ò�ôvò"��ð�ø�ð�ô�ö	��ðfó/ú�ýÅø�ö	��ö	��ò�ø�öºú�ñ�ýÅôvú�ÿ��ºð�� øvú

minimize
y∈Y (x)

ϕ(x, y).
���0�

.7ïÅð>�&ò�ýÅýÅöºñÅ÷
x 7→ S(x)

þ+ú"���ºó¬ò��¸õ�úTÿ�ð�ò�õ�õ�úªþ+ö¸òZøvð�ó�ù'ö§øvïjn n .#þ�ú�ñ¹óÅö§øvö°ú�ñ¹õM� ú�ôFò�ñ
ú�ýªø�ö	�&ö
�fòZø�öºú�ñ¬ýÅôvú�ÿ��°ð�� �ºö°û�ð
�V�"�c��ò�ñ¹ó�ïÅð�ñ¹þ+ð ò"�ºõ�ú9ù¯ú"���ºó=ö°ñ�þ7�	�¹óªð ð�6lý��°ö¸þ+ö°øcR<ò�÷�ôBò�ñÅ÷�ð.�>���§øvö°ý��ºöºð�ôBõ�/`�¹ú�ô'÷�ð�ñÅð�ôBò��iú���ð�ô��^öºð�ù`õ¯ú"�h# %!'�(nò�ñ¹ór;.1
�&úªóªð��¸õ7ò�ñ¹óTø�ïÅð�ö°ô7ò�ñ¹ò"�
�ªõ�öºõ���õ�ð�ð�R-�Åús�(
I�����.� y4�"� )��c�"?7ò�ôvó&� y4�"��1 � ò�ñ¹ó 48�Åø�ôBòZøvò �(
 ������� y4�"��1 �7��ò�ñ¹ó �¹ò�þ�þBïÅöºñÅð�ö$,
%)ò�ñ¹÷ �V��!"! 7 ò�� ÿ]�c�lô�ðfõ�ýCð�þ+ø�ö	��ð��
�0/
.7ïÅðHð76ªö¸õ�øvð�ñ¹þ�ðHú���ú�ýªøvö
�Tò"�<õ�ú0�
�Åø�öºú�ñ¹õ¯øvú&ø�ïÅðHýÅôvú�ÿ��°ð�� �K# %5')(���� ú0�
�ºúZù`õ��Åñ¹óªð�ôFõ�øvò�ñ�óÅò�ôBó=ò�õ�õ,���&ýªøvö°ú�ñ¹õ¯ø�ï¹ò�ø

ï¹ò�ô�û©ÿ¹ò�þBûTøvú/ò9��ð�ôBõ�ö°ú�ñ=ú"�2îLð�öºð�ôBõ�øvôvò�õ�õ � .7ïÅð�ú�ô�ð��sM6ö
�6ø�ïÅð�õ�ð+ø'ú"�D� ðfò�õ�ö°ÿ��ºð õ�ú"�	�ªø�öºú�ñ¹õ¯øvú �K# %!'�(��'ö¸õ'ñÅú�ñG8Xð���ýÅøO�
ò�ñ¹ó¬þ7�ºú�õ�ð�óe�ªò�ñ�ó/øvïÅðHú�ÿ���ðfþ�øvö
��ð8� �¹ñ¹þ�øvö°ú�ñ�ö¸õ��ºúZù%ð�ô7õ�ð��&ö�8¥þ�ú�ñ^ø�öºñ3�Åú"��õ
�Fò�ñ¹ó=ù¯ð�ò�û3�	�/þ+úlð�ôBþ+ö	��ð��2� ø�ïÅö¸õ`þ�ú"��ÿ¹ö°ñ¹ò�ø�öºú�ñ
ú"�FýÅôvú�ýCð�ô�ø�öºð�õ9öºõ&þ�ò"�
�ºð�ó � öºñ=� 8¦þ+ú0��ý�ò�þ�ø � �7�)ø�ï¹ð�ñ«øvïÅð�ôvð�ð76ªöºõ�øvõ�òLþ7�ºú�õ�ð�ó«ò�ñ¹ó«ÿCú"�Åñ�óªð�ó õ�ð�ø�ú"�Fú�ýªøvö
�Tò"�7õ�ú"�	�ªøvö°ú�ñ¹õ
�­õ�ð�ð"�ið"/ ÷�/	���Cï¹ò�ñ¹÷ y4�"� T3�c/�1¦ñ�ý¹ò�ô�ø�ö¸þ7���¸ò�ô��iþ7�ºú�õ�ð�óªñÅðfõ�õFú��)øvïÅð>� ðfò�õ�ö°ÿ��°ð�õ�ð�ø.� ú"�	�ºúZù`õFöºñ�÷�ð�ñÅð�ôBò��*� ô�ú0� ò©þ7�ºú�õ�ð�óÅñÅð�õvõ
ò�õ�õ,���&ýªø�öºú�ñ�ú�ñ=ø�ï¹ð;�&ò�ýÅýÅöºñÅ÷

S
ò�ñ¹ó=ú��2ø�ïÅð õ�ð+ø

Z
/�1¦ñ=øvïÅðHð76Åò"��ý��°ðfõ5øvú�� ú"�	�°úZù;�ª÷�ð�ñÅð�ôvò"�
�	�Tõ�øvô�ú�ñÅ÷�ð�ô7ýÅô�ú�ý�ð�ô�øvö°ðfõ

õ�ø�ö	�
�6ù'ö	�
�2ïÅú"�¸óe/�1¦ñ
ý¹ò�ô�ø�ö¸þ7���ºò�ô���� ú�ô`ôvð�ò�õ�ú�ñ¹õ7ú�� þ+ú0�&ý��ªøvò�ø�öºú�ñ¹ò"�Að�ò�õ�ð9ò�ñ¹ó¬ò��¸õ�ú�� ú�ô�ò/ù%ð��
��8¥óÅð(>¹ñÅðfó�ú�ýªøvö
�Tò��D�Zò��	�Åð
ú�ñÅð5ñÅú�ô,�Tò"�
�	��ö	�&ý�ú^õ�ðfõ<þ�ú�ñ¹óªö°ø�öºú�ñ�õ<ú�ñ1ø�ïÅð)�°úZù¯ð�ô:8x�°ð���ð��Zý¹ô�ú�ÿ��°ð��;õ,�¹þBïHøvï¹òZø6ö§ø�ö¸õ-�ÅñÅöv���Åð"/o.7ïÅð_�&ò�ýÅýÅöºñÅ÷

x 7→ S(x)
� Y�j$E$E�PcZUC S ⊆ � n TWZhN$PcN�lvCFLME�J�a�GIN$f<VFXWPcZ?COf�t� Q
j$N$V JUTWPcN f : S → � TWZhZUGITWf<J?PMi"C5XWP,s�CFH*ZUCOLMT l�VOPcN7JUTWN�j$Pcj$ZDPcN S T Q�Q
PcH*CO`7COH a

x ∈ S T J-S$PcXWf$ZeJ?S�G�JhT Q xk → x J?S$CON f(x) ≤ lim infk→∞ f(xk) t"!�N8PIJ?S$COH-sePcH?f�Z,[�GIN7a.f$TWZUVOPcN7JUTWN�j$Pcj$Z$#?j�LME$Z-GIH?C+f�P,s*N�seGIH?f�PcN�CFZFtk"%�j$T `cGIXWCON7JUX a7["GIXWX0XWCO`7COX0ZUC JUZ*PIQ f GIHKC5VOXWPcZ?CFf8ZUC J?Z,t&  Dd7GITWN XWCOJ S ⊆ � n i�C_N$PcN�l�COLME�J�a�GIN$f VFXWPcZ?COf�t' Q
j$N$V JUTWPcN f : S → � TWZ�ZxGITWf�J?P8i�C5seCFG
(�X a;VOP�COH?VOT `7C)s*T J?S>HKCOZUE�COV J+JUP S T QCOT JUS$COH S TWZ-i"Pcj�N$f$COf;PcH lim‖x‖→∞
x∈S

f(x) = ∞ S$PcXWf$ZFt]k$%�j�T `cGIXWCON�J?X a7[�GIXWX�XWC `7COX3Z?COJ?Z*PIQ f PcN S GIHKC!i"Pcj�N$f$COf�t
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øvïÅð�ñ&ö¸õ)õ�öºñÅ÷"�ºð(8x�Zò��	�Åð�ó-��ò�ñ¹ó � ú�ô ò�÷�ö	��ð�ñ�óªð�õ�öº÷�ñ
x
��øvïÅð7ú�ÿ���ðfþ�øvö
��ð_�Zò��	�Åð7ð����¹ò"�ºõ

f(x, y(x))
��ù'ïÅð�ôvð

{y(x)} = S(x)
/

1¦ñ¬ú�ôBóªð�ô7ø�úTÿCð ò�ÿ��ºð�ø�ú��ªøvö
�ºö
��ð óªð�õvþ+ð�ñ^ø���ð�ø�ïÅúªóÅõ`ú�ñÅð1ú���øvð�ñ
ò��¸õ�ú�ö	�&ý�ú^õ�ðfõ`õ�ø�ö	�
�<õ�ø�ôvú�ñ¹÷�ð�ô'þ�ú�ñ¹óªö°ø�öºú�ñ�õ��Åõ,�¹þBï�ø�ï¹ò�ø
øvïÅðM�ÅýÅýCð�ô:8U�ºð���ð��ªú�ÿ���ð�þ+ø�ö	��ð_� �Åñ¹þ�øvö°ú�ñ

x 7→ f(x, S(x))
ö¸õ�� �ºúªþ�ò"�
�	���xR<ö°ý�õ�þBïÅö°ø,�'þ�ú�ñ^ø�öºñ3�Åú"�¹õ4��öºñ�ø�ïÅðfõ�ð'þ+öºôBþ7���Tõ�øvò�ñ�þ+ð�õ

ú�ñÅð þ�ò�ñ�þ�ò��¸þ7���¸òZøvð1ò�ñ¹ó=ïÅð�ñ¹þ�ð;�ªø�ö	�ºö
��ð õF�Åÿ¹÷�ôBò�óªöºð�ñ^øvõ¯ú"�
f
/

J`ú�ø�ö¸þ+ð1ø�ï�òZø'ð7�/þ+öºð�ñ^øFþ�ú"�&ý��ªøBòZø�öºú�ñ�õ%ôvð����Åöºôvð�øvï¹òZø7øvïÅð õ�øvô,��þ�ø,�¹ô�ð1ú��
S
ö¸õ7ûlñÅúZù'ñ �ªöºñ=ú�ø�ïÅð�ô'ù%ú�ôvó¹õ��lñÅú�ô,�Tò��	�	�

ö°ø�ö¸õ`ôvð����Åöºôvð�ó¬ú��)øvïÅð>�Tò�ýÅýÅöºñÅ÷
S
øvï¹òZø�ö§ø�öºõ�óªð(>�ñÅð�ó�ò�õ'øvïÅð9õ�ú"�	�ªø�öºú�ñ
ú"�5ò�ñ�ð�6ªý��°ö¸þ+ö°ø�õ,�ªõ�øvð�� �iò�õ`öºñ
øvïÅð9þ�ò�õ�ð ú��

øvïÅðTý¹ò�ôBò��&ð�ø�ð�ôvö	��ð�óp;.1�� y �Fú�ô1ø�ïÅð&ý¹ò�ôvò"�&ð+ø�ð�ô�ö	��ðfó�ú�ýªø�ö	�&ö
�fòZø�öºú�ñLýÅôvú�ÿ��ºð�� ���"�(�2ú�ø�ïÅð�ô�ù'ö¸õ�ð9ù¯ð9�³ò�þ+ð/ò�ýÅôvú�ÿ��°ð��
øvï¹òZø��&ö°÷�ï�ø&ÿCð=ôvð7� ð�ô�ôvð�ó�øvú�ò�õ�ò � ÿ��ºò�þBûLÿCú$6 � ú�ýªø�ö	�&ö
�fòZøvö°ú�ñJýÅôvú�ÿ��ºð�� / � � �¹þBïJýÅôvú�ÿ��°ð��&õ9ú���øvð�ñ(ò�ôvöºõ�ð/öºñJú�ýÅø�ö�8
�&ö	��òZøvö°ú�ñ�ýÅô�ú�ÿ��ºð��TõHù'ïÅð�ô�ð/ò
õ�ö
�2���¸òZø�öºú�ñLö¸õ ý¹ò�ô�ø ú"�%øvïÅð/ú�ÿG��ð�þ�øvö
��ð9� �Åñ¹þ�øvö°ú�ñ3ð��Zò��	�¹ò�ø�öºú�ñ �6ø�ï¹ð � # %!')( �&úªóªð��
þ�ú"���¸óTþ+ð�ô�øBò�öºñ��
�9ÿ�ð�ò�ñTò�ýÅý¹ô�ú�ýÅô�ö¸òZøvð���úªóªð��
�ºöºñÅ÷�� ôvò"�&ð�ù¯ú�ôvû�ò��¸õ�ú�� ú�ô5õ,�¹þBï&ýÅô�ú�ÿ��ºð��Tõ���ÿ��ªø5ú�ñ��	�>�Åñ¹óÅð�ô øvïÅðFò�ÿ�ú���ð(8
�&ð�ñ^øvö°ú�ñÅð�ó¬ôvð����Åöºô�ð��&ð�ñ^ø7ø�ï¹ò�ø�õ�ú0�&ð+ø�ï¹ö°ñÅ÷Tö¸õ`ûlñÅúZù'ñ
ò�ÿ�ú0�ªø'ø�ïÅð9õ�øvô,�¹þ+ø,�ÅôvðHú��6ø�ï¹ð�õ�ö	�>���ºò�ø�öºú�ñ¬ýÅôvú�ÿ��ºð��Kò�ñ¹ó�øvïÅð
ò�õ�õ�úªþ+ö¸òZø�ðfó �¹ñ¹þ+ð�ô�øBò�öºñ�øvö°ðfõ�/W�
î�ð2� úªþ7�¹õ�ïÅð�ô�ð9ú�ñ
øvôvò��/þ�ò�ñ�ó�þ+ú0�9�2�ÅñÅö¸þ�ò�ø�öºú�ñ
ñÅð�ø�ù%ú�ô�ûªõ���ù'ïÅð�ñ¹þ+ð

x
ö¸õ�ø�ïÅð2��ðfþ�ø�ú�ôFú"�%óªð�õ�öº÷�ñ�ý¹ò�ôvò"�&ð+ø�ð�ôvõ��

ù'ïÅö	�ºð�øvïÅð2�Tò�ýÅýÅöºñÅ÷
S
óÅð�õvþ+ôvö°ÿCð�õFø�ïÅð�õ�ú0�
�Åø�öºú�ñ
øvú�ò/ø�ôBò��/þHð����Åö	�ºö°ÿÅôvö	��� � ú�ô��iò�õvõ�öº÷�ñ���ð�ñ^øI�7øO�lýCð2�&úªóªð��2ï¹ò$�löºñÅ÷

y
ò�õ7øvïÅð�þ�ú�ôvô�ðfõ�ýCú�ñ¹óÅö°ñÅ÷&ð��0�¹ö
�ºö°ÿ¹ô�ö	��� øvôvò��/þ��¹úZù`õ`ò�ñ�ó �³óªö¸õ��O�ªø�ö	�ºö§øvö°ðfõ�/P.7ïÅð�õ�ð+ø

Z
þ+ú"���ºó�ôvð�ýÅôvð�õ�ð�ñ^ø`þ+ú�ñ¹õ�øvôvò�ö°ñ^øBõ

ú�ñ©øvïÅð ò$�Zò�ö	�ºò�ÿ��°ð�öºñ���ð�õ�ø,�&ð�ñ^øBõ;� ú�ô��lø�ú0�
�¸õ��ªð+øvþ�ð+øvð�ôBò0�c�ªù'ï¹öºþBï=ø�ïÅð�ñ
ò�ôvð�öºñ¹óªð�ý�ð�ñ¹óªð�ñ�ø`ú�ñ©øvïÅðHôvð�õ�ý�ú�ñ¹õ�ð
y
�ªö§øFþ�ú"���¸ó

ò"�ºõ�ú©ôvð�ýÅôvð�õ�ð�ñ^ø.�Tò�6lö	�>���Qò"�
�ºúZù¯ð�ó=ø�ôBò$��ð��Aø�ö	�&ð�õ�� ð0/ ÷ /
��2FÿCó=���ºò�ò��o,DRAð4?)�¸ò�ñ¹þ y4�L/�� �]#�ò�ôBþ+ú�ø�øvð y4�"1 )m�[�Åôvöºð�õ,�r��

����� y4�"� ���e#�ò�ôvþ�ú�ø�ø�ð , #�ò�ôI���Åö¸õ y���� �G�D(%ô�ð�ðr��
������ y4���"1 �-#
ð�ñÅ÷��(
������ ��!"! y �D(%ï¹ö°ú0����!"!"#G�iò�ñ¹ó���ú^õ�ð��³õ�õ�ú�ñj,
%)òZøvô�öºûªõ�õ�ú�ñ ��!�! / �c�6ð76ªï¹ò"�¹õ�ø9ð��&öºõvõ�ö°ú�ñ¹õ���ú�ô�þ+ú�ñ¹õ�øvôvò�ö°ñ^øBõ�óªð�>¹ñÅð�ó�ÿ3��ð����Åö°øO� ��ðfò�õ,�Åôvð�õHöºñJò �2���§øvö98¦þ7�¸ò�õvõ �&úªóªð��
�³ð"/ ÷�/	�0#
ð�ñÅ÷ ,<	5ò�ñÅ÷ ��!"!"�=�"'!�°ö¸ò�õvõ�ú�ñ , #�ò�ø�øBõ�õ�ú�ñ&��!"!�)���ò�ñ¹ó � ø�ð�ù¯ò�ô�øg��!�! / �c��ú�ô)ð����Åö	�°öºÿÅôvö
���Êø�ôBò$��ð��lø�ö	�&ð�õ��³ð"/ ÷�/	�
(%ïÅð�ñ �(
P�����I��!"!"��ò�ñ¹ó � ���Tò"�°ð�ð&��
I�����I��!�!")0�7�^ù'ï¹öºþBï
ò�ôvð�ð76Åò��&ý��ºð�õ7ú"�[��ú�ö°ñ^ø��ÅýÅýCð�ô:8x�°ð���ð��4þ�ú�ñ¹õ�ø�ôBò�öºñ^øvõ�/
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�ºúZù;/
î¿ïÅö	�ºð9øvïÅðTóªö¸õ�þ��¹õ�õ�öºú�ñ�þ�ú�ñ¹þ�ð�ôvñ¹õFø�ôBò��/þ�ú�ñ¡ôvú�ò�óÅõ��CøvïÅðTõ�ò"��ð9�&úªóªð��h� ú�ô�� ö¸õ1ú��%þ�ú"�ÅôBõ�ð�ò��¸õ�ú�ò�ýÅý��°ö¸þ�ò�ÿ��°ð9ø�ú�øvïÅð
ò�ñ¹ò��	�ªõ�ö¸õ7ú����³þ+ú0�&ý��ªø�ð�ôI�7þ�ú"���>�¹ñÅöºþ�òZøvö°ú�ñ©ñÅð�ø�ù%ú�ô�û/ý¹ô�ú�ÿ��°ð��Tõ��ªò�ñ�ó=ýCú�øvð�ñ^ø�ö¸ò��	�	�©ò��¸õ�ú&öºñ=ú�ø�ïÅð�ô��Åõ�ö	��ö	�¸ò�ô��L>¹ð��¸óÅõ�/
�7æ�å �k^Åì�
DX ���Yh�ê���êHfc^¹ê:hca
R<ð+ø

G = (N ,L)
ÿ�ðTò©ø�ôBò�ñ¹õ�ýCú�ô�øvòZøvö°ú�ñ¡ñÅð�ø�ù%ú�ô�û��iù'ïÅð�ô�ð

N
ò�ñ¹ó

L
ò�ô�ð�ø�ïÅð/õ�ð+øBõ�ú"�%ñÅúªóªðfõHò�ñ¹ó�óªöºô�ðfþ�ø�ðfó �ºöºñÅûªõ��

ôvð�õ�ý�ðfþ�øvö
��ð��	�"/K�Åú�ô=þ�ð�ô�øvò�öºñ¿ú�ôBóªð�ô�ðfó ý�ò�öºôvõ©ú��HñÅúªóªð�õ��
(p, q) ∈ C

�Fù'ïÅð�ôvð�ñÅúªóªð
p
öºõ=ò�ñ¿ú�ô�öº÷�öºñ-�'ñÅúªóªð

q
ö¸õ©ò

óªðfõ�øvö°ñ�òZø�öºú�ñ*�iò�ñ¹ó
C
öºõ�ò©õ,�Åÿ¹õ�ð+ø�ú��

N ×N
�Cø�ïÅð�ô�ð9öºõ�òTøvôvò�ñ¹õ�ý�ú�ô�ø�óÅð��Tò�ñ¹ó-�Cù'ï¹öºþBï&�Tò$��ÿ�ð�þ+ú�ñ¹õ�øBò�ñ^ø�ú�ôF÷�ö
��ð�ñ

ÿ3�=ò9� �¹ñ¹þ�øvö°ú�ñ�ú"�2øvïÅðHøvôvò$��ð��4þ+ú^õ�ø�/ î�ð9ò�õvõF���&ð�ø�ï�òZø'ø�ï¹ð ñÅð+ø�ù¯ú�ôvûTö¸õ`õ�øvô�ú�ñÅ÷"�	�©þ�ú�ñÅñÅðfþ�øvð�óe�¹õ�ú�ø�ï¹ò�ø�òZø��ºð�ò�õ�ø'ú�ñÅð
ôvú"�ªøvðI��ú�öºñ¹õ'ð�ò�þBï=ú�ô�öº÷�öºñLEªóªð�õ�ø�öºñ¹òZøvö°ú�ñ �U4 ���¯ý¹ò�ö°ô�/
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îLò�ôvóÅô�ú�ý � õ.�¹õ�ð�ô�ð����Åö	�°öºÿÅôvö
���QýÅôvöºñ¹þ+öºý��ºð � î�ò�ôBóªôvú�ý y�� #��G�$?¯ðfþBû��Tò�ñÅñ��(
c����� y�� #�)m� � ï¹ð7� y4�"1 #G��%)òZøvô�öºûªõ�õ�ú�ñ
y���� T[�'ò�ñ¹ó #�ò�ôBþ+ú�ø�øvðs, %)òZø�ôvöºûlõvõ�ú�ñ ��!�! / � õ�øvò�ø�ðfõ�ø�ï¹ò�ø�� ú�ôTð���ð�ô�� 4 � ý¹ò�ö°ô

(p, q) ∈ C
�%ø�ïÅð�ø�ôBò$��ð��'þ+ú�õ�øvõ&ú"�

øvïÅð9ôvú"�Åø�ð�õ.�ªø�ö	�ºö
��ð�ó�ò�ô�ð ð����¹ò��6ò�ñ¹ó �&öºñÅö	�&ò"�*� ú�ôFðfò�þBï
öºñ¹óªö	�^ö¸ó=�¹ò"�D��õ�ð�ô�/`îLð9óÅð�ñÅú�ø�ð�ÿ3�
Rpq

øvïÅð9õ�ð+ø�ú��5õ�ö
�&ý��ºð
�K�°úlú�ýG8?� ôvð�ð$�'ôvú"�ªøvð�õ.� ú�ô 4 �Ôý�ò�öºô

(p, q)
�4ÿ��

hr

øvïÅð �¹úZù ú�ñ�ô�ú0�ªø�ð
r ∈ Rpq

�Aò�ñ�ó
ÿ3�
cr

øvïÅð�øvôvò$��ð��6þ+ú�õ�ø�ú�ñ�øvïÅð
ôvú"�ªøvðHò�õ7ð76ªýCð�ôvö°ð�ñ¹þ+ðfó©ÿ3��ò�ñ�ö°ñ¹óÅö
�lö¸ó=�¹ò��*�¹õ�ð�ô�/
î�ð&öºñ^ø�ôvúló��¹þ+ð9ø�ïÅð&óªðfõ�öº÷�ñ�ý¹ò�ôBò��&ð+øvð�ô

x ∈ R
n
/6.7ïÅö¸õ�ý¹ò�ôBò��&ð+øvð�ô�þ+ú"���ºó¡ÿ�ð�ýÅôvð�õ�ð�ñ^ø�öºñ¡ú�ñÅð�ú�ô�ÿ�ú�ø�ïLú�� øvïÅð

øvôvò$��ð�� þ+ú^õ�ø ò�ñ¹ó�óªð��Tò�ñ�ó&� �Åñ�þ�ø�öºú�ñ�õ�//îLð/ò�õvõ,���&ð9øvï¹òZø�ø�ïÅð&�­þ+ú�ñ^øvö°ñ3�Åú0�¹õ��Føvôvò$��ð��)þ+ú^õ�ø;� �Åñ�þ�ø�öºú�ñ�ï¹ò�õ�ø�ïÅð�� ú�ô,�
c(x, ·) : R

|R|
+ → R

|R| ÷�ö	��ð�ñ/ò �cò"�
�¹ð`ú�� x �lù'ïÅð�ô�ð |R|
óªð�ñ¹ú�ø�ðfõ)øvïÅð'ø�ú�øvò"�¹ñ3����ÿCð�ô%ú��Aôvú"�ªøvð�õ)öºñTøvïÅðFñÅð�ø�ù%ú�ô�û���ò�ñ¹ó

R+ := {x ∈ R | x ≥ 0 }
/����Åô�ø�ïÅð�ô��CøvïÅð�óÅð��Tò�ñ¹ó � �Åñ¹þ�øvö°ú�ñ¡ö¸õF÷�ö
��ð�ñ
ÿ3�

g(x, ·) : R
|C| → R

|C|
+

/�@'ð�÷�ò�ôBóªöºñÅ÷TøvïÅð
�¸òZø�ø�ð�ô8� �Åñ¹þ+ø�öºú�ñ�ù¯ð�õ�ï¹ò��	�U��� ú�ô�õ�ö
�&ý��ºöºþ�ö§øO�¬ò�ñ�ó �³ò��&ö	�°ö¸ò�ôvö§øO�0��ò�õ�õ,���&ðHø�ï�òZø�ð�ö§øvïÅð�ô

g
ö¸õFöºñ¹óªð�ý�ð�ñ¹óªð�ñ�ø�ú��)øvïÅðHø�ôBò$��ð��

þ�ú�õ�ø��³ïÅð�ñ¹þ�ðTò=þ�ò�õ�ð9ú"�%ò >�6ªð�ó¡óÅð��Tò�ñ¹ó �&úªóªð����`ú�ô1öºõHõ,�¹þBï�øvï¹òZø
−g(x, ·)

ö¸õ��³òZø��ºð�ò�õ�øI��õ�ø�ôvöºþ+ø,�	� �&ú�ñÅú�ø�ú�ñ¹ð>� ú�ô
ðfò�þBï

x
�Åöºñ©øvïÅð;�ºò�ø�øvð�ô'þ�ò�õ�ð�ù%ðHþ�ò�ñ/øvïÅð�ñ
�ªøvö
�ºö
��ð1ø�ïÅðHõ�øvò�ñ¹óÅò�ôBó ;81!� ú�ô,�2���ºò�ø�öºú�ñ=ÿ¹ò�õ�ð�ó©ú�ñ=ø�ïÅð1öºñ���ð�ôBõ�ð�ú��

g(x, ·)
/

��.7ïÅð�õ�ð ò�õvõF����ýÅø�öºú�ñ¹õ'ò�ô�ð�ôvò�ø�ïÅð�ô`õ�øBò�ñ¹ó¹ò�ôBó/öºñ=øvïÅð;�ºö§øvð�ôBòZø,�¹ô�ð1ú�ñ=ø�ôBò��/þ<�&úªóªð��	�°öºñÅ÷ / �
1¦ñ¿ò�ñ ò�ýÅý��ºöºþ�òZøvö°ú�ñJøvú�ð��0�¹ö
�ºö°ÿ¹ô�ö	��� ñ¹ð+ø�ù¯ú�ôvû�óÅð�õ�ö°÷�ñ-�5ýÅôvö¸þ+öºñÅ÷Lò�ñ¹ó(þ+ú�ñ^øvô�ú0�)�&úªóªð��ºõ �³ð"/ ÷�/	�_#�ò�ôvþ�ú�ø�øvð y���1 )G�

%)òZøvô�öºûªõ�õ�ú�ñ , @'úªþBûZò�� ð��	�¸ò�ôI��!�!0���Ln1ð��	�
� ��!"!�)m�0'!�ºö¸ò�õvõ�ú�ñS, #�ò�ø�øvõvõ�ú�ñr��!�!")G��ò�ñ¹ó ��ú�õ�ð7�³õvõ�ú�ñ , %)òZøvô�öºûªõ�õ�ú�ñr��!�! / �
n ≈ |L|

�Tò$��ïÅú"�¸óe�iù'ïÅö	�°ð9ö°ñ�ò�ñ�ò�ý¹ý��°ö¸þ�ò�ø�öºú�ñ
øvú
4 �Ôð�õ�ø�ö	�&ò�ø�öºú�ñ �³ð"/ ÷�/	�
t<�¹ô ��
c����� y��0/�� ��(¯ò�õ�þ�ð+ø�øvò ,DJF÷"����ð�ñ
y���1�1 �0	5ò�ñÅ÷ y4�"� #G�lò�ñ¹ó (%ïÅð�ñ , �h�ºú�ôvöºò�ñ y����"1 �

n
ö¸õ'ö°ñ�øvïÅðHú�ôBóªð�ô7ú"�

|C|
/

î�ð�ò��¸õ�ú
öºñ^ø�ôvúªó=�¹þ+ð/ø�ïÅð �&ò�ø�ôvö:6
Γ ∈ R

|R|×|C| ��ù'ïÅö¸þBï3öºõ�ø�ï¹ð/ô�ú0�ªø�ð(E�4 � ý�ò�öºô�öºñ¹þ+ö¸óªð�ñ�þ+ð �TòZøvô�ö
6 � öU/ ð0/
��øvïÅð
ð��°ð���ð�ñ^ø

γrk

ö¸õ
1
ö
�%ôvú"�ªøvð

r
��ú�öºñ¹õ 4 � ý¹ò�öºô

k = (p, q) ∈ C
�Aò�ñ¹ó

0
ú�ø�ïÅð�ô�ù'ö¸õ�ð$�c/6.7ï¹ð�ñ-�<óÅð��Tò�ñ¹ó�8?� ðfò�õ�ö°ÿÅö	�ºö§øO�
ö¸õ

óªðfõ�þ�ô�öºÿCð�ó�ÿ3�Tø�ïÅð þ�ú�ñ¹óÅö§øvö°ú�ñ¹õ¯ø�ï¹ò�ø
h ∈ R

|R|
+

ò�ñ¹ó
ΓTh = g(x, π)

��#"�
ïÅú0�ºó¹õ��Åù'ï¹ö
�ºð�ø�ïÅðHî�ò�ôBóªôvú�ý�ð����Åö	�°öºÿÅôvö
��� þ+ú�ñ�óªö§øvö°ú�ñ¹õ)� ú�ô7øvïÅðHôvú"�ªøvð ��úZù`õ'ò�ôvðFøvï¹òZø

hr > 0 =⇒ cr(x, h) = πpq , r ∈ Rpq , (p, q) ∈ C,
��)�ò0�

hr = 0 =⇒ cr(x, h) ≥ πpq , r ∈ Rpq , (p, q) ∈ C,
��)�ÿ �

ïÅú0�ºó¹õ���ù'ïÅð�ôvð1ø�ïÅð2�Zò��	�ÅðHú��
πpq := πpq(x, h)

öºõ'ø�ïÅð2��öºñÅö	�Tò��_�³ö?/ ð"/	�¹ð����Åö
�ºöºÿÅô�ö	��� �7ôvú"�ªøvð þ+ú^õ�øFöºñ 4 �Êý�ò�öºô
(p, q)

/
?)�9ø�ïÅð�ñÅú�ñ�8¥ñÅð�÷�òZøvö
�lö°øO��ú"�CøvïÅðFôvú"�Åø�ð �¹úZù`õ���øvïÅð�õ,�ªõ�øvð��A��#0�VE���)0�)þ�ò�ñ��&ú�ôvð`þ+ú0�&ý¹ò�þ+ø,�	�9ÿCðFù'ôvö§ø�ø�ð�ñ/ò�õ)øvïÅð.�&ö
6ªð�ó
þ�ú"�&ý��ºð��&ð�ñ^øvò�ô�ö°øO�/ýÅôvú�ÿ��°ð�� �K# (_%)�

0|R| ≤ h ⊥ (c(x, h) − Γπ) ≥ 0|R|,
� / ò��

ΓTh = g(x, π),
� / ÿ �

ù'ïÅð�ô�ð
a ⊥ b

�]� ú�ô�ø�ù¯ú=ò�ôvÿÅö°ø�ôBò�ô�� ��ð�þ�øvú�ôBõ
a, b ∈ R

n
�e�&ð�ò�ñ¹õFø�ï¹ò�ø

aTb = 0
/��A?)�
ñÅú�ñ�8Xñ¹ð�÷�ò�ø�ö	�lö§øO�0�¹øvïÅöºõ�ö	�&ý��°öºð�õ

øvï¹òZø
aj · bj = 0

� ú�ô`ò"�
�
j
/W�

î¿ïÅö	�°ðLù%ð¡ïÅð�ôvð�ù¯ú�ôvûJù'ö°ø�ï#ò �°öºñÅû"E^ôvú"�ªøvð
ô�ð�ýÅôvð�õ�ð�ñ^øvò�ø�öºú�ñüú�� �¹úZù`õ/ø�ïÅð�ô�ð¡öºõ�ò«þ+ú�ô�ôvð�õ�ýCú�ñ¹óªöºñÅ÷ �ºö°ñÅû"ElñÅúªóªð
ôvð�ýÅôvð�õ�ð�ñ^øBòZø�öºú�ñ*�¯ù'ï¹ð�ôvð¡þ+ú�ñ¹óªö°ø�öºú�ñ¹õ=ò�ôvð�ö
�&ýCú�õ�ð�ó¿ú�ñüø�ïÅðLþ+ú�ñ¹õ�ð�ô,�Zò�ø�öºú�ñüú�� �¹úZù`õ=òZø=öºñ^ø�ð�ôvõ�ð�þ+ø�öºú�ñ¹õ4��õ�ð�ð0�'ð"/ ÷�/	�
%)òZøvô�öºûªõ�õ�ú�ñ � y���� T3� ò�ñ¹ó #�ò�ôvþ�ú�ø�ø�ðs, %)òZøvô�öºûªõ�õ�ú�ñ �V��!"! / �7/�.7ïÅð¬ò�ñ¹ò"�
�ªõ�öºõ9øvï¹òZø�� ú"�	�ºúZù`õ�ö¸õ��Zò��ºöºó ù'ö§øvïÅú"�ÅøTò�ñ3�
ò"�§øvð�ôBòZø�öºú�ñ�õ5� ú�ôFõ,�¹þBï�ò�ýÅôvú�ÿ��°ð�� ô�ð�ýÅôvð�õ�ð�ñ^øvò�ø�öºú�ñ-/
1¦ñ/÷�ð�ñÅð�ôBò��U��ù¯ð�õ�ï¹ò"�
��ñÅð�ðfó&ø�ú�ò�õvõF���&ð'øvï¹òZø%ø�ïÅð�ô�ú0�ªø�ð�þ+ú^õ�ø5ö¸õ¯ò�óÅóªö°ø�ö	��ð0/u�¹ú�ô%ð�ò�þBï��ºöºñÅû

l ∈ L
�^øvïÅð`øvôvò$��ð��¹þ�ú�õ�ø

ï¹ò�õ%ø�ïÅð8� ú�ô��
tl(x, v)

�Åù'ïÅð�ô�ð
v ∈ R

|L| ö¸õ5øvïÅð<��ð�þ+ø�ú�ô%ú"�-�°öºñÅû �¹úZù`õ�/o.7ïÅð�ôvú"�Åø�ð�ò�ñ¹ó �ºöºñÅû&ø�ôBò$��ð��Cþ�ú�õ�øvõ¯ò�ñ¹ó �¹úZù`õò�ô�ð7ôvð��¸òZø�ðfóHøvïÅô�ú0�Å÷�ï&ò�ô�ú0�ªø�ð(E��ºö°ñ¹ûHö°ñ¹þ�öºóÅð�ñ¹þ�ð)�Tò�ø�ôvö:6e�
Λ ∈ {0, 1}|L|×|R| ��ù'ïÅú�õ�ð%ð��°ð��&ð�ñ^ø λlr

ð����¹ò��¸õ�ú�ñÅð7ö
�Côvú"�Åø�ð
r ∈ R

�ªøvö
�ºö	��ð�õ��°öºñÅû
l ∈ L

�Cò�ñ¹ó ��ð�ô�ú&ú�ø�ïÅð�ô�ù'ö¸õ�ð0/!@'ú"�Åø�ð
r
ï¹ò�õ'ò�ñ
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��ð1ô�ú0�ªø�ð þ�ú�õ�ø

cr(x, h)
ö
��ö°ø`ö¸õ7ø�ïÅð õ,���

ú"�6øvïÅð�þ�ú�õ�øvõ'ú"�h�¹õ�öºñÅ÷©ò��	�4øvïÅð �ºö°ñÅûªõ`óÅð(>¹ñÅöºñÅ÷/ö°ø�/�1¦ñ¬ú�øvïÅð�ôFù%ú�ôvóÅõ��
cr(x, h) =

∑

l∈L λlrtl(x, v)
/�1¦ñ�õ�ïÅú�ô�ø��ªø�ï¹ð�ñ-�

c(x, h) = ΛTt(x, v)
/`2��¸õ�ú �lö
�&ý��ºöºþ�ö§ø'öºñTø�ï¹öºõ¯ôvð��¸òZø�öºú�ñ�õ�ïÅöºý/ö¸õ%ø�ïÅð1ò�õvõF����ýÅø�öºú�ñTøvï¹òZø¯ø�ïÅð�ý¹ò�ö°ô

(h, v)
ö¸õ7þ+ú�ñ�õ�ö¸õ�øvð�ñ^ø��

öºñTø�ï¹ðFõ�ð�ñ¹õ�ð7ø�ï¹ò�ø
v
ð����¹ò��¸õ�ø�ï¹ð�õ,���Ôú"�iø�ïÅð`ôvú"�Åø�ð �¹úZù`õ4M
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v
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ö¸õ �³ò�ø��°ðfò�õ�øI�7õ�ø�ôvöºþ+ø,�	� �&ú�ñ¹ú�ø�ú�ñÅðHöºñ
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x
/IJFú�ø�ö¸þ+ð0�ÅïÅúZù¯ð���ð�ô��lø�ï¹ò�ø

ö°øFö¸õ`öºñ
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t
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x
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x
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O ��òZøFõ�ýCú�øvõ Q�ú"�<øvïÅð1ø�ôBò$��ð��iþ�ú�õ�ø`ò�ôvð1ò"�
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−F (x, y) ∈ NC(y),
� 1 �

ù'ïÅð�ô�ð
y ∈ R

m
�
C ⊆ R

m
öºõ�ò©þ7�ºú�õ�ð�ó
ò�ñ¹ó
þ+ú�ñ3��ð76¬õ�ð�ø��

F (x, ·) : C → R
m
ö¸õFõ,�&úlú�ø�ï*�Cò�ñ¹ó
ù'ïÅð�ô�ðHøvïÅð�ñ¹ú�ô��&ò"�
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RAð�ø�ø�öºñÅ÷

y :=





h
π
v



 ∈ R
|R| × R

|C| × R
|L|,

� � ò��

F (x, y) :=





ΛTt(x, v) − Γπ
ΓTh − g(x, π)

v − Λh



 ,
ò�ñ¹ó � � ÿ �
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∑

l∈L
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tl(x, s) ds,

subject to ΓTh = d,
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∫
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
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Eω[f(x, y(ω), ω) + µG(x, y, ω)],

subject to y(ω) ∈ S(x, ω),
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