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Abstract. Let (X, ) and (Y, v) be standard measure spaces. A function
@ € L=(X XY, uxv) is called a (measurable) Schur multiplier if the map
Sy, defined on the space of Hilbert-Schmidt operators from L2 (X, ) to
L2(Y,v) by multiplying their integral kernels by ¢, is bound-ed in the
operator norm.

The paper studies measurable functions ¢ for which S, is closable
in the norm topology or in the weak* topology. We obtain a charac-
terisation of w*-closable multipliers and relate the question about norm
closability to the theory of operator synthesis. We also study multipliers
of two special types: if ¢ is of Toeplitz type, that is, if p(z,y) = f(z—y),
z,y € G, where G is a locally compact abelian group, then the closabil-
ity of ¢ is related to the local inclusion of f in the Fourier algebra
A(G) of G. If ¢ is a divided difference, that is, a function of the form
(f(z) — f(y))/(z — y), then its closability is related to the “operator
smoothness” of the function f. A number of examples of non-closable,
norm closable and w*-closable multipliers are presented.
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1. Introduction

Let (X,p) and (Y,v) be standard measure spaces, H; = L*(X,p), Hy =
L2(Y,v), and let B(Hi, Hy) be the space of all bounded linear operators
from H; into Hs. There is a method, due mainly to Birman and Solomyak
[2, 3, 4, 5], to associate to certain bounded measurable functions ¢ on X X
Y, linear transformations S, on B(Hi, Hs); these transformations are called
Schur multipliers or, in the more general setting of spectral measures in the
place of u and v, double operator integrals. Namely, one first defines the
map S, on the space of all Hilbert-Schmidt operators by multiplying their
integral kernels by ¢; if S, is bounded in the operator norm, one extends it
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to the space K(H;, Hz) of all compact operators by continuity. The map S,
is defined on B(H;, H3) by taking the second dual of the constructed map on
K(Hy, Hs).

The function ¢ is thus called a Schur multiplier if the multiplication map
Sy, initially defined on the space of Hilbert-Schmidt operators, is bounded
in the operator norm. Equivalently, ¢ is a Schur multiplier if p(z,y)k(z,y)
is the integral kernel of a nuclear operator provided k(z,y) is such. The set
of all Schur multipliers will be denoted by &(X,Y).

Many years ago, Professor Solomyak informed the first author that at
the early stages of the development of the theory of double operator integrals,
there existed an idea to define S, for a more general class of functions ¢
(perhaps for all measurable ones) as the closure of a densely defined linear
operator in the operator norm, or in the weak operator, topology. However,
this approach was not pursued because no information on the closability of
the multiplication maps S, was obtained at that time.

The aim of this paper is to study the classes of functions ¢ for which
S, is closable in the norm topology, or in the weak* topology, of B(H1, Hs).
By weak* topology we mean the topology o(B(H1, Hz),C1(Hs, Hy)) induced
on B(H;, Hs) by its duality with the space C1(Ha, Hy) of nuclear operators
from Hs into H;. We denote these classes of functions by &, (X,Y) and
G+ (X,Y), respectively.

We obtain a satisfactory characterisation of the class &,,«(X,Y). In or-
der to describe it, let us denote by &,.(X,Y) the class of functions ¢ with the
following property: for each € > 0 there exist subsets X; C X and Y. C Y of
measure not exceeding ¢, such that the restriction of ¢ to (X \ X)) x (Y'\Yz) is
a Schur multiplier. We prove in Theorem 3.6 that the elements of Gj.(X,Y)
(which we call local Schur multipliers) can be characterised in terms similar
to those of Peller’s characterisation of Schur multipliers [26]. Namely, they
are precisely the functions of the form (a(x),b(y)), where a(-) (resp. b(+))
is a measurable function from X (resp. Y) into a separable Hilbert space.
Then we show in Theorem 4.4 that the w*-closable multipliers (that is, the
elements of G,,«(X,Y")) are precisely the functions of the form ¢(z,y)/s(x, y)
where ¢t and s are local Schur multipliers and s(x,y) # 0 for marginally al-
most all (z,y). In particular, &,,«(X,Y") is an algebra of (equivalent classes
of) functions.

For any measurable function ¢ on X x Y, there exists a maximal (in
a sense that we make precise in Section 4) countable family of rectangles on
each of which ¢ is w*-closable; the complement of their union is denoted by
/f:g*. The “size” of /i:g* can be considered as a measure of the extent to which
 fails to be a w*-closable multiplier.

The information we obtain about G¢(X,Y) is less precise. Roughly
speaking, we show that, in order to verify whether ¢ belongs to &.,(X,Y),
one needs to check whether the set /4:;]* supports a non-zero compact operator.
More precisely: if ,%Zg* does not support a non-zero compact operator then ¢ €
Sa(X,Y) while if there exists a non-zero compact operator in the smallest
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masa-bimodule with support Hg* then ¢ ¢ S1(X,Y). The difference between

the smallest masa-bimodule with support /17;,’* and the largest one (the set

of all operators supported on n‘;’*) is subtle; it is the subject of the theory
of operator synthesis [1, 28], an operator analogue of the theory of spectral
synthesis [15, 20]. We prove that &.(X,Y) is an algebra and present various
examples of multipliers which are not norm-closable and of norm-closable
multipliers which are not w*-closable.

The product of two measure spaces possesses natural “pseudo-topological
structures”, namely the w-topology and the 7-topology, which are related to
the problem of closability of multipliers. A set is called 7-open (resp. w-open)
if it is a countable union of measurable rectangles and a null set (resp. a set
contained in (Xo x Y) U (X x Yp), where X and Yy are null sets). Denot-
ing by C-(X xY) (resp. C,(X x Y)) the space of all 7-continuous (resp.
w-continuous) complex valued functions on X X Y, we prove that

Ga(X,Y) C Co(X x Y) and G, (X,Y) C C(X x Y)

(if one identifies functions equivalent with respect to the product measure).
Both inclusions are shown to be strict.
We present examples which show that in the chain

G(Xa Y) g 6loc(*X—7Yv) g 6w* (X7 Y) g 601(X7 Y)

the first and the third inclusions are strict. The question of whether the
second inclusion is strict is left open.

The paper is organised as follows. In Section 2 we state some basic defini-
tions and results about subsets of, and functions on, product measure spaces,
bimodules over maximal abelian selfadjoint algebras, Schur multipliers and
closable operators. In Section 3 we examine local Schur multipliers, while
Sections 4 and 5 are devoted to the study of w*-closable and norm-closable
multipliers, respectively.

In Sections 6 and 7 we study multipliers of special types. Given a com-
plex function f defined on a subinterval of the real line, one may consider
its divided difference, in other words, the function f on two variables given
by f(z,y) = (f(z) — f(y))/(x — y). The corresponding class of multipliers
plays an important role in Perturbation Theory and Spectral Theory (see,
for example, [26] and the references therein). We show that such multipliers
are always norm-closable; in Theorem 6.3 and Corollary 6.4 we formulate
necessary and sufficient conditions for f to be a local Schur multiplier.

Toeplitz multipliers are (Schur, local, norm-closable or w*-closable) mul-
tipliers @ of the form ¢(x,y) = f(z—y), where f is a complex function defined
on a locally compact abelian group G (equipped with Haar measure p). The-
orem 7.8 asserts that a function f(z — y) is a w*-closable multiplier if and
only if it is a local Schur multiplier, and that this occurs precisely when f
is equivalent to a function which belongs locally to the Fourier algebra of G.
The closability of Toeplitz multipliers is shown to be related to some ques-
tions about sets of multiplicity in harmonic analysis. We describe also those
functions of the form f(x —y) which are ((u X p)-equivalent to) w-continuous
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or T-continuous functions. En route, we obtain an example of a continuous
(hence w-continuous) function on G x G which is not a norm-closable multi-
plier.

Acknowledgements. The authors are very grateful to M. Roginskaya
and T. W. Korner for their friendly and helpful advice, and to the referee for
suggestion to consider a Cp-version of Problem 4 (see Remark 8.1(i)).

2. Preliminary results

2.1. Pseudo-topologies on the product of measure spaces

In what follows, we write B(Z) = B(Z,~) for the algebra, with respect to
the pointwise product, of all measurable complex valued functions defined on
a measure space (Z,v). Let (X, ) and (Y, v) be standard o-finite measure
spaces, which will be fixed throughout the paper. We will often write B (X x
Y') in the place of B(X x Y, u x v).

A subset of X x Y is said to be a measurable rectangle (or simply a
rectangle) if it is of the form « x 3, where a C X and 8 C Y are measurable
subsets. A subset E C X x Y is called marginally null if E C (Xo x Y) U
(X x Yy), where u(Xo) = v(Yo) = 0. We call two subsets E,F' C X xY
marginally equivalent (and write E ~ F') if the symmetric difference of E
and F is marginally null. We say that E marginally contains F (or F is
marginally contained in E) if F\ E is marginally null; E and F are said to
be marginally disjoint if £ N F' is marginally null.

A subset E of X x Y is called w-open if it is marginally equivalent to
the union of a countable set of rectangles. The complements of w-open sets
are called w-closed. It is clear that the class of all w-open (resp. w-closed) sets
is closed under countable unions (resp. intersections) and finite intersections
(resp. unions); in other words, the w-open sets form a pseudo-topology.

The following lemma shows that in some cases one can form a certain
kind of a union of a given, possibly uncountable, family of w-open subsets.

Lemma 2.1. Let € be a family of w-open subsets of X X Y. Let &, be the set
of all countable unions of elements of £. Then there exists a (unique up to
marginal equivalence) set E € &, which marginally contains every set in E.

Proof. First assume that the measures p and v are finite. On the set II of all
measurable rectangles we introduce a metric p, setting, for Ry = X7 x Y7,
Ry = Xy x Ys in I, p(Ry, Ry) = p(X1VXa) + v(Y1VY3) (here Vv denotes
symmetric difference). Then II is a separable metric space whence the set F
of all rectangles that are contained in elements of £ is also separable. Let
{R,, : n > 1} be a dense sequence in F and E = U2, R,,. Then it is clear
that F marginally contains all R € F and therefore all F € £.

In the general case, let X = U2, X, and Y = U_, Y, with u(X,) < oo
and v(Yy,) < oo, n,m € N. For each pair n,m, let &, ,, = {EN (X, x Yy,) :
E € &}, let E, ,, be the w-union of &, ,,,, and set E = Unme1Enm.-

The uniqueness is obvious. (I
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The set whose existence is guaranteed by Lemma 2.1 will be called the
w-union of &£.

We will say that two functions p,1 € B(X X Y) are equivalent, and
write ¢ ~ 1, if the set D = {(x,y) € X XY : p(z,y) # ¥(x,y)} is null with
respect to the product measure. If D is marginally null then we say that ¢ and
1 coincide marginally everywhere, or that they are marginally equivalent, and
write ¢ ~ 1. By L*°(X x Y') we denote as usual the subalgebra of B(X xY)
of all (equivalence classes of) essentially bounded functions.

Let E C X XY be an w-open set. A measurable function ¢ : E — C
is called w-continuous if the set ¢~1(G) is w-open for every open subset
G C C. As in [10, Corollary 3.2] one can see that the set C,(E) of all w-
continuous functions on E is a subalgebra of B(E). For an arbitrary set
MCCL(X XY) CB(X xY), we let its null set null(M) be the complement
of the w-union of the family & = {h=1(C\ {0}) : h € M}.

We will need the following simple result from [21] (see the remark after
[21, Proposition 8.1]).

Lemma 2.2. Let E C X XY be an w-open set and let f : E — C be an
w-continuous function. If f ~ 0 then f ~ 0.

Thus if two w-continuous functions are equivalent then they are marginally
equivalent, and if a function is equivalent to an w-continuous function then
the latter is defined uniquely up to marginal equivalence.

We will also need another pseudo-topology on X x Y. Two subsets E1,
FE5 of X xY will be called p x v-equivalent if their symmetric difference
is a pu x v-null set. We will say that a subset £ C X X Y is 7-open if it
is p X v-equivalent to a countable union of rectangles. It is clear that the
pseudo-topology 7 is stronger than w.

2.2. Bimodules

If H; and H, are Hilbert spaces, we denote by B(H;, H2) the space of
all bounded linear operators from H; into H,, and by K(H;, Hs) (resp.
C1(Hy, Hy), Co(Hy, H2)) the space of compact (resp. nuclear, Hilbert-Schmidt)
operators in B(Hy, Hs). Let ||T||op denote the operator norm of T' € B(Hq, Ha).
As usual, we write B(H) = B(H, H). The space C1(Hz, Hy) (resp. B(Hy, H3))
can be naturally identified with the Banach space dual of K(H;, Hy) (resp.

Ci(H,, Hy)), the duality being given by the map (T, S) — (T, S) “ tx(T5).

Here tr A denotes the trace of a nuclear operator A. For a subset W C
Ci1(Ha, Hy), let W = {T € B(Hy,H5) : (T, S) =0, for each S € W}.

For the rest of the paper we let H; = L*(X,u) and Hy = L3(Y,v).
The space L2(X x Y) will be identified with C(H;, Ha) via the map sending
an element k € L?(X x Y) to the integral operator I given by I&(y) =
Jx k(z,y)é(x)du(x), £ € Hy, y € Y. In a similar fashion, C;(Hz, Hy) will be
identified with the space I'( X, Y') of all functions F' : X xY — C which admit



6 V.S. Shulman, I.G. Todorov and L. Turowska

a representation
F(z,y) = Zfi(x)gi(y)7
i=1

where f; € L2(X, 1), gi € L3(V,v), i € N, Y202, 1113 < oo and X232, llgll3 <
oo. Equivalently, T'(X,Y) can be defined as the projective tensor product
L3(X, n)®@L2(Y,v). It was shown in [10, Theorem 6.5] that I'(X,Y") consists of
w-continuous functions. For brevity, we often identify a function h € T'(X,Y)
with the corresponding integral operator I, € Ci(Hs, Hy). It will be conve-
nient to write I'(X x Y') in the place of I'(X,Y") (this allows for example to
write I'(k), where £ is a rectangle).

If feL>™(X,u),let My € B(H;) denote the operator of multiplication
by f. We will often identify the collection {My : f € L*>(X,pn)} of all such
operators with the function space L (X, u). If @« C X is measurable, we write
P(a) = M, for the multiplication by the characteristic function of the set
a. Similar definitions and identifications are made for L>°(Y,v). A subspace
W C B(H., Hy) will be called a bimodule if MyTM, € W for all T € W,
p € L™(X,u) and ¢ € L>(Y,v). One defines bimodules in B(Hy, Hy) in a
similar fashion.

We say that an w-closed subset K C X X Y supports an operator
T € B(H,, Hs) (or that T is supported on k) if P(8)TP(«) = 0 whenever ax 3
is marginally disjoint from . For any subset M C B(H;, Hs), there exists a
smallest (up to marginal equivalence) w-closed set supp M which supports ev-
ery operator T' € M [10]. By [28], for any w-closed set k there exists a smallest
(resp. largest) w*-closed bimodule M,y (k) (resp. Mmax(k)) with support &
in the sense that if M C B(H;, Hs) is a w*-closed bimodule with supp I = &
then Mpin(k) € M C Muyax (k). U Muin (k) = Muax(k), the set k is called
synthetic. By [28, Theorem 4.4], Muyin(k) = {I : h € T(X,Y), hx, ~ 0}+.

Lemma 2.3. Let W C Cy(Ha, Hy) be a bimodule and {f,}22, CT(X,Y) be
a sequence such that {I, }°° | is dense in W. Then null(W) = supp(W+) =
Ny £ H(0).

In particular, W is norm dense in C1(Ha, Hy) if and only if there exists
a sequence {h,}>2 C I'(X,Y) such that I, € W for every n € N and the
set N2, h,1(0) is marginally null.

Proof. We start by showing the second statement. Since the Hilbert spaces
H; and H are separable, the space C1(H2, Hy) is separable and hence there
exists a sequence {K,,}52; dense in W. Suppose that K,, = I, , where h,, €
['(X,Y) and let E = N,h;1(0). If E is not marginally null then, by [28,
Corollary 4.1], 9Mumin(E) contains a non-zero operator 7. By [28, Theorem
4.4], (T, K,,) = 0 for all n € N, and hence W is not dense.

Conversely, suppose that W is not dense, let h,, € I', n € N, be such that
Iy, € Wand set E = N2, h,;1(0). The annihilator 9 of W in B(Hy, Hz) is a
non-zero w*-closed bimodule. By [28], the support F' of 91 is not marginally
null, and if an operator I belongs to its preannihilator then h vanishes
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marginally almost everywhere on F'. It follows that F' is marginally contained
in E and hence F is not marginally null.

Now we prove the general statement. It was shown in [28] (see the
proof of [28, Theorem 2.1]) that null(}) = supp(W+) where W is the norm
closure of W in Cy(Hs, Hy). Hence, up to marginally null sets, supp(W+) C
null(W) € N2, £-1(0) and it suffices to show that N>, £, 1(0) C supp(W).
Let s be a rectangle disjoint from supp(W+). By the definition of support,
the restriction to x of the functions corresponding to operators in W form
a set dense in T'(k). By the first part of the proof, the intersection of the
null sets of the restrictions of f,, n € N, to k is marginally null. Hence & is
marginally disjoint from N2, f-1(0). Since the complement of supp(W=) is
w-closed, this implies the last remaining inclusion. (I

2.3. Schur multipliers and Peller’s Theorem
For a function ¢ € B(X x Y), set

D(p)={ke€ L*(X xY): ¢k € L*(X xY)}.

We let S, @ D(p) — L?*(X x Y) be the mapping given by S,k = k. We
identify S, with a (densely defined linear) map on KC(H;, Hz) acting by the
rule S, (1) = Ip.

Note that S, depends only on the equivalence class of ¢. Taking this
into account, we will sometimes say that a function ¢ belongs to a certain
class of functions, if it is equivalent to a function from this class. When we
need to make the distinction, we will write h €7 F, if h is equivalent to a
function from the class F with respect to the measure o.

Recall that a function ¢ € L (X xY) is called a Schur multiplier if the
map S, is bounded in the operator norm, that is, if there exists a constant
C > 0 such that ||S,(Ii)|lop < C|/Iklop, for all k € L2(X x Y). If ¢ is a Schur
multiplier then the mapping S, has a unique weak™* continuous extension to
B(H,, H2) which will still be denoted by S,,.

Let 6(X,Y) (or (X x Y)) be the set of all Schur multipliers; clearly,
S(X,Y) is a subalgebra of B(X,Y). The following facts follow easily from
the definition of a Schur multiplier:

Lemma 2.4. (i) If p € S(X X Y) then ¢|laxs € G(a x B) for all measurable
subsets a C X and B CY.

(it) If X XY = UL Ky, where all k, are rectangles and ¢, € &(kp)
then ¢ € 6(X,Y).

Schur multipliers were first introduced by Schur in the early 20th century
in case of discrete measures p and v. A characterisation of this particular class
of Schur multipliers was obtained by Grothendieck in [16]. The following
generalisation for the class defined above is due to Peller [26].

Theorem 2.5. Let o € L (X xY). The following conditions are equivalent:
(i) @ is a Schur multiplier;
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(ii) there exist measurable functions a : X — 1> and b:Y — I such
that

e(z,y) = (a(2),b(y))iz, a.e. on X xY and sup |la(z)||2 sup [|b(y)|2 < occ.
reX yey

(iii) o(x,y)k(z,y) ¥ T'(X,Y) whenever k(z,y) € T(X,Y).

It follows from Peller’s Theorem (and can easily be seen directly) that
if the measures p and v are finite then §(X,Y) CT'(X,Y).

Using modern terminology, one can say that Theorem 2.5 identifies the
algebra &(X,Y) with the weak* Haagerup tensor product L™ (X, i) Qu+p
L>(Y,v) (see [6] where this tensor product was introduced).

2.4. General facts on closable operators

Let X be a Banach space. We denote by X* the dual of X. If S C X’ (resp.
T C X*), we write S& C X* (resp. 7, C X) for the annihilator (resp.
preannihilator) of S (resp. 7).

Let Y be another Banach space. By an operator from X" into ) we mean
a linear transformation T : D(T) — Y, where D(T') is a (not necessarily

closed) linear subspace of X called the domain of T'. The operator T is called
densely defined if D(T) is norm dense in X'. We let

GrT ={(z,Tz): 2 € D(T)} C XY

be the graph of T. For a subset S C Y @ X we set 8’ = {(z,y) : (y,z) € S}
and let Gr' T = (Gr T)'.

We recall the definition of the adjoint T* of an operator T': D(T) — Y.
The domain of T is the subspace

D(T*)={geY*: 3 fe€ X" such that g(Tx) = f(z), Yz € D(T)}.

For g € D(T*), one lets T*g equal to f where f € X* is the functional
appearing in the definition of D(T™*). Note that g € D(T™) if and only if the
linear map x — ¢g(T'z) from D(T') into C is continuous. By the definition of
the operator T*, we have that Gr’(~T*) = (GrT)= .

Recall that an operator T is called closable if the norm closed hull Gr T
of its graph is the graph of an operator. Clearly, T is closable if and only if
the conditions (2,)52; C X,y € Y, ||zn|| — 0 and || Tz, —y|| — 0 imply that
y = 0. We call T w*-closable if the w*-closed hull GrT"~ C X** @ Y** of
its graph is the graph of an operator from X** into )**. Here, we identify X
and ) with their canonical images in their second duals. We have that T is
w*-closable if and only if the conditions (z4)s C X, G € Y**, w-lim, 2, =0
and w*-lim Tz, = G imply that G = 0. The weak* limit is taken with respect
to the weak* topology of Y**.

In the following proposition the equivalence (iii)<(iv) is well-known
(see, for example, [19, Chapter III, Section 5]); the other implications can be
proved in a similar way.
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Proposition 2.6. Let T': D(T) — Y be a densely defined linear operator and
set D = D(T*). Consider the following conditions:

(i) T is w*-closable;

(iii) D° = Y*;

(iv) T is closable.
Then (i)<= (ii)=(iii )<= (iv).

3. Local Schur multipliers

We start this section by introducing a class of functions that will play a
central role in the paper. For brevity, let us say that a countable family
of rectangles covers X x Y, or that it is a covering family, if its union is
marginally equivalent to X x Y.

Definition 3.1. A function ¢ € B(X xY') will be called a local Schur multiplier
if there exists a covering family {k,,}>°_; of rectangles in X x Y such that
©lk,, € S(km), for each m € N.

The set of all local Schur multipliers on X x Y will be denoted by
Gloc(X,Y).

Proposition 3.2. The set G1oc(X,Y) is a subalgebra of the algebra C,(X,Y)
of all w-continuous functions.

Proof. Let ¢ € G1oc(X,Y). By the o-finiteness of the measure spaces (X, i)
and (Y, v), there exists a covering family {k,,}5°_; such that ¢|., € S(km),
and (pu X v)(Kkm) < oo for each m € N. Tt follows that ¢|,,, € I'(km). By [10,
Theorem 6.5], ¢|,,, is w-continuous on kK.,, m € N. Now for an open subset
G C C, we have that ¢~ 1(G) = UX_; (k,m N~ 1(Q)) is w-open, and hence ¢
is w-continuous.

It is easy to see that for two functions ¢, in G10.(X,Y’), one can find
a common covering family {k,,}5°_; of rectangles on which both ¢ and v
are Schur multipliers. Since &(k,,) is an algebra, ¢ + ¢ and @i belong to
6loc (Xa Y) U

Let V(X,Y) be the space of all functions ¢ € B(X x Y') for which there
exist families {a;}5°; C B(X) and {b;}2; C B(Y) with the properties

oo

Do la@)P <oo, Yo Ihi(w)? < oo

i=1

for almost all z € X and y € Y, and
o0
olx,y) = Z a;(x)b;(y), almost everywhere on X x Y.
i=1
Using a coordinate free language we may say that ¢ € V(X,Y) if and only if

there exists a separable Hilbert space H and measurable functions a : X — H
and b:Y — H such that ¢(z,y) = (a(z),b(y)) for almost all (x,y) € X x Y.
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Wenote that I'(X,Y) C V(X,Y) and 6(X,Y) C V(X,Y). Indeed, these
function spaces correspond to the cases where the functions ||a(-)]|, ||b(-)| are,
respectively, square integrable and essentially bounded.

Lemma 3.3. If ¢ € V(X,Y) then there exist families {X;}2; and {Y;}32,
of pairwise disjoint subsets of X and Y, respectively, such that ¢|x,xy, €
6(X;,Y;), for all i,j € N. We may moreover assume that u(X;) < oo and
v(Y;) < oo, for alli,j € N.

Proof. Let a : X — 2> and b : Y — {2 be measurable functions such that
o(z,y) = (a(x),b(y)), for almost all (z,y). For i,j € N, set X; = {z € X :
i—1<Ja@)|2 <itandV; = {y €Y :j—1<|by)|2 < j}. Then
©|x,xv; € 6(X;,Y;) by Theorem 2.5. Partitioning X; and Y} into subsets of
finite measure, we obtain the required decompositions. O

Lemma 3.3 shows, in particular, that V(X,Y) C Gjc(X,Y). Our aim
in this section is to show that, in fact, V(X,Y) = G10.(X,Y).

Lemma 3.4. Let {k,,}5°_1 be a covering sequence of w-open sets. Then there
exist families {X;}2, and {Y]};";l of pairwise disjoint measurable subsets of
X and Y, respectively, such that

(i) U2, Xi and U32,Y; have full measure, and

(i1) each rectangle X; x Y; is contained in a finite union of sets from
{Km =1
Proof. Let us say that a subset E C X x Y is mild if it is contained in a
finite union of sets from the family {x,, }5°_;. It suffices to show that there
are increasing sequences {A,}52; and {B,}52; of measurable subsets of X
and Y, respectively, such that US2 ; A,, and U2, B,, have full measure and all
rectangles of the form A, x B,, are mild. Indeed, the statement would then
follow by setting X1 = Al \ Aifl, Y} = Bj \ Bj71~

Since the measure spaces (X, u1), (Y, v) are standard we may assume that
X and Y are equipped with o-compact topologies with respect to which p and
v are regular Borel measures. By considering increasing sequences {U,}52 4
and {V,,}52, of compact subsets of X and Y, respectively, we reduce the
problem to the case where X and Y are compact and p and v are finite.

We may clearly assume that each &, is a rectangle. By [10, Lemma 3.4],
for any € > 0 there exists X. C X, Y. C Y such that u(X \ X.) < ¢,
v(Y'\Ye) < e and X, x Y is contained in a finite union of rectangles k,,. Let
€n =27", L, =N, X, and M, = N2 Y, . Then each L, x M, is mild
since it is contained in X, x Y., . Furthermore, L, C L, 41, M, C M, 41,

P(X\Lp) <) p(X\Xe,) < 227" and v(Y\M,) < Y p(Y\Ye,) < 27"

k=n k=n
Thus, p(X \ (US21Ly,)) = 0 and v(Y \ (US2,M,)) = 0 and the proof is
complete. |

The following result may be viewed as an analogue of Lemma 2.4 for
local multipliers.
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Lemma 3.5. Let {X;}32, and {Y;}52, be families of pairwise disjoint subsets
of X and Y, respectively, such that X = 72, X; and Y = Uj2,Y;. Assume
that ¢ € B(X x Y) is such that ¢|x,xy;, € 6(X;,Y;) for all i,7 € N. Then
peV(X,Y).

Proof. Let @; j(x,y) = ¢|x,xy;. By our assumption, ¢; ; € &(Xj,Y;) and
hence, by Theorem 2.5, there exist measurable functions a; ; : X — ¢? and
bij Y — (2 such that o(z,y) = (a;;(x),b;;(y)) for almost all (z,y) €
X; xY; and
iy & sup flag(@)]]2 sup b (v)]l2 < oo.
reX; yey;

We may clearly assume that sup,c x, [ai;(2)[|2 = sup,cy, [|bi;(y)[|2- Let H =
®;,;H; j, where H; ; = % for all i, j € N. Considering a; ;(z) as a vector in
H; j, we define a function a : X — H in the following way: if x € X}, then set
a(x) = @; ;& j(x), where &, j(v) = ay j(x)/j /ak; and & j(x) = 0 for i # k.
Similarly, we define b : Y — H by letting, for y € Y}, b(y) = @i ;ni,;(v),
where 1;1(y) = bii(y)/iy/ai; and n; ;(y) = 0 if j # I. Then for each i and

r € X; we have
o 2
a; ;\T
=

where C = Z;’ol 5z- Similarly, we see that |[b(y )13 < C. Moreover, for
x € X; and y € Y;, we have that

(aij(z),0i;(y))H;
1joy

(a(2),b(y))m =

and therefore
oz, y)xx,xy; = ijaij(a(z),b(y))m, for almost all (z,y) € X; x Y.

The next step is to see that there exist families {p;}{2; and {g;}72; of

vectors in 2 such that o; ; = (pi,q;)e, 4,7 € N. We note first that |a; ;| <
_ o

cicj, where ¢; = max{1, || : k,1 <i} and —L = (s;,7;)2, where 7; = ¢,
JCiCj

Q;
8; = Z L —e; and {e;}52, is the standard basis of 2. Observe that since
chc_]

a 1
Z |21’2J|2 < 2—2 < 00, we have that s; € /2. Setting p; = ¢;s; and
J7C 6 J

q- = jcjr;, we obtain «;; = (pi,q;)e,. Now let p(z) = ip; if 2 € X; and
q(y) = jg; if y € Y;. Then

e(@,y) = (p(2),q(y))e=(al2), b(y)) 1 = (p(z) ® alz),q(y) ® b(Y))e2en
for almost all (z,y) € X x Y. O

The following theorem is the main result of the present section.
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Theorem 3.6. Let o € B(X x Y). The following are equivalent:
(i) ¢ is a local Schur multiplier;
(i) p € V(X,Y).

Proof. (1)=(ii) Let {km }5°_; be a covering family of rectangles from the defi-
nition of a local Schur multiplier. By Lemma 3.4, there exist families {X;}22,
and {YJ}JO‘;1 of pairwise disjoint measurable sets of X and Y, respectively,
whose unions have full measure and each rectangle X; x Yj is contained in a
finite union of sets of the form k,,.

Since @|x,, € G(ky,) for all m € N, it follows from Lemma 2.4 that
©lx,xy; € 6(X; x Yj). An application of Lemma 3.5 implies (ii).

(ii)=(i) follows from Lemma 3.3. O

Let € be the class of all rectangles o x [ such that ¢|yxg is a Schur
multiplier. Let x, be the complement of the w-union of £. Then x, is the
smallest w-closed set with the property that ¢ is a local Schur multiplier on
each rectangle disjoint from it. We call x, the set of LM-singularity of ¢
(LM is for ”local multiplier”). It may be considered as a measure of how far
 is from being a Schur multiplier. In particular, we say that ¢ is extremely
non-Schur multiplier if kK, = X x Y. In Section 7 we will give an example of
an w-continuous function which is extremely non-Schur multiplier.

4. w*-closable multipliers

We now introduce two classes of functions which, along with local Schur
multipliers introduced in the previous section, are the main objects of study
in the paper. We recall that (X,pu) and (Y,v) are fixed standard measure
spaces, Hy = L?(X, ) and Hy = L2(Y,v).

Definition 4.1. A function ¢ € B(X x Y) is called a w*-closable (resp. clos-
able) multiplier if the map S, is w*-closable (resp. closable), when viewed as
a densely defined linear operator on K(H;, Hs).

For the sake of brevity, we will sometimes call a function w*-closable
(resp. closable) if it is a w*-closable (resp. closable) multiplier. We recall that
we denote by G« (X,Y) (resp. 6(X,Y)) the set of all w*-closable (resp.
closable) multipliers.

The operator S7, acting on Ci(Hz, Hy) can be easily described. Recall
that the map k — I, establishes an identification of I'(X,Y") with Cy (Ha, Hy)
and that for f € B(X xY), we write f e**¥ T'(X,Y) if f is u X v-equivalent
to a function in I'(X,Y).

Lemma 4.2. (i) We have that
D(S5) = {In : h € T(X,Y) and ph €¥ T(X,Y)}.

In particular, D(S3) is a bimodule.
(ii) For every Iy, € D(S}), we have S;(In) = Iyh.
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Proof. (i) For every k € L?>(X x Y) and h € T'(X,Y), we have (I}, I;) =
J khd(p x v). Tt follows that a function h € B(X x Y) is equivalent to a
function in I'(X,Y) if and only if there exists C' > 0 such that

‘/khd(u x V)| < O|Ix|lop, for all k € L*(X x Y).

‘We now have
I, € D(S:;) & |(SpIr), In)| < C|k||op for all k € D(S,)
& ‘/ka’hd(,u X V)

& ph e’ T(X)Y),

< C|Ig|lop for all k € D(S,)

since D(S,) is dense in L*(X x Y).
(ii) is immediate from (i). O

Lemma 4.3. Let ¢ € B(X xY). The following are equivalent:
(i) ¢ is a w*-closable multiplier;

(ii) there exists a covering family {Kkm tmen of rectangles and functions
Smytm € T(X,Y) such that sy (z,y) # 0 m.a.e. on Ky, and

tm (2, y)

, Q.. ON Ky, m € N.
sm (@, y)

410(3:7 y) =
Proof. (1)=-(ii) If ¢ is a w*-closable multiplier then, by Proposition 2.6, the
subspace U = D(S},) is norm dense in Cy(Hz, H1). By Lemma 2.3, there is a
sequence {h, }5°; CT(X,Y) with {I, }52; C U such that Nk, 1(0) ~ 0.
Hence, U2 ;h1(C\ {0}) ~ X x Y. Since all h,, are w-continuous, the sets
h1(C\ {0}) are w-open whence we may assume that they are countable
unions of rectangles. We conclude that X x Y is marginally equivalent to a
countable union of rectangles x,,, m € N, such that for every m € N there
exists a function s,, € U with s, (z,y) # 0 on Ky,.
By Lemma 4.2, there exists a function ¢, € I'(k,,) such that t,, ~ @s.,.
(ii)=(i) Since @sy, ~ t,, and t,, € T'(X,Y), Lemma 4.2 implies that
I, € D(S3). Since Ny_;s,,'(0) ~ 0, the space D(S}) is norm dense in
Ci1(Hs, Hy) by Lemma 2.3. By Proposition 2.6, S, is w*-closable. O

Hence ¢(z,y) = almost everywhere on K.

The following characterisation of w*-closable multipliers is the main
result of this section.

Theorem 4.4. A function ¢ € B(X xY) is a w*-closable multiplier if and

only if there exist functions t,s € V(X,Y) such that s(x,y) # 0 marginally
t(z,y)
s(z,y)’

almost everywhere on X XY and ¢(x,y) =
X xY.

almost everywhere on
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Proof. Let ¢ € B(X xY) be a w*-closable multiplier. By Lemma 4.3, there
exists a covering family {£, }men of rectangles such that

tm (2, y)
Sm (Ia y)
for some s, t, € T(X,Y) with s, (x,y) # 0 m.a.e. on ky,.

Using Lemma 3.3 and the inclusion T'(X,Y) C V(X,Y) we may, if
necessary, partition the sets k,, into smaller rectangles and assume that the
functions t,, and s,, belong to & (k).

By Lemma 3.4, there exist families {X}}$2, and {Y;}{°, of pairwise
disjoint measurable subsets of X and Y, respectively, such that X = U2 ; Xy,
Y = U2,Y, and each X x Y} is contained in a finite union of rectangles of
the form ,,. We show that on each rectangle X x Y; the function ¢ can
be written in the form o(x,y) = ZZ’LE‘Z% where t5, s, € I'(Xg, V) and
sk, (z,y) # 0 marginally almost everywhere on X, x V.

Indeed, X; x Y; is the union of a finite number of pairwise disjoint
rectangles Z x W each of which is the intersections of some rectangles of the
form k., and Xy x V). Fix (z,y) € Z x W. On Z x W the function ¢ can
be written in the form i—g, where tg, so € I'(X,Y). We set ¢y (z,y) = to(z,y)
and sy (z,y) = so(z,y).

Now let us define functions s and ¢ on X XY by setting ¢(z, y) = tx(z, y)
and s(z,y) = sgi(x,y) if (z,y) € Xi x Y;. By their definition and Theorem
3.6, s and t belong to V(X,Y).

Conversely, suppose that ¢ ~ t/s for some functions ¢,s € V(X,Y)
with s(x,y) # 0 for every (z,y) € X X Y. By Lemma 3.3, X X Y can be
decomposed into a countable union of rectangles on each of which ¢ is a
Schur multiplier. Applying the same lemma to each of these rectangles, we
decompose X XY into the union of rectangles k,, on each of which both ¢ and
s are Schur multipliers. By the o-finiteness of the measure spaces, we may
moreover assume that (4 X v)(ky,) < oo for each m € N. It follows that s,
and t|,,, are equivalent to functions from I'(k,,). An application of Lemma
4.3 now implies that ¢ is a w*-closable multiplier. O

o(z,y) = , a.e. on K,

Corollary 4.5. The set G« (X,Y) of all w*-closable multipliers is a subal-
gebra of B(X X Y) which contains Gioc(X,Y). Moreover, every w*-closable
multiplier ¢ is equivalent to an w-continuous function.

Proof. The fact that the collection of all w*-closable multipliers is an algebra
follows from Theorem 4.4 and Proposition 3.2. Theorems 3.6 and 4.4 imply
that every local multiplier is w*-closable.

Let p € B(X xY) be a w*-closable multiplier. By Theorem 4.3, ¢ = %
almost everywhere on X x Y, where s,¢t € V(X,Y). By Theorem 3.6, ¢ and
s are local multipliers hence they are w-continuous by Proposition 3.2.

It is easy to see that if f is an w-continuous function and g : C — C is
continuous on an open set containing f(X x Y') then g o f is w-continuous.
Hence % is w-continuous, and since w-continuous functions form an algebra,

L is w-continuous. O

S
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Let mg* C X XY be the complement of the w-union of the family of all
rectangles a X ( such that ¢laxg € Sy (e, B). The next proposition will be
useful for us in the subsequent sections.

Proposition 4.6. Let ¢ € B(X x Y). Then %" = null D(S}).

Proof. Tt follows from Lemma 2.3 that ¢ is a w*-closable multiplier if and
only if null D(S}) = (). Applying this to an arbitrary rectangle a x f C X xY’
together with the observation that null D(S7, ) = (o x ) Nnull D(S3), we
obtain that a x 3 has a marginally null intersection with null D(S7) if and
only if ¢|axs is a w*-closable multiplier. This implies our statement. (I

It follows from Corollary 4.5 that /c;’j* C Ky. It is natural to call the
functions ¢ € B(X x Y) for which /@Zg* ~ X XY extremely non-w*-closable
multipliers. We have that every extremely non-w*-closable multiplier is an
extremely non-Schur multiplier.

5. Closable multipliers

In this section we study the class & (X,Y") of closable multipliers. Let ¢ €
B(X xY). Recall that the transformation S, is defined on the linear manifold
D(p) ={h e L} (X xY) : ph € L*(X x Y)} by letting S,h = ¢h and, after
identifying L*(X x Y) with Co(Hi, Ha), is considered as a densely defined
operator on the space K(Hy, Hs) of compact operators from H; into Hs.
The dual space of K(Hy, Hs) is the space Cy(Ha, Hy) of nuclear operators;
we identify it with T'(X,Y), and, by Lemma 4.2, the domain of the adjoint

operator is D, () < D(S3) = {h € T(X,Y) : ph €V T(X,Y)}. Tt follows
from Proposition 2.6 that ¢ € 6,(X,Y) if and only if D, () is weak™ dense
in I'(X,Y). Equivalently, ¢ € 6(X,Y) if and only if D.(¢), = 0, where
D.(p)1 is the set of all compact operators K such that (K,h) = 0 for all
h € D.(p). Note that D,(p) is a sub-bimodule of the bimodule I'(X,Y") over
the algebras L (X, u) and L (Y, v).

Let D C T'(X,Y) be any bimodule. Then, for all measurable sets « C X,
B CY and all h € D, the function x(z)xg(y)h(z,y) belongs to D. One
can choose the sets a and [ in such a way that this function is a Schur
multiplier. Indeed, if h(x,y) = (a(z), b(y)) for some square integrable Hilbert
space valued functions a and b, then it suffices to set o = {z : |la(z)|| < N}
and 8 = {y : ||b(y)|| < N}, for some N > 0. Letting N tend to infinity, we
moreover see that DN &(X,Y) is norm dense in D.

We will need the following proposition.

Proposition 5.1. Let D1, Dy CT(X,Y) be weak* dense bimodules, invariant
under S(X,Y). Then D1 N Dy is weak™* dense.

Proof. We identify the predual of I'(X,Y") with IC(Hy, Hz). Let K € (D1 N
Dy), and 0; € D;NS(X,Y), ¢ = 1,2. By the invariance of D; and D5 under
S(X,Y), we have that 616, € Dy N Dy. Thus, (K, 6165) = 0 and therefore
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(Sp, (K),02) = 0 for all 3 € Dy N S(X,Y). Since D N S(X,Y) is dense
in Dy and Sy, (K) is a compact operator, we have that Sy, (K) = 0. Thus,
(K,0,) =0 for all 6; € D; N &(X,Y) and hence K = 0. O

Theorem 5.2. S.(X,Y) is a subalgebra of B(X x Y).

Proof. Let @1 and 5 be closable multipliers. By Theorem 2.5 and Lemma 4.2
(i), the bimodules D, (1) and D, (p2) are invariant under &(X,Y"); moreover,
D, (p1)NDi(p2) C Dyi(p1 + p2). Propositions 5.1 and 2.6 imply that ¢1 + @2
is closable.

To verify that G¢(X,Y) is closed under products, it suffices now to
show that if ¢ is closable then (? is closable. Let D = D.(¢) = {h €
[(X,Y) : ph € T(X,Y)} and Dy = {h € &(X,Y)NT(X,Y) : ph e**¥
S(X,Y)NT(X,Y)}. Then Dy is dense in D and hence in I'(X,Y).

The product of a Schur multiplier and a closable multiplier is closable
(indeed, if w € &(X,Y), then D,(p) C D.(wp) whence D, (we) is dense). It

follows that if h € Dy then e ©*h = p(ph) is closable.

Fix h € Dg and let k € D, (3)). Then hk € D, (p?). Hence, if K 1D, (p?)
then 0 = (K, hk) = (Si(K), k). Since D,(¢) is dense, we have that (K, h) =
Sp(K) = 0. Since Dy is dense, K = 0. Thus D,(¢?) is dense and ¢? is
closable. d

Following the analogy with harmonic analysis initiated in [1] and later
pursued in [12], let us call an w-closed set E C X x Y an operator M-set
(respectively, operator M;i-set) if E supports a non-zero compact operator
(resp. Mumin(F) contains a non-zero compact operator). Clearly, every op-
erator Mi-set is an operator M-set. We shall show in Section 7 that there
exist operator M-sets which are not operator Mj-sets. We will shortly see
that the property of being or not being an operator M- (resp. Mi-) set is
important for deciding whether a given function is a closable multiplier. We
hence include a consequence of Proposition 5.1 concerning sets which are not
operator M- or M;-sets.

Proposition 5.3. Let E1, F5 C X XY be w-closed sets. Suppose that Ey and
Es are not operator M-sets (resp. not operator Mi-sets). Then E1 U Ey is
not an operator M-set (resp. not an operator M -set).

Proof. Suppose that E; and F, are not operator Mi-sets. Setting D;
Mmin(E;) L, we have that D; is a weak™ dense sub-bimodule of I'(X,Y),
i = 1,2. Note that, by [28], D; = {¢ € T'(X,Y) : ¢xp, = 0m.a.e.}, i =1,2.
It follows that D; is invariant under &(X,Y’), i = 1,2, and that

DiNDy; = {1/) € F(X, Y) : 1/))(E1L,|E2 =0 m.a.e.}.

By [28] again, (D1NDs)* = Muin(E1UE,). By Proposition 5.1, (D1NDy)+N
K(H;, Hs) = {0} and hence E; U E5 is not an operator M;-set.
Now suppose that F; and Es are not operator M-sets. Let

D; ={¢y € T'(X,Y) : ¢ vanishes on an w-open neighbourhood of E;},
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i =1,2. By [28], Di* = Muax(E;), i = 1,2. It is clear that D; and Dy are
invariant under &(X,Y") and, since E; and Es are not operator M-sets, D,
and Do are weak® dense in T'(X,Y"). By Proposition 5.1, D1 N Dy is weak™
dense in T'(X,Y). However, D1 N Dy equals

{p e T(X,Y) : ¢ vanishes on an w-open neighbourhood of E; U E5}

and hence (Dy N Do)t = Mpyax (E1 U Ey). Thus, E; U Ej is not an operator
M-set. O

In the next theorem, we relate the notions of operator M- and operator
M -sets to closability of multipliers.

Theorem 5.4. Let ¢ € B(X xY).
(i) If /*6:2)* is mot an operator M-set then ¢ is a closable multiplier.

(i) If n;’* is an operator Mi-set then ¢ is not a closable multiplier.

Proof. 1t follows from Proposition 2.6 that ¢ is closable if and only if D(S;;)L
N K(Hy, Hz) = {0}. By [28] and Proposition 4.6 we have

mmin(ﬂzg*) g D(S:;)J_ g 9:nmax(/{g*)
which clearly implies the statement. O

Corollary 5.5. (i) If E is not an operator M-set and if, for every marginally
disjoint from E rectangle o x 3, the restriction ¢|axp s a w*-closable mul-
tiplier, then ¢ is a closable multiplier.

(i) If (p x V)(Hfg*) # 0 then ¢ is not a closable multiplier.

Proof. (i) By the definition of Iifg*, we have that m’j* C E, whence KZ/*,’* is not
an operator M-set. The claim now follows from Theorem 5.4 (i).

(ii) Note that any set E of non-zero measure is an operator M;-set,
because it supports a non-trivial Hilbert-Schmidt operator, and all such op-
erators belong to My, (E) [1]. So it suffices to apply Theorem 5.4 (ii). O

Remark 5.6. (i) If the set /-@Zj,’* is synthetic then ¢ is a closable multiplier if
and only if zmmax(ng*) does not contain a non-zero compact operator.

(ii) Since ng* C Ky, we obtain that for the closability of ¢ it suffices to show

that x, does not support non-zero compact operators.
(iif) In Section 7 we shall construct a non-closable multiplier ¢ such that ff:jj*
is an operator M-set but not an operator M-set.

Example 5.7. Let E C X XY be w-closed and let OF be its w-boundary (that
is, OF = E'\ Ey, where Ej is the largest, up to marginal equivalence, w-open
set contained in E [10]). If ¢ = x g then for each rectangle a x 3 marginally
contained either in F or in E°, we have that ¢|,xs is a Schur multiplier and
hence ¥ is marginally contained in OE. If OF is not an operator M-set

]
then, by Theorem 5.4, xg is a closable multiplier.
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We now present our first example of a non-closable multiplier, using a
result on spectral (non)-synthesis.

Example 5.8. Let U be the bilateral shift acting on the space £2(Z), that is,
the operator given by Ue,, = e,4+1, n € N, where {e, }necz is the standard
basis of (?(Z). Fix p > 2. By [29, Proposition 9.9], there exist sequences
{an}nez, {bn}nez € €3(Z) with |a,| = |b,|, and an operator X € C,(¢*(Z))
such that

D (a, U)X (bU™™) =0 and Y (anU")* X (bU™")* #0.
neZ neEZ
Let W : ¢2(Z) — L*(T) be the inverse Fourier transform. Then WUW* is the
operator of multiplication by e and T = W XW* is an operator in C,(L?(T))
satisfying
> M;,TM,, =0and Y M TM; #0,
neZ nez
where My, and M, are the multiplication operators by the functions f,, and
gn given by f,(t) = ane™ and g, (t) = b,e™ ™, respectively. Set d,, = a,b,
and note that {d, } € ¢1(Z). Let ¢(t,s) = >, cz [a(t)gn(s) = 3 ez dne™ =%,
As > s lfn(®)]? = > onez lgn(s)]? = > nez ldn| < oo for all s,t € T, Theo-
rem 2.5 shows that the function ¢ is a Schur multiplier on T x T (equipped
with the product Lebesgue measure). Let

o(t, s) = {iﬁi% if ¥(t,s) #0

0 otherwise.

We claim that ¢ is not closable. To see this, assume that {T,}2°; C C2(L?(T))
is a sequence with 7T;, — T in the operator norm. Then

Sy(Tn) = Sy(T) =Y My, TM,, =0.
neZ

However,

Sp(Su(T0)) = S5(T) — S(T) = S My TM;, #0.
nez

Example 5.8 will be considerably strengthened later: in Proposition 7.12,
we will construct an w-continuous function which is a non-closable multiplier.
On the other hand, the above example has the advantage that it exhibits a
multiplier which is not closable in C,, for each p > 2.

Let [0,1] be the unit interval equipped with the Lebesgue measure,
let A = {(x,y) € [0,1] x[0,1] : z < y} and ¢ = xa be the characteristic
function of A. The multiplier Sy, is usually called the transformer of triangular
truncation (see for example [14]). The following result extends the well-known
fact that S, is not a Schur multiplier.

Proposition 5.9. The transformer of triangular truncation is closable but not
w*-closable.
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Proof. We first show that ¢ is closable. Let A = {(z,z) : € [0,1]} be the
diagonal of the unit square. The set A only supports operators of multipli-
cation by functions in L°°(0,1); in particular, it is not an operator M-set.
Since the function ¢ is constant on each rectangle marginally disjoint from
A, the claim follows from Corollary 5.5 (i).

To show that ¢ is not w*-closable, it suffices, by Corollary 4.5, to show
that ¢ is not equivalent to an w-continuous function. Assume, towards a
contradiction, that there exists an w-continuous function f such that f = ¢
almost everywhere. By Lemma 2.2, f = 0 m.a.e. on A’ and f = 1 m.a.e. on
A.

Note that if a rectangle is marginally disjoint from A or A’ then it is
marginally disjoint from A. It follows that the same is true for any w-open
set. Since f~1(C\ {1}) is marginally disjoint from A, we obtain that f =1
m.a.e on A. Similarly f = 0 m.a.e. on A. This is a contradiction because A is
not marginally null. O

Remark The proof of Proposition 5.9 implies the following more general
statement: Let A; and Ay be disjoint w-open sets and A = (A U As)€ be
such that (a) A does not support a non-zero compact operator, and (b) for
every rectangle k, kK N A 2 () implies that kK N A; % (0, i = 1,2. Then xa, is
closable but not w*-closable.

Example 5.10. Let £ C X xY be an w-closed set such that E\OF % (), where
OF is the w-boundary of E, and let ¢ = xg. Then kzg* =null D(S}) = OF.
In fact, if a rectangle s is such that xk N OE % @ then, by the proof of
Proposition 5.9, ¢|, is not w-continuous and hence not a w*-closable multi-
plier, giving that x is not marginally disjoint from K:é)*. As OF marginally

contains ng* (see Example 5.7), we obtain HZ‘;* ~ JF.

Proposition 5.9 shows that there exist closable multipliers which are
not w-continuous. But they are continuous in the stronger pseudo-topology,
T, introduced in Section 2.1.

Proposition 5.11. Any closable multiplier is T-continuous.

Proof. Let ¢ € 6,(X,Y). If U C C is an open set then
) = (U N UTHU) N (kG

Since Iﬁ:q:;* is w-closed, (ng*)c is marginally equivalent to a countable
union U2, a; X 3; of rectangles. Moreover, for each i, fla,xg, is w*-closable
and hence w-continuous. This implies that f~1(U) N (a; x B;) is marginally
equivalent to a countable union of rectangles and hence the same is true for
f~Lu)n (m:g*)c. It remains to note that (ux v)((f~*(U) ﬂm}jj*) = 0 because,
by Corollary 5.5, (p % 1/)(/&‘;*) = 0. O

Remark 5.12. We note that the class of T-continuous functions is strictly
larger than that of closable multipliers; see Proposition 7.12.
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6. Divided differences

Let f be a continuous function on a finite or infinite open subinterval J C R.
The divided difference of f is the function

; _ @) -y
f(xvy)_ T—y

defined on J x J\ A, where A = {(z,z) : * € R}. Let p be a regular measure
on R whose support contains J. In what follows we will assume that g is
non-atomic and hence f is defined almost everywhere on J x J.

The property of f being a Schur multiplier is closely related to a kind of
“operator smoothness” of f. Recall that f is called operator Lipschitz (OL)
on a compact subset K C J if there exists a constant D > 0 such that

I£(A) = f(B)| < D||A - B
for all selfadjoint operators A, B with spectra in K. The smallest constant
D with this property will be denoted by |f|or.

Let O(f) be the union of all open subintervals I C J on which f is OL.
It is an open subset of J. Its complement will be denoted by E(f).

Lemma 6.1. Let I be a compact subset of J. A function f is a Schur multiplier
on I x I if and only if f is OL on 1.

Proof. If f is a Schur multiplier then, for hi(z,y) = (z — y)h(z,y), we have
g, | < Cllny |l (1)

and hence
[f(A)X = Xf(A)| < CIAX — XA, (2)
where A is the operator of multiplication by z on L?(I,u) and X = Ij,. By
[22, Remark 2.1, Corollary 3.6] and [23, Theorem 3.4], f is OL.
Conversely, if f is OL, then (2) holds for each X € B(L?*(I,u)) by
[22, Corollary 3.6]. This implies (1) for L?-functions of the form hy(x,y) =
(x — y)h(x,y), where h € L2(I x I, x ). Since functions of this form are
dense in L?(I x I, i x p), and since the L?-norm majorizes the operator norm,
inequality (1) holds for all hy € L?(I x I, i x ). This means that f is a Schur
multiplier. (I

Lemma 6.2. If I, I, are compact intervals and I, N Io = () then f|11x12 S
6&(I1,I).
Proof. Since f(z) — f(y) € 6(I1,I2), it suffices to show that %_y|11x12 €

S(I1, I). Without loss of generality we may assume that I; = [0, al, Iy = [b, (]
with b > a. We have

1 =
= — — T €1 x I».
T —y ;yn+17 (7y) 1 2
Since yg”% < b‘,f%, the series converges in &(Iq, I3) in norm. O
S(I1,I2)
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The following theorem gives a precise description of the set of LM-
singularity for a divided difference.

Theorem 6.3. For every continuous function f, we have
ki~{(z,2) 2 € E(f)}.

Proof. Write O(f) as the union of a sequence of disjoint open intervals:
O(f) = U2, J,. For each n, J,, x J, is the union of rectangles Ij, x Ij,, where
I, are compact subintervals of J,. Since, by Lemma 6.1, f|lkX1k € 61k, It),
it follows that f I 50 € Gloc(Jn, Jn). Thus (J, x Jp,) Nkj (. Furthermore,
ki C A by Lemma 6.2. It follows that, up to a marginally null set, we have

kg CAN\(Uplydn x Jp) = {(z,2) 1 @ € E(f)}.

To prove the converse inclusion, it suffices to show by the regularity of
p that if I; and I, are compact subsets of J such that f|r, <7, € &(I1, )
then E(f) NIy NIz = 0; indeed, we would then have (I3 X L) N{(z,z) : z €
E(f)}={(z,2):z e E(f)NLHNL}=0.

Let I = I) N Iy. By Lemma 2.4 (i), flrxr € 6(I,I), and Lemma 6.1
implies that f is OL on I; therefore I C O(f) and hence INE(f)=0. O

Corollary 6.4. f is a local Schur multiplier if and only if p(E(f)) = 0.

It is known [21] that the class of all continuous Schur multipliers on
X xY, where X,Y are compact Hausdorff spaces, very weakly depends on
the choice of Borel measures on X and Y: it depends only on the support of a
measure. The above corollary shows that the class of continuous local Schur
multipliers essentially depends on the choice of a measure. Indeed, a change
of the measure does not change the set E(f) while the condition u(E(f)) =0
need not be preserved.

Corollary 6.5. For each f, the function f is a closable Schur multiplier.

Proof. By Theorem 6.3, i C {(x,z) : « € J}. Since the diagonal {(z, ) :
x € J} does not support a compact operator, it follows from Theorem 5.4
that f is not closable. O

Proposition 6.6. There exists a function f : [0,1] — C such that f is a Schur
multiplier, f # 0 almost everywhere and 1/ f is not a local Schur multiplier.

Proof. Let M be a Cantor-like set of non-zero Lebesgue measure (see [18])
and let g be a continuously differentiable function which is equal to zero on
M and positive otherwise. Let f be its primitive function: f' = g. Then
f € C?([0,1]) and hence it is operator Lipschitz [9]; by Lemma 6.1, f is a
Schur multiplier. Since f is strictly monotone, f # 0 almost everywhere.
The function 1/ f which, since f is strictly monotone, is defined almost
everywhere, is not a local Schur multiplier. In fact, assuming the converse,
given € > 0, we can find subsets X., Y. of [0, 1] such that m([0,1] \ X.) < e,
m([0,1] \ Y.) < € and (f)"'|x.xy, is a Schur multiplier. Hence (f)~! is
equivalent to an essentially bounded function. But this is impossible since by
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construction (f)~!(x,y) is arbitrary large for (z,y) close to (z,x), x € M and
since m(M) > 0, the set {(x,y) € X, x Y. : |(f(z,y))~}| > C} has positive
measure for all C' > 0 and sufficiently small € > 0. O

The divided difference f can be extended to a continuous function on
J x J if and only if f is continuously differentiable. Our next aim is to
construct a continuously differentiable function f such that f is not a Schur
multiplier on each rectangle with non marginally null intersection with A.
For this we need an extension of the well-known result of Farforovskaya [11]
(see also Peller [26]) which states that a continuously differentiable function
on a compact interval need not be OL.

Theorem 6.7. There is a function in C'([0,1]) which is not OL on each
subinterval of [0,1].

Proof. By [11], there exists f € C'([0,1]) which is not operator Lipschitz on
[0, 1]. Such function f can be chosen so that

f(0) =f'(0) = f(1) = f'(1) = 0. (3)
To see this it suffices to choose a continuously differentiable non OL function
g on a subinterval I C (0,1) and extend it to a continuously differentiable
function f on [0, 1] satisfying (3).

Let us denote by Cg the set of all f € C([0,1]) satisfying (3). Let
Cs = C>=([0,1]) N C}. Tt is well-known that all functions in C°° are OL (in
fact, it suffices for f to have a continuous second derivative). We claim that
for each C' > 0, there exists g € Cs, such that ||g|]|c: = 1 and |g|or > C.

Indeed suppose that this is not true. Since Cj is dense in C§, each func-
tion f € C{ is the sum of a series >~ | g, where g, € Csand Y o ||gnllcr <
00. Our assumption gives Y | |gn|or, < oo which easily implies that | f|or, <
o0, and so f € OL. This is a contradiction because, as we know from [11],
C} is not contained in the set of all Operator Lipschitz functions.

Now, by [22], we may state that there exist operators A = A* and X
such that

lg(A)X — Xg(A)|| = C/2|AX — X Al|.
Moreover, by [22], A and X can be chosen to have finite rank. Clearly, the
interval [0, 1] can be replaced by an arbitrary closed interval.

Let {I,,} be a sequence of subintervals of [0, 1] such that each subinterval
J C [0, 1] contains at least one (and hence infinitely many) I,,.

We claim that given operators of finite rank X7,..., X,,—1, A1, ..., Apn_1,
where A = A;,i=1,...,n—1, and a number C > 0, there exist finite rank
operators A = A* and X, and a smooth function g such that suppg C I,,,
lollor o <1 9(A;) =0, G =1,...,n—1, and [[g(A), X]|| > C||[A, X]|.

Indeed, since the spectra of all A; are finite, one can find a subinter-
val J of I,, having empty intersection with U?;lla(Aj). Now by the second
paragraph, there exists a smooth function g with support in J, such that
llgllor, > C and ||g||lc: = 1. By the previous arguments this will imply the
existence of operators A and X with the required properties.
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This allows us to construct sequences of operators {X,}, {A.}, of
smooth functions {g,} and of positive constants {C,,} such that

[gnller <15
SUpP gn < In;
each X,,, A, are of finite rank and A,, = A};
gn(A;) =0 for j <mn;
l[[gn (An), Xn]ll = CnH[Aan]Hv

6. Cp > 2"(n+ Y7~} 277|gjloL).
Let f(t) =>272, 277 g;(t) so f € C'([0,1]). Let us prove that f is not OL on
any subinterval J C [0,1]. Assume the converse; then there exists J C [0, 1]
and C' > 0 such that ||[f(4),X]|| < C||[A4, X]|| for any X and A = A* with
o(A) C J. By the choice of I,,, given m > 0 there exists n > m such that
I, C J. Therefore

G o=

22 Jgj 22 ]9]

Since ||[f(An), Xu]|l < C||[An,Xn]||, we have

n—1
127" 90 (An), Xalll < Cll[An Xalll + 3 2771195 (An), X,
Jj=1
n—1 )
< (C + Z 2_J|gj|OL)H[An7Xn]H'
j=1

On the other hand,
Ign (An), Xu]ll = Cull[An, Xn]ll.

Hence

n—1

Cn <2(C+ Y 27gjlov).
j=1
From condition (6) on the constant C, we get 2™(n + E;:ll 279 g;llon) <
2"(C + Z;:ll 277||g;]lor.) and hence n < C for every n € N, a contradiction.
(I
Corollary 6.8. There exists f € C'([0,1]) such that kj = {(z,z) : x € [0,1]}.

Proof. Let f be the function constructed in Theorem 6.7. Then O(f) = 0
and E(f) = [0, 1]. The statement now follows from Theorem 6.3. O

7. Multipliers of Toeplitz type

Let G be a locally compact second countable abelian group and therefore
metrisable by [17, 8.3]. Let p = ds be the left invariant Haar measure on G.
We write L?(G) for LP(G, p), p = 1,2, and denote by C.(G) the space of all

continuous functions on G with compact support. Let G be the dual group of
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G and A(G) (resp. B(G)) be the Fourier (resp. the Fourier-Stieltjes) algebra
of G. We recall that A(G) is the image of L'(G) under Fourier transform. It
is well-known that A(G) coincides with the family of functions ¢ — [ f(s —
t)g(s)ds = (\(t)f,9), f, g € L*(G), where A(t)f(s) = f(s —t). The algebra
B(G) is the image under Fourier transform of the convolution algebra M (G)
of all bounded Radon measures on G. One has A(G) C B(G); equality holds
if and only if G is compact. It is moreover known that B(G) coincides with
the space of all multipliers A(G) (see [31]).
For a subset J C A(G), its null set is defined by

nullJ ={seG: f(s)=0forall feJ}

Conversely, for a closed subset E of G we denote by I(E) (resp. J(E)) the
space of all f € A(G) vanishing on E (resp. the closed hull of the space of
all f € A(G) vanishing on a neighborhood of E); we have that I(F) is the
largest (resp. the smallest) closed ideal of A(G) whose null set is equal to E
(see [31]).

Let N be the map sending a measurable function f : G — C to the
function Nf : G x G — C given by N f(s,t) = f(s —t). The functions of the
form N f will be called functions of Toeplitz type. It is well-known (see, for
example, [7]) that if f € L>°(G) then N f is a Schur multiplier with respect
to Haar measure if and only if f € B(G). In this section we show that the
algebra of w*-closable multipliers of Toeplitz type coincides with that of local
Schur multipliers of Toeplitz type; if G is compact then both spaces coincide
with the algebra of Schur multipliers of Toeplitz type, that is, with NA(G).

We shall start with a result relating the continuity of a function f on G
to the w-continuity of N f.

The following lemma is certainly known but, since we were not able
to find a precise reference, we include its proof for completeness. Let O(X)
denote the set of all open subset of a topological space X.

Lemma 7.1. Let X be a topological space and & : O(C) — O(X) be a union
preserving map such that £(0) = 0, £(C) = X and EU NV) = 0 whenever
UV € OC) and UNV = (. Then there exists a continuous function g :
X — C such that £U) = g~ 1(U) for all U € O(C).

Proof. For t € X, let O(t) denote the union of all U € O(C) with t ¢ £(U).
Since £(C) = X, we have that C\ O(t) is non-empty. If it contains at least
two points, say A1 and Az, then taking disjoint open sets U; with \; € Uj,
i = 1,2, we obtain that ¢t € £(Uy) N &(Us). This contradicts the fact that
£(Ur) NE(Us) is empty.

We proved that C\ O(t) = {A}, for some A € C. Setting g(t) = A, we
obtain a function g : X — C. It follows from its definition that ¢g=}(U) =
&(U), for every U € O(C). Hence, g is continuous. O

For t € G, we denote by A; the t-shifted diagonal:
A ={(z,z—t):z € G}
We say that a subset E of A; is non-null in A, if m({z : (z,z—1t) € E}) > 0.
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For W C C x G set,
7(W)={t € G: WNA; is non-null in A;}.
Clearly 7(G x G) = G, ©(0) = 0 and 7(W7 UW3) = n(W1) U n(Wa).
Lemma 7.2. If W is w-open, then w(W) is open.

Proof. Let s € n(W). It follows that there exists a rectangle o x 5 C W with
non-null (in Ag) intersection with As. By the o-finiteness of the measure
spaces, we may moreover assume that « and 8 have finite measure. We now
have m(aN(8+s)) > 0. Since the function x — m(aN (S +2)) is continuous
(being the convolution of the L2-functions x, and xg), m(a N (8 +x)) >0
for all  in a neighborhood V of s. Hence V' C w(W). O

Proposition 7.3. Let f : G — C and ¢ = N f. The function ¢ is equivalent
to an w-continuous function if and only if f is equivalent to a continuous
function. Moreover, ¢ is w-continuous if and only if f is continuous.

Proof. If f is continuous then N f is continuous and hence w-continuous. It
follows easily that if f is equivalent to a continuous function then N f is
equivalent to a continuous function. We hence show the converse assertions.

Let ¢ : GxG — C be an w-continuous function equivalent to N f. Thus,

7z {(z,y) € GXG: Nf(x,y) # ¢¥(z,y)} is a null set. Then M e w(Z) is
a null subset of G. Let us say that a point ¢t € G is good if t ¢ M.

For U € O(C), set £(U) = w(¢=1(U)). It follows from Lemma 7.2 that
& maps O(C) to O(G). The conditions £(C) = G, £(0) = 0 and (U, UT,) =
E(Up)UE(Us) follow from the corresponding properties of . We have to show
that ¢ sends disjoint sets to disjoint sets.

Note that if ¢ is good and ¢t € £(U) then f(¢) € U. Indeed, ¢(x,x—t) € U
for all = belonging to a certain non-null set, by the definition of £(U). Since
t is good, for almost all z € G, the pair (z,2 —t) does not belong to Z hence
there exists € G such that ¥(x,x —t) = Nf(z,z —t) = f(t).

Now if Uy NUz = 0 and &(Ur) NE(U2) # O then &(Uy) NE(U2) is an
open set must contain a good point ¢ € G. But then f(t) € U;, 1 = 1,2, a
contradiction.

Applying Lemma 7.1 we obtain a continuous function g : G — C with
EU) =g 1(U), for all U € O(C). By the above argument, g(t) = f(t) for all
good t (indeed for each U containing g(t) we have that t € ¢g=1(U) = £(U)
whence f(t) € U). Thus f coincides almost everywhere with the continuous
function g.

If Nf is w-continuous then all points are good and f(t) = g(t), for all
ted. O

Let us say that a measurable function f : G — C belongs (resp. almost
belongs) to A(G) at a point t € G if there exist a neighborhood U of ¢
and a function g € A(G) such that f(s) = g(s) everywhere (resp. almost
everywhere with respect to Haar measure p) on U. If f belongs to A(G) at
each t € G then we say that f locally belongs to A(G) and write f € A(G)'"°.
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It is obvious that A(G)°¢ C C(G) and, using the regularity of A(G), it is
easy to show that if G is compact then A(G)°¢ = A(G). In general we have
the inclusions A(G) C B(G) C A(G)"c.

If f almost belongs to A(G) at each point ¢t € G, it is not difficult to
see that f is equivalent to a function in A(G)!°°. We recall that in this case
we write f €/ A(G)"°.

For a measurable function f: G — C, let

Jr={h € A(G): fhe" A(G)}
and E; = null J;. Clearly, Jf is an ideal of A(G) whence
J(Ey) € Jp C I(Ey).
Lemma 7.4. Let f: G — C be measurable. Then
E; ={t e G: f does not almost belong to A(G) at t}. (4)

Proof. Let E be the set in the right hand side of (4). If ¢ € E°, then f
almost belong to A(G) at ¢ and therefore there exists a neighborhood V' of
t such that fg is equivalent to a function in A(G) for any g € A(G) with
Ve C null {g}. Now if g € A(G) takes the value 1 at ¢t and 0 on V¢ then
g € Jy and ¢t ¢ null g. Thus, t ¢ Ey and hence E; C E.

To see the reverse inclusion, let ¢ € E and assume that there exists
g € A(G) such that fg ~ h, h € A(G) and g(t) # 0. Then there exists a
neighborhood U of ¢ such that |g(s)| > 6 > 0 for all s € U. By the regularity
of A(G), we can find ¢ € A(G) such that ¢(s)g(s) = 1 for all s € U; therefore
f(s) = f(s)q(s)g(s) for all s € U. Since fgq ~ hq on U and hq € A(G), the
function f almost belongs to A(G) at t. We obtain a contradiction giving
EC E. 0

For notational simplicity we let I'(G) = I'(G, G). We shall frequently
use the map P : I'(G) — A(G) given by P(f ® g)(t) = (A(t )g f). Clearly, P
is a surjective contraction.

For a subset E C G, let E* ={(z,y) e G X G:x—y € E}.

Theorem 7.5. Assume that G is a subgroup of R™ orT", n € N. Let f : G — C
be a measurable function, ¢ = Nf and U,V C G be measurable sets. The
following are equivalent:

(i) (UxV)NE}~ 0;

(i) ¢luxv € Gloc(U,V);

(Z”) 90|U><V S 6w* (U, V)

Proof. Set E = Ey and note that (UxV)NE* ~ () if and only if (U'=V')NE =
@ for some U’ C U and V' C V with u(U\ U’) = u(V \ V') = 0. We claim
that fiy €* A(QG) for every ¢ € A(G) N C.(G) with supp ¢ C E°. Indeed, by
Lemma 7.4, for each ¢t € E° there exists a neighborhood V; of t and a function
gt € A(G) such that f ~ g; on V;. Since supp is compact there exists a finite
set F' C G such that suppy) C UepV;. It follows from the regularity of A(G)
that there exist h; € A(G), t € F, such that ), . h(z) = 1 if z € suppy
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and hy(x) = 0if z ¢ V; for each s € F (see the proof of [17, Theorem 39.21]).
Then for every x € G we have

Fye) = 3 F)b @)
teF
and hence fv ~ 3, gibhy, giving fy € A(G).

(i)=(ii) Suppose (U x V)N E* ~ ) and let U’ C U and V' C V be
measurable subsets such that m(U\U’) = m(V\V’) = 0 and (U'-V')NE = (.
Since G is second countable and U’ — V' C B¢, m(U\U') =m(V\V’) =0,
we may choose increasing sequences {K,}22 ; and {L,}22; of compact sets
such that, up to a null set, U32 | K,, = U and U;2, L,, = V, and a compact set
M, such that K,, — L,, C M,, C E°. Choose, for each n € N, a function v,, €
A(G) N C.(G) supported in E¢ and taking value 1 on M,,. By the previous
paragraph, fi, €* A(G) and therefore N(f,) is a Schur multiplier. Thus,
for each £ € T'(G), we have

XK, xL,§ = N(ftn)Xr, L, €7 T(G).
It follows that ¢|k, x 1, is a Schur multiplier and hence ¢ € Gjoc(U, V).

(ii)=>(iii) follows from Corollary 4.5.

(iii)=-(i) We will identify I'(U, V') with a subset of I'(G) in a natural way.
Let ¢ = ¢|uxv. By Proposition 2.6, D(S}) is norm dense in I'(U, V). Thus,
P(D(S)) is norm dense in P(I'(U,V)). By Lemma 4.2 (i), D(S)) = {h €
LU x V) : ¢h er*# T(U,V)}. Since fP(h) = P(ph) € P(T'(Q)) €* A(G)
for every h € D(S;)), the set {P(h) : h € I'(U,V), fP(h) €* A(G)} is dense
in P(T'(U,V)), and hence

P(I(U,V)) C J;.
This implies that
E =nullJ; Cnull P(D(U,V)).

It suffices to show that there exist subsets U’ C U, V' C V such that
p(U\NU") = p(V\V')=0and (U —V’')Nnull P(T'(U,V)) = () since this will
imply

U — V' Coull P(T(U,V))° C E°
and hence (U x V)N E* ~ .

Let U’, V' be the sets of density points of U and V, respectively. Then,
by the Lebesgue density theorem (see [25]), w(U \ U’") = u(V \ V') = 0. To
prove the statement, it suffices to show that P(xy ® xv)(s) = w(U N (V +
$)) >0ifseU —V'.Let s =u—v, u € U, v eV and assume that
p(UNV+3s)=p((U—-u)Nn(V—uo))=0.If B(0) is the closed ball with
centre 0 and radius €, we then have

1((U = u) N Be(0)) + p((V —v) N Be(0)) < pu(Be(0)),
for each € > 0. Applying the Lebesgue density theorem we obtain
p 11—t MU =N BO) (V=) B0) _
=0 1(Be(0)) =0 1(Be(0))
a contradiction.
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O

Remark 7.6. (i) The condition that G be a subgroup of R or T" is only used
to prove the implication (iii)=-(i), where we appeal to the Lebesgue density
theorem. The statement remains true for more general groups (in particular,
for Lie groups), for which there is an analog of the Lebesgue theorem (see
[8, 24]).

(if) Taking U = V = G, we see that ¢ € &,«(G, G) implies Ey = () for any
group G, since in this case the arguments in the proof of Theorem 7.5 give

Jp = P(I(G)) = AG).

We note some consequences of Theorem 7.5. In the next corollary, which
gives a precise description of the sets s, and Iizg*, we assume that G satisfies
the conditions of Theorem 7.5 (see also Remark 7.6 (i)).

Corollary 7.7. Let f : G — C be a measurable function and ¢ = N f. Then
Ko = KY =~ (Ep)*.

The following theorem shows that the set of local Schur multipliers and
that of w*-closable multipliers coincide in the class of Toeplitz functions.

Theorem 7.8. Let G be an arbitrary second countable locally compact abelian
group. Let f : G — C be a measurable function and o = N f. The following
are equivalent:

(i) ferAG);

(ii) ¢ is a local Schur multiplier;

(iii) ¢ is a w*-closable multiplier.
If G is compact then the above statements are equivalent to

(iv) ¢ is a Schur multiplier.

Proof. We note that f €* A(G)"°¢ if and only if E; = (). The equivalence
(i) (ii)<(iii) follows from Theorem 7.5 and Remark 7.6(ii).

Assume that G is compact. Then (i)<(iv) follows from the equality
A(G) = A(G)°° and the fact that Nf is a Schur multiplier if and only if
fem™AG). O

Our next result shows that the class of w-continuous functions is strictly
larger than the class of w*-closable multipliers.

Corollary 7.9. Let G be a compact abelian group, f € C(G) \ A(G) and
o= Nf. Then @ is w-continuous but not w*-closable.

Proof. Since ¢ is the composition of the continuous function g, given by
g(s,t) = s — t, and the continuous function f, it is w-continuous. By Theo-
rem 7.8, ¢ is not a w*-closable multiplier. [l

Example 7.10. Let A = {(z,y) € R: 2 < y}. Then xa(2,y) = X(~cc,01(T—¥)
is not a w*-closable multiplier, since X(_ 0] does not almost belong to A(R)
at x =0.
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Remark 7.11. It is known that there exists a function f € B(R) such that
f>0o0nR, but 1/f ¢ B(R) ([13, §32]). Since a function of Toeplitz type
w(s,t) = f(s—1t), s,t €R, f € C(R), is a Schur multiplier if and only if f €
B(R), we obtain a positive Schur multiplier w such that 1/w is not a Schur
multiplier. However, 1/w is a local Schur multiplier, since 1/f € A(R)!c. To
see this, we note that f belongs locally to A(R) and hence for each s € R
there exists a neighbourhood V; and g € A(R) such that f = g on V;. Since
g(s) # 0 on V;, using the regularity of A(R) one can find h € A(R) such that
hg=1onV,. As h=1/f on V, and s is arbitrary, we have 1/f € A(G)"c.
Note that, by Proposition 6.6, there exists a Schur multiplier w such
that w(s,t) # 0 almost everywhere and 1/w is not a local Schur multiplier.

Proposition 7.12. There exists an w-continuous non-closable extremely-non-
Schur multiplier.

Proof. Since each continuous function on G x G is w-continuous with respect
to the Haar measure, it suffices to exhibit a continuous function f such that
N f is non-closable and ks = G x G. Let G = T. By [20, Chapter II, Theo-
rem 3.4], for any set S C T of Lebesgue measure zero there exists a function
h € C(T) whose Fourier series diverges at every point of S. We can choose S
so that its closure is T and take the corresponding f € C(T). Let ¢ = Nf.
By the Riemann Localisation Lemma, any function which belongs to A(T) at
x € T has a convergent Fourier series at x. Thus, T C Ey and hence Ey = T.

By Corollary 7.7, we have r, ~ /@fg* ~ T2 and therefore ¢ is extremelly-
non-Schur multiplier. Moreover, applying now Proposition 4.6, we obtain
null D(S%) = T? and hence D(S};) = {0}, showing that ¢ is non-closable. [J

Now assume G is compact, so that G is discrete. Then A(G) = {2 eraxx:
>_xer lex| < oo} The space of pseudomeasures PM (G) = A(G)* can be iden-
tified with £°°(G) via Fourier transform: F' — {F(x)}yer. A pseudomeasure
F € PM(Q) is called a pseudofunction if F vanishes at infinity. We recall that
PM(QG) is an A(G)-module with respect to the operation fF(g) = F(fg), for
F e PM(G), f,g € A(G), and that the support supp F' of a pseudomeasure
F is the set {z € G : fF # 0 whenever f(x) # 0, f € A(G)}.

If E is a closed subset of G we let PM(F) (resp. N(E)) denote the space
of all pesudomeasures supported in E (resp. the weak* closed hull of the space
of all measures p € M(G) supported in E). Here, by the weak™ topology we
mean the o(PM(G), A(G))-topology. Clearly, N(E) C PM(E). Moreover,
PM(E) (resp. N(E)) is the largest (resp. smallest) weak® closed subspace
the support of whose every element is in E. Moreover, N(E) = I(E)* and
PM(E) = J(E)*.

Recall that a closed set E C G is called an M -set (resp. an M;-set) if
PM(E) (resp. N(E)) contains a non-zero pseudofunction. It is known that
there exists an M-set which is not an M;-set, see [15, Section 4.6]. In what
follows we shall give some sufficient conditions for a function of Toeplitz type
to be a closable or a non-closable multiplier, based on the above notions.
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In [12], Froelich studied the question of when a given closed set sup-
ports a non-zero compact operator and a non-zero pseudo-integral compact
operators. The next result uses ideas from [12]. We will use the fact that the
restriction of the map N (given by N f(z,y) = f(z—y)) to A(G) takes values
in the Varopoulos algebra V(G) = C(G)&C(G) CT(Q).

We will need a modification of the module action of L'(G) on V(G)
described on p. 365 of [30]. For ¢ € I'(G) and r € G, write r - ¢ for the
function given by r - (s, t) = ¢¥(s+r,t+ 7). If f € C(G), let f-¢ = [,(r-
¥) f(r)dr, where the integral is understood in the Bochner sense. Following
the arguments in [30], one can show that the action on C'(G) on I'(G) extends
to an action of L'(G) on I'(G) and that if {f,}. is a bounded approximate
identity for L'(G) then f, -9 — 1 for every ¢ € T'(G).

The following lemma establishes that E is an Mj-set if and only if E*
is an operator M;-set. This justifies the terminology introduced in Section 5.

Lemma 7.13. Let E C G be a closed set. The space Muyin(E*) contains a
non-zero compact operator if and only if E is an M -set.

Proof. Let K be a non-zero compact operator supported on E*. Then there
exist 7,8 € G such that Cs,y def (K~,0) # 0. Let F be the pseudomeasure
given by

F(X) = Cy—s+x,x0 X € G.
Since K is compact, E is a pseudo-function. For each v = eré ayx € I(E)
(the sum being absolutely convergent), we have

F(v) = Z axﬁ(X) = Zax(Kvaf(SJrX)
xeG X
= (K, Z axxx(v = 6)) = (K, ),
x€G

where (-, ) is the duality between B(L?(G)) and I'(G) and © is the function
given by ¥(s,t) = Nuv(s,t)(y—0)(t). Since Nv vanishes on E* and K €
Mmin(E*), we have that F(v) = 0, showing that F is a pseudofunction in
N(E). Thus E is an M;-set.

Conversely, assume that F is an Mj-set and let F' be a non-zero pseudo-
function in N (E). We let K be the operator on L2(G) defined by Kx = F(x)x
on the orthonormal basis G of L2(G). Then for v € I(E), we have

(K,Nv) = F(v) =0.

Suppose that ¢ € T'(G) vanishes marginally almost everywhere on E*.
For x € G, define the functions X and X by

1/}X(S7t) =X ¢(Svt) and 1Z)X(S,t) = X(S)q/}x(&t)'

We have that ¢X, X € T(G), and X (s+7r, t+7) = 1X(s, ) marginally almost
everywhere, for each r € G (see [30, Theorems 3.1 and 4.6]). Therefore, by
[30, Proposition 4.5], X € NA(G). Since ¥X vanishes on E*, X = Nv
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for some v vanishing on E. By the previous paragraph, (K, 1/~}X> = 0. This
implies that (K, ¥X) = 0. In fact, if xy = 1, this is trivial; if x Z 1 we have
YX(s,1) = x(—8)X(t,s) = x(—s)vX(s — t) for some vX € A(G) and then
writing vX(s) = > s a,7(s) and taking into account that (y7,7) = 0 for
all 7 € é, we obtain

(K, 9X) = Z ar (KT, 7) = Z a.F(x7)(xm,7) =0.

red Te@@

Finally, we let {u, } be a bounded approximate identity for L!(G) chosen
from span{x : x € G*} For each «, we have that u, - ¢ € span{yX : x € G}
and hence (K, u, - %) = 0 giving (K, ) = 0. Since 1) is an arbitrary element
of I'(G) vanishing on E*, we conclude that K € My, (E*). O

Proposition 7.14. Let f : G — C be a measurable function and ¢ = Nf.
Then the following holds:

(i) If Ey is not an M-set then ¢ is closable.

(i1) If Ey is an Mi-set then ¢ is not closable.

Proof. (i) By [12, Theorem 1.2.7, Lemma 1.2.10], Myax (E7}) does not contain
a non-zero compact operator. The statement now follows from Theorem 5.4
(i) and Corollary 7.7.

(ii) follows from Theorem 5.4 (ii), Corollary 7.7 and Lemma 7.13. O

Remark 7.15. We note that if E¢ satisfies spectral synthesis then ¢ is closable
if and only if Ey is an M -set.

We say that a subset £ C G is mp-open if E is equivalent, with respect
to the Haar measure, to an open subset of G. A function f : G — C is said
to be 7o-continuous if f~1(U) is 7p-open for any open U C G.

Proposition 7.16. Let f : G — C be a measurable function and p = Nf. If ¢
1s closable then f is T9-continuous.

Proof. Since f almost belongs to A(G) at each point ¢ € E$, it is equivalent
to a continuous function A on E%. In fact, for each t € ES there exists a
neighborhood U; and h; € A(G) such that f = h; almost everywhere on Uy.
Since G is second countable there exists a countable number of neighborhoods
Ut, such that B¢ = U2, Us,. Now set h(t) = hy,(t) for t € Uy,. Clearly, h is
continuous on Ef and f=hae. on ES. Thus, given an open subset U C G,
the set f~(U) N E§ is equivalent to an open set in G. Since

F7HU) = (IO NER U (I U) N EY),

it is enough to show that p(Ef) = 0.

Assume, by way of contradiction, that y(Ey) > 0. Since G is a compact
group, X, € L1(G), Xg, vanishes at infinity and hence xg, is a non-zero
pseudo-function supported in E;. But since, by Proposition 7.14, E; is not
an M;i-set, we arrive at a contradiction. [l
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We will finish this section by constructing an example of a non-closable
multiplier ¢ for which fizg* is an operator M-set but not an operator M;-set.
The existence of a closable multiplier for which n:j;* is an operator M-set but
not an operator M;i-set remains an open problem.

Example 7.17. Let £ C T be s an M-set which is not an M;j-set. Then
OF = E. We have that 9, (E*) does not contain a non-zero compact
operator, while M., (F*) contains such an operator, say K. .

As Mnax (E*) # Muin(E*), we can find ¥ € T'(T) which vanishes on
E* such that (K, ¥) # 0.

1

Let Uy = Z on Xan ® X8, where {a,, x ,} is a disjoint family of
rectangles such that (E*)¢ ~ U,a,, X B,,. Then ¥y is the limit of elements of
I'(T) which vanish on an w-open subset of T x T containing E*, and hence
(K, %) =0 [28]. We note that, moreover, null¥; = E*.

Now let
‘P(x’y) *\C
ola,y) = Ty (@) EED
0, (z,y) € E™.

As ¥; € TI'(T), one can find measurable subsets K,, n € N, with
K, C K,t1,n € N, such that m(K¢) —, 00 0 and U1 Xk, xk,,, VXK, xK, €
S(K,, K,), n € N. Then there exists N such that (K, Uxg,yxkxy) # 0. On
the other hand, we have Sy, .« (K) = 0. Let T;, € Co(L*(T)), T, — K,

n— oco. Then S, & M, TuM,,  — M, KM, and
Sv, (Sn) = S‘I/1XKN><KN (Sn) — S‘I/1XKN><KN (K)=0

but
Se(Sw,(Sn)) = Sw(Sn) — Se(Myy KMy, ) # 0.

Thus ¢ is not closable and hence KZ/‘,’* is an operator M-set. As /f:j,’* C E*,

we have zmmin(ngg*) C Muin(E*) and hence ﬁg* is not an operator M;-set.

8. Open problems

In this section we list some open problems. The most important question
which we have left unanswered is the following:

Problem 1. Is every w*-closable multiplier a local Schur multiplier?
Problem 2. Does Theorem 7.5 hold for all locally compact abelian groups?

Problem 3. For which f € C(R) is the divided difference f a w*-closable
multiplier?

Since all local multipliers are w*-closable, Corollary 6.4 shows that a
sufficient condition for this to happen is u(E(f)) = 0.

The last two problems are related to Problem 1.
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Problem 4. Let f be an Operator Lipschitz function on [a, b], and let f'(x) # 0
for all z € [a, b]. Is the inverse function f~! Operator Lipschitz on [f(a), f(b)]?

Problem 5. For which continuous functions f and normal operators A € B(H)
is the map on B(H) given by AX — XA — f(A)X — X f(A) closable in weak*
topology?

Remark 8.1. (i) It is natural to pose a question, similar to one in Problem 4, in
Schatten-von Neumann ideals C,. As was proved by Potapov and Sukochev,
[27], a function f is (scalar) Lipschitz if and only if it is operator Lipschitz
in Cp, 1 < p < oo. Therefore, the answer to Problem 4 is negative if the
operator Lipschitz condition is just replaced by the operator Lipschitz in Cp,
1 < p < oo (one can construct a function f on [a,b] with positive derivative
such that the inverse function f~! is not Lipschitz). However, the answer
becomes positive if f’ is assumed to be continuous.

(if) The map considered in Problem 5 is norm closable. Indeed, if AX,, —
XnA =500 0and f(A)X,, — X,,f(A) —=n—0o B then

[B,A] = lim [[f(A), X,], A = lim [f(A), (X, A]] =0,

that is, B belongs to the commutant {A} of A. If £ : B(H) — {A} is a
conditional expectation, then B = £(B) = lim,, 0 E(f(A) X, — X f(A)) =
limy oo (f(A)E(Xy) — E(Xn)f(A)) = 0.

(iii) For the case f(z) = Z the answer to Problem 5 is negative. More precisely
the “Fuglede” map AX — XA — A*X — XA* is not w*-closable, if o(A)
has non-empty interior and the spectral measure of A is equivalent to the
Lebesgue measure on the interior U of o(A).

To see this, we assume for simplicity that A is the operator of multi-
plication by z on L?(U,dzdz). Let f be the function on G = R? given by
f(z)= % and let ¢ = N f be the corresponding Toeplitz multiplier on G x G.
It is not difficult to check that the set E; of all points s € G' at which f does
not belong to A(G) is the singleton {0}; applying Corollary 7.7 we get that
lﬁzg* = A ={(z,2) : z € G}. It follows that the multiplier ¢ is not w*-closable
on U x U, so there are Hilbert Schmidt operators I, supported in U x U
with Ij,, — 0 and I,,, — B # 0 in the weak™ topology. We may assume
that h,, (21, 2z2) vanish on some neighborhoods of the diagonal A. Indeed, let
V., be a neighborhood of A such that the Hilbert-Schmidt norm |k, xv, |2 is
less than 1/n. Then ||@hnXxv, |2 < 1/n whence ||@hn,xv, || < 1/n and we may
replace hy, by h, — hpXxv,, -

Setting pn(21,22) = hn(2z1,22)/(21 — 22) and X,, = I, we get that
[A,X,] = Iy, — 0 and [A*, X,] = I, — B.
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