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Abstract

This thesis deals with two relatively new continuum percolation models, the Brow-
nian interlacements and the Brownian excursions. Locally, these models look like
a Poisson distributed number of transient Brownian motions. Due to the nature of
these models classical techniques from percolation theory are often not applicable.
More precisely, both models exhibit infinite range dependence.

In the appended paper we study visibility in the vacant set of the Brownian inter-
lacements, that is the existence of geodesic line-segments of some fixed length r
contained in the vacant set, emanating from some fixed point. We give upper and
lower bounds on the probability of the existence of such line segments in terms of
r. We also consider the Brownian excursions model in the unit disk and show that
it undergoes a non-trivial phase transition concerning visibility to infinity (in the
hyperbolic metric).

In Chapter 3 of the thesis we show that in the occupied region of Brownian inter-
lacements the probability of having visibility in a fix direction of length r decays
exponentially for intensities low enough.

Finally, in Chapter 4 we prove that the vacant set of the Brownian excursions model
in the unit disk has a non-trivial phase transition concerning percolation and that
the distribution of the Brownian excursions can be described in a similar way to
that of the Brownian interlacements.

Keywords: continuum percolation, brownian interlacements, brownian excursions,
visibility
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1 Introduction

Percolation theory, in its essence, is about studying random systems that undergo
macroscopic changes when altering its microscopic behavior. Usually a random
system is described by some “local rule” that determines the microscopic behavior
of the system. Classical examples of phenomena that can be analyzed using perco-
lation theory are ferromagnetism, crystal formation and communication systems,
see for instance [[1]], [2]] and [3]].

The name percolation theory appeared first in [4]] where the now classical bond
percolation model was introduced. An intuitive description of this model on the
lattice Z? is as follows: for each edge flip a, not necessarily fair, coin and remove
the edge if the coin shows tails and keep the edge if the coin shows heads. One is
then interested in studying various geometric aspects of the random graph created
in this fashion. For example, one is often interested in the existence of an infinite
connected component of this random graph. When this occurs, we say that the
model percolates. Despite the fact that this model is relatively easy to formulate,
understanding it is different question.

Figure 1.1: Bond percolation on Z? with p = 0.51, obtained from [[5]]



2 1. Introduction

There are numerous variations of this model, such as the Poisson Boolean contin-
uum percolation model and random-cluster model. For a more in-depth discussion
of these models we refer to [[2] , [3]], [6] and [[7]. In Figuredifferent simulations
of the Poisson Boolean model are given, for four different intensities. Moreover,
note that the largest cluster of the Poisson Boolean model varies quite dramatically
for different values of the intensity parameter.
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Figure 1.2: The Poisson Boolean model. Different colors represents different clusters.

Several of these models share one property, the finite range dependence. This
means that if we look at two different regions that lie sufficiently far apart, what-
ever happens in these regions will happen independently of each other. On the
other hand, the other models that do have correlations usually exhibit exponential
decay of the correlation functions.

In recent times a lot of attention has been given to the random interlacements
model, a site-percolation model on Z¢, d > 3, that does not have this property.
In fact the decay of correlations is of polynomial order. This complicates the ap-
plication of standard arguments and even proving that this model undergoes a
non-trivial phase transition concerning percolation in its vacant set is complicated,
see [8]] and [9]]. The proofs often rely on so called multiscale renormalization
techniques to circumvent the infinite-range dependence of this model.

A continuum analogue of the random interlacements, called the Brownian inter-
lacements, was introduced in [[10]] as a means to study the scaling limits of the oc-



cupation time measure of continuous time random interlacements. The properties
of the Brownian interlacements, in comparison with the random interlacements,
are to a large extent unknown, but some of the arguments are transferable. For
instance, in [[11]] the existence of a non-trivial phase transition concerning perco-
lation in the vacant set is proven and connectivity properties of the occupied set
are studied.

The remainder of this thesis consists of three chapters and one appended paper.
Chapter 2 introduces the models studied in this thesis, namely the Brownian in-
terlacements and the Brownian excursions process and their properties. We also
briefly discuss the random interlacements model and state some of the results con-
cerning this process.

Chapters 3 and 4 consist of new results that can be considered as by-products of
the article [[12]. Chapter 3 consists of results regarding visibility and infinite range
dependence in the Brownian interlacements set. We give bounds for the 2-point
correlation function for the interlacement set, which resembles known results for
the random interlacements. Moreover, we show that for intensities low enough the
visibility in a fixed direction decays exponentially for the interlaced set, something
that is true for the vacant set in general as seen in [[12]].

Chapter 4 consists of results regarding the Brownian excursions in the unit disk.
This process is invariant under the isometries of the Poincaré disk model of the
hyperbolic plane. We show that the local structure can be described in a similar way
as that of the local structure of the Brownian interlacements in Euclidean space. We
also show that the vacant set undergoes a phase transition regarding percolation
using a connection with the canonical Poisson line process on the hyperbolic plane.

The appended paper, [12]], is the main part of this thesis and a summary of the
paper is given in Chapter [5
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2 Percolation theory

This thesis deals with different models of continuum percolation and several areas
of probability theory come into play. The three major actors are random closed
sets, Poisson processes and Brownian motion and its potential theory. Since the
Brownian interlacements can be considered to be the continuum counterpart of
the random interlacements, we discuss this model as well.

2.1 Notation

We need to introduce some notation that we will use throughout the thesis. For a
topological space X we write K @ X to indicate that K is compact. For functions
f,g:X - R, we write f < g to indicate that there exists constants c,c’ such that
cg < f <c’g. If X is a metric space with metric d we write

At = {x €X : dist(x,A) < t}

for the closed t-neighbourhood of A. Finally a convention about constants. We
shall let constants depend on the dimension of the space, if it depends on any
other quantity x we shall emphasize this by writing c(x).

2.2 Stochastic geometry and Poisson point processes

The Brownian interlacements set is an example of a random closed set in R¢ for
d > 3. In general, we define a random closed set in a metric space (S,d) as a
probability measure on the Fell topology of closed sets, see [[13]]. More precisely,
we let X be the collection of closed sets in S with respect to the metric d and let

F:=c(Fe€X:FNK={,K compact).

We then define a random closed set as a probability measure P on (%, F).

Now suppose (S,d) is a complete separable metric space. Then we can define a
random measure as a probability measure on the space of measures on S, denoted
by P(S), endowed with the topology of weak convergence, see [[14]].

5



6 2. Percolation theory

Moreover, let u be a measure on (S,S), where § is the Borel sigma-algebra. We
then define the Poisson point process, X, on (S, d) with intensity measure u, to be
the locally finite random measure satisfying

e For any collection of disjoint measurable sets {A;}?_; the random variables
X(A;) are all mutually independent.

o P(X(A)=n) =™ 1 e(0,1,2,...).

2.3 The random interlacements model

The random interlacements model was introduced by A.S Sznitman in [[8] as a
novel percolation model exhibiting infinite range dependence. Informally, this
model consists of a Poisson process on the space of doubly-infinite transient nearest-
neighbour paths modulo time-shifts, which looks like two-sided simple random
walks. The development of the model was motivated by the study of disconnec-

tion times of random walks on the discrete torus Z¢ \ NZ¢ in [15]].

u=2500

Figure 2.1: The vacant set of the Random interlacements in Z* for different values of a.
The largest cluster is colored red. Used with permission of the author. Obtained from [[16]

For completeness sake we shall give the definition of the random interlacements to
highlight similarities as well as differences between this model and the Brownian
interlacements. Let Z? be the integer lattice and let || - ||; be the L' norm on Z¢,
that is

d
e =yl =D lxi—il, x,y e 2.
i=1
Let g g
E={(x,y)ez'xz: |x—yl, =1}
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be the set of edges and consider the graph G = (V, E) where V = Z%. On this graph
we define

m, = {w :N >z w(n) —w(n+ Dlly =1, Vn €N, lim [w(n)ll; = oo}
and
In= {w (Z— 78 wn)—wn+1)|, =1, VneN, | l|im lw(m)||;, = oo}

to be the set of all infinite and doubly-infinite transient nearest-neighbour paths on
the graph G. Let X,, be the canonical coordinates on IT or IT, , that is X,,(w) = w(n)
for we Il or I1,. Let o(IT) and o(T1,) denote the sigma-algebra generated by the

canonical coordinates (X,,),. Moreover, let 8, be the shifts on N or Z. For K & 24
define
[y = {W € I1:3n €z such that w(n) EK}

to be the set of all doubly infinite trajectories that hit K.

For w,w’ € I introduce the equivalence relation
wr~w S IkeEZ:w=w o0,.

Let
=11/ ~
be the quotient space and let
p:II—II*
denote the canonical projection. Moreover, let o (IT*) be the smallest sigma-algebra
such that p is measurable, that is

o()={Acm :p (A) e o(ID)},
and let ITy, := p(IIg). Now, for U C 7 and w € T1, let
Hy(w)=inf{n > 0:X,(w) € U}
be the entrance time and let
Ay =inf{n>1:X,(w) € U}

denote the hitting time. Let S, be the symmetric simple random walk measure
supported on paths w € I, such that w(0) = x and we let S¥(-) = S, (-|Hx = 00)
be the excursion measure. Moreover, for a finite positive measure p define

S, = > p(x)S,.
xe€zd

Now we define the equilibrium measure on a finite set K € Z¢ as
e[%(x) = {Sx(HKOZ 00), ; ;?; 2.1

It should be clear from the definition that e%(x) is a finite measure supported on
the boundary vertices of K. For clarity as well as convenience, we write Z instead
of Z4 to emphasize that all quantities given here are related to the random inter-
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lacements model on Z¢ rather than the Brownian interlacements. We then define
the capacity of a finite set K as

cap,(K) = eZ(K).

Now, for K € Z%, x € Z¢ and A, B € o(I1,.) we define the following finite measures
Q% ((Xin<o €A X = X, (X,)yz0 € B) 1= SK(A)ef(x)S,(B).
Then Theorem 1.1 on p.2049 in [8]] states the following.
Theorem 2.3.1. There exists a unique o-finite measure v, on (IT*, o (IT*)) such that
v5(-NTI) = po Q. (2.2)

This fact allows us to construct a Poisson process on the space IT* x R, as follows.
Let

Q= {w = ZS(W*’“J tw(ITy x [0,a]) < o0, VK € 7, a> O} s
i>0
and let M, be the o-algebra generated by the evaluation maps

w— w(B), Be o(IT*) x B(R,).

Finally, let P, be the law of the Poisson process on 2, with intensity measure v,.
Now we can define the interlacement set at level a as the subset Z¢ given by

Rl, = | J range(w)), @ = 8,0, (2.3)

a;sa i>0
and the vacant set is defined as
Vaz =2\ Rl,.

The law of V, 5, which we denote by Q%, is given by the equality
Q({we (0,1} : w(z) =1,Yz €K}) =P,(RI, NK =) = e =) (2.4)
for K finite, see Proposition 1.5 on page 2055 in [|8]]. To give an inuition about Rl
note that since
(K )ezo € ) =5,, ()
for K @ Z¢ the random set Rl, N K satisfies the following distributional equality

Ny
RlanKiU[wi]mK (2.5)
i=1

where Ny ~ Po(acap,(K)) and [w;] is the trace of i.i.d simple random walks with
initial distribution eg(-)/cap(K).

Define the percolation function

nz(a) =Py, (O belongs to an infinite connected component of Va,Z): (2.6)
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and let
aCZ =inf{a = 0:ny(a)=0}

be the critical parameter. From [[8]] and [[9]] we know the following.
Theorem 2.3.2. The critical parameter is non-trivial:
a? € (0, 00). 2.7)

A shorter proof of this fact is available in [[I7]]. Moreover, at the supercritical
regime, a > a., we know that there is a unique infinite connected component
in the vacant set.

Theorem 2.3.3. For a = 0 there exists at most one infinite component of V, 7.

This result is found in [[18]]. Additionally, in [19]] the model was shown to be well-
defined on general transient graphs, and the law of the vacant set Qf‘ satisfies the
FKG-inequality:

Theorem 2.3.4. Let f, g : {0, 1}Zd — [0, 1] be increasing functions, then

ffgdaiszdaifgdczi.

Finally, connectivity properties of the interlacement set were established in [[20]]
and [21]]. The main result there was:

Theorem 2.3.5. Any two vertices in Rl, are connected by the union of the traces of
at most [d /2] trajectories in the Poisson process w1{a; < a}.

2.4 The Brownian interlacements in Euclidean space

We now move on to the Brownian interlacements, the continuum counterpart of
the random interlacements. Similarly to the random interlacements, this model is,
informally, a Poisson process on the space of doubly-infinite Brownian paths.

The construction presented here is essentially taken from [12]]. Let C = C(R;R%)
denote the continuous functions from R to R¢ and let C, = C(R,;R?) denote the

continuous functions from R, to R%. Let || - ||, be the Euclidean norm on R? and
define

W= {x ec: lim [x(Ol, = oo} and W, = {x ec, : lim |Ix(0l, = oo}.
|t] > 00 t— 00

On W we let X,, t € R, denote the canonical process, i.e. X,(w) =w(t) forw e C,
and let W denote the o-algebra generated by the cylinder sets of the canonical
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processes. Moreover we let 8,,h € R denote the shift operators acting on R, that
is 6, : R —» R,y — y + h. We extend this notion to act on C by composition as

0,:C—C,f — fob,.
Similarly, on W,, we define the canonical process X,, t > 0, the shifts 6, h > 0,

and the sigma algebra W, generated by the canonical processes. We define the

following random times corresponding to the canonical processes. For F C RY
closed and w € W,, the entrance time is defined as

Hp(w)=inf{t > 0:X,(w) € F}
and the hitting time is defined as
Hy(w) =inf{t > 0: X,(w) € F}.
For K € RY the time of last visit to K for w € W, is defined as
Lg(w)=sup{t>0:X,(w)€K}.

The entrance time for w € W is defined similarly, but t > O is replaced by t € R.
On W, we introduce the equivalence relation w ~ w’ < Jh € R : 6w = w’ and
we denote the quotient space by W* =W/ ~ and let

W oW we— w
denote the canonical projection. Moreover, we let W* denote the smallest o-
algebra such that 7 is a measurable function, i.e. W* = {n71(A) : A € W}. We
denote by Wy C W all trajectories which enter K, and Wy the associated projec-
tion. We let P, be the Wiener measure on C with the canonical process starting at
x, and we define Pf(-) = P,(:|Hp = 00) to be the probability measure conditioned

on t(li1eﬁevent that the Brownian motion never hits B. For a finite measure A on R¢
we define

P, = f P A(dx).

The transition density for the Brownian motion on R¢ is given by

1 Il =115
t = — 2 2.8
p(t,x,y) 20 eXP( o (2.8)

and the Green’s function is given by

[ee]

G(x,y)=G(x—y):= f p(t,x,y)de = cq/llx = ylI5 2,
0

where ¢; = I'(d/2—1)/2n%2, see Theorem 3.33 p.80 in [22]].

Following [[10]] we introduce the following potential theoretic framework. For K &

RY let P(K) be the space of probability measures supported on K and introduce
the energy functional

Ex(A) = J G(x, Y)A(dx)A(dy), A € P(K). 2.9
KxK
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The Newtonian capacity of K @ R? is defined as

-1
K):=| inf {Eg(A 2.10
cap(i) = inf 1B 210)

see for instance [23]], [124]] or [22]]. It is the case that
the capacity is a strongly sub-additive and monotone set-function. (2.11)

Let ex(dy) be the equilibrium measure, which is the finite measure that is uniquely
determined by the last exit formula, see Theorem 8.8 in [22]],

P (X(Lg)€A)= f G(x, y)ex(dy), (2.12)
A

and let éx be the normalized equilibrium measure. By Theorem 8.27 on p. 240 in
[22]] we have that éj is the unique minimzer of (2.9) and

cap(K) = ex(K). (2.13)
Moreover the support satisfies suppex = K.
If B is a closed ball, we define the measure Qg on WE? :={weW : Hg(w) =0} as
follows:
Qs [(X_)is0 CA, Xg €dy, (X)is0 CA]:= PJ(A)Py (A)es(dy), (2.14)
where A,A’ € W,. If K is compact, then Qy is defined as
Qi = Oy, o (1{Hg < 00}Qp), for any closed ball B 2 K.

As pointed out in [[10] this definition is independent of the choice of B 2 K and
coincides with (2.14)) when K is a closed ball. We point out that Equation 2.21 of
[[10] says that

Q[(X)iz0 €-1=P,, (). (2.15)

From [[10] we have the following theorem, which is Theorem 2.2 on p.564.

Theorem 2.4.1. There exists a unique o-finite measure v on (W*, W*) such that for
all K compact,
v(-NWy) = moQg(-) (2.16)

Now we introduce the space of point measures or configurations, where 6 is the
usual Dirac measure:

0= {a) = Zt}(w’;,ai) :(wha) €W x[0,00), w(W; x[0,a]) < o0,VK @R, a > 0} ,
i>0
and we endow 2 with the o-algebra M generated by the evaluation maps
w— w(B),BeW*®B(R,).

Furthermore, we let P denote the law of the Poisson point process of W* x R,
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with intensity measure v ® da. The Brownian interlacement is then defined as the

random closed set
BIZ (@) := [ |JBwi(s). p), (2.17)

a;<aseR

where w = Zizo o(wi,a;) € Qand n(w;) =w;. We thenletV, , = RY\ BIf denote
the vacant set.
The law of BI” is characterized as follows. Let X denote the family of all closed sets
of R and let F := o (F € £ : FNK = §,K compact). The law of the interlacement
set, QF, is a probability measure on (%, F) given by the following identity:

Q°({F €T :FNK =0})=P(BI° NK = @) = e oc?K"), (2.18)
In [[10]] it is shown that P is invariant under translations, time-inversions and linear
isometries, see Proposition 2.4 on p.569.

Remark 2.1. To get a better intuition of how this model works it might be good to
think of the local structure of the random set BI? . This can be done in the following
way, which uses ([2.15). Let K € R? be a compact set. Let Ny ~ Poisson(acap(K)).
Conditioned on N, let (yi)]ivﬁl be i.i.d. with distribution é;. Conditioned on Ny
and (yi):vjl let ((Bl-(t))tzo)?]j1 be a collection of independent Brownian motions in

RY with B;(0) = y; for i = 1,..., Nx. We have the following distributional equality:

Ng
KnBI® < (U[Bi]P)nK, (2.19)
i=1
where [B;] stands for the trace of B;.

We end this section with some of the known results for the Brownian interlace-
ments model. The results are similar to the corresponding results for the random

interlacements model. Let
1n(a) = P (0 belongs to an infinite connected component of V,,)

be the percolation function and define the critical parameter for percolation in the
Brownian interlacements:

a. =inf{a > 0: n(a)=0}.

In [[11]] we have the following result:

Theorem 2.4.2. The cricital parameter is non trivial :
a. € (0, 00). (2.20)

Additionally, in the same article we also have the following result on the connec-
tivity properties for the Brownian interlacements.

Theorem 2.4.3. Any two points in BI? are connected by the union of the traces of at
most [d /2] trajectories in the Poisson process wl{a; < a}, for any a,p > 0.
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From Lemma 2.1 in [25]] we also know that P satisfies the FKG-inequality, though it
is not known whether the trace of the Poisson process satisfies the FKG-inequality.
To be clear, we do not know whether Q satisfy the FKG-inequality.

2.5 Brownian motion and the hyperbolic plane

In Chapter[4we consider the Brownian excursions model in the disk. This model is
invariant under the isometries of the Poincaré disk model of the hyperbolic plane.
Therefore we will give a background on the hyperbolic plane and the Brownian
motion in the hyperbolic plane.

The hyperbolic plane is essentially the 2-dimensional manifold of constant negative
curvature according to the Uniformization theorem of Riemannian surfaces. We
will consider the Poincaré disk model of the hyperbolic plane which is defined by
letting D = {z € C : |z| < 1} be the open unit disk in the complex plane equipped
with the hyperbolic metric

4

2. 2 2
ds® .= m(dx +Cl_)/ ),

so that the distance between u, v € D is given by

p(u,v) =2tanh™ u-v

—uv

The corresponding volume measure is given by

du = dxdy.

_ 4
(1—1z[*)?
Remark 2.2. There are several other models of the hyperbolic plane. The perhaps

most common model is the Poincaré half-plane model which is defined as the upper
half of the complex plane,

H={z¢e€C:Imz> 0},
equipped with the metric
_dx?+dy?
= T
These are seen to be isometric by applying either of the Mobius transformations
$:H-D, z— =

iz—1>
Y:D—H, 2 . (221)

ds?:

Finally the isometry group of (D, p) is given by the family of functions
z—a
az—1’

Ta,l(z) =2 |A’| = 1’ Ial < 1’ (222)
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which incidentally is the group of conformal automorphisms on D. We refer to D
equipped with p as the Poincaré disk model of the 2-dimensional hyperbolic space
H2. For different models and additional facts regarding hyperbolic geometry we
refer to [26]].

There are several ways of constructing Brownian motion on H? and we shall give
three different constructions. The most direct way might be to define it as the
strong Markov process with transition density given as the smallest solution to the
PDE:

atp(t>X:J’) - lAHzp(t; x:.)’) = O’
. 2.23
{ hmtlop t:"y)=5y: ( )
where (1— 22)?
1—|z 9 9
App=——p— (82+32). (2.24)
The solution to as well as the Green’s function is given by:
2 0 —s% /4t
p(t,x,y) =—[3 Ze_t/“f 5 ds
(4mt)3/ p(x.y) v cosh(s) —cosh(p(x, y))
1 (% 1 11—z
Gua(z,w) :== p(t,x,y)dt = —log (2.25)
2 J, 27 |z —w]
1
== log(tanh(p(z,w)/2)). (2.26)

The first derivation of the heat kernel in H? is credited to McKean, [27]]. We will
drop the subscript H? when it is clear from context. Also, note that the hyperbolic

Green’s function is the same as the Green’s function of a Brownian motion started
in D stopped upon hitting dD.

A different way of defining the hyperbolic Brownian motion on D is to define it as
the conformally invariant diffusion on I given by

axX(6) = 5 (1 - K(OP)AZ(0)

where Z is a standard complex Brownian motion. To verify this one simply com-
putes the generator of X and checks that it equals Ay, see Section 2.3 in [28]].

The last and perhaps most intuitive construction of the Brownian motion in H?
is given in Example 3.3.3 on p.84 in [29]] which shows that it can be seen as a
time-changed 2-dimensional Brownian in D stopped upon hitting dD. For clarity
we give the time-change explicitly.

Let X, = r,e'% be the hyperbolic Brownian motion on D and define 7(t) to be the

inverse of
fr1—r2\?
t)= =1 d
¢(t) JO ( 5 ) s,
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Ter1—r2)\?
é(r(t))=f (—) ds=t.
o 2

Then X () has the same distribution as a 2-dimensional Brownian motion in the
unit disk stopped upon hitting the boundary.

that is

We can then define the law of the Brownian motion started at z € H? as the measure
on the subspace of all trajectories w € C(R,;H?) with starting point w(0) = 2

which we denote by P.

In complete analogy with R? we introduce the energy functional:

EF () = J Gz (x, Y)A(dx)A(dy), (2.27)
KxK
(2.28)
where supp (1) € K, and define the hyperbolic capacity of a set K € H? as:
-1
— : H?
capg:(K) : (xelg(fx) {EK ()L)}) . (2.29)
Moreover, from [[12]] it is known that
21
,(B(O,r) = ——=— . 2.30
capy=(B(0, 1) log (coth(r/2)) ( )

2.6 Brownian excursions in the unit disc

The Brownian excursion measure in the open unit disc D = {z € C : |z| < 1}
is a o-finite measure on trajectories who spend their life time in the unit disk
with endpoints on the boundary 9D, see for instance [[30], [31[], [32] and [133]].
Moreover, the Brownian excursion measure is the limit of the so called simple
random walk excursion measure, see [34]]. Let

Wy, :={we ([0, T,],D) : w(0),w(T,,) € 3D, w(t) €D,Vt €(0,T,)}
and let X, (w) = w(t) be the canonical process on Wy,. We equip Wy, with the metric
dp defined by

dp(w,w") :=|T,, — T,,| + sup |W(Tws) —W/(TW/S)| , w,w € Wy,
s€[0,1]

It is known that Wy, equipped with d, is a complete metric space, see Section 5.1

of [32]]. Let Wy, be the Borel o-algebra generated by d,. Moreover, for K € D we

let Wy, be the set of trajectories in Wy, that hit K. Let

Qp = {w = ZS(Wi,ai) t(w, a;) € Wy, x [0, 00), w(Wyp, x[0,a]) <00,VKeD,a> 0}.

i>0
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We endow 2, with the o-algebra My, generated by the evaluation maps
w— w(B),BeW,®B(R,).

For a probability measure o on D, denote by P, the law of Brownian motion with
starting point chosen at random according to o, stopped upon hitting dD. (Note
that P, has a different meaning if it occurs in a section concerning Brownian inter-
lacements.) For r > 0, let o, be the uniform probability measure on dB(0, ) C R.
The Brownian excursion measure on D is defined as the limit

2
w=lim=p, (2.31)
which is understood in the following way. Let M(Wp,) be the space of finite mea-
sures on (Wp, W) and let d be the Prokhorov metric,
dA,m)=inf{e>0: A(V)<n(V)+e,n(V) <AV )+e, YV eWp},

for A, € M(Wp). Then, for any sequence of increasing compact sets in D, {K,, } ,>0,

such that
| Jk, =D,

n=>0
the limits (with respect to d )

. 2m
pm() = lim ?Pal_e(' NWg p)

form a consistent family of finite measures on Wy. This means that u( satisfies
the restriction property

pt ( n WKm,]D)) =u™ ()
whenever m < n. We then define u as the sigma-finite measure on Wy, with infinite
mass satisfying

p(-N Wy p) = p™,¥n >0,
see Chapter 5 in [32]] or p.299-302 in [30] for more details.
As in [[35]] we can then define the Brownian excursion process as a Poisson point

process on Wy, x R, with intensity measure u ® da and we let P, denote the prob-
ability measure corresponding to this process.

Fora>0and w =>.,6, , €Qp we write
Wo 1= D B0 < al, (2.32)
i=0

and note that under Py, the process w,, is a Poisson process with intensity measure
au. For a > 0, the Brownian excursion set at level a is then defined as

BE.(w):= [ [ Jwi(s), =D 6w, ) €, (2.33)
a;<as>0 i>0

and we let V, =D\ BE, denote the vacant set.



2.6. Brownian excursions in the unit disc 17

Proposition 5.8 in [32]] says that u, and consequently Py, are invariant under the
conformal automorphisms of D.

(@A) a=1.8 (b)) a=0.4

Figure 2.2: A simulation of the random set BE N B(0.99) for different values of a.

From [[12]] we also know that the u-measure of the set of trajectories that hits the
ball B(0, r,) where
e —1
r,=——, 71
er+1
is equal to the hyperbolic capacity of the ball :

>0

27
log(coth(r/2))
Here r, denotes the euclidean radius and r is the corresponding hyperbolic radius.

u (WB(O,rﬁ),D) = capy: (B(0,1r)) =
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3 Visibility in the Brownian in-
terlacements

3.1 Longrange dependence and visibility in the Brow-
nian interlacements

In this section we first study that the 2-point correlation function for the Brownian
interlacement set.

First we introduce some notation. For z € RY define
A, :={z€Bl(a,p)} = {a) eN: w(Wé‘(ZP) X [O,a]) > 1} ,

and note that P(A,) is constant with respect to z € R%. Let a > 0 be fixed and for
brevity we define
_ *
Wz = Whizp)
Then we have the following proposition.

x [0, a].

Proposition 3.1.1. For any x,y € R¢

Cov(1{xeBI?},1{y eBI?})

1 _ _ 2
(P(w(Wony):O) 1)(1 P(A,))>. (3.1)

Proof. The proof is rather straight-forward. We have
P({x,y} €B)=P@A,NA,)=P(A,)+P(A,)—P(A, UA,)
=P(A,)+PA,)—(1-P(4nA))
=2P(Ao) — (1-P (45 nA ). (3.2)

19
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By definition we have
P4 NA) =P (w(W,) =0,w(W,) =0)
=P(w (W, \W,)=0,0(W, \W,)=0,0(W,nW,)=0)
=P(w (W \W,)=0)P(w(W,\W,)=0)P(w(W,nW,)=0), (3.3)
using independence in the last equality. Since
oW)=w(W\W,)+w(W,nw,)
we get
PA) =P(w(W,) =0)=P(w (W, \W,)=0)P(w (W, NW,)=0)
which implies that
P(w(W,) =0)

P(w(Wx\Wy)=0)=P(w(Won)20). (3.4

Completely analogously we obtain

P(w(W,)=0)
P(w(W, \W,)=0)= , 3.5
(o (WA w) =0) P(w (W, nW,)=0) G-
which, together with Equation (3.3)), implies that
1
PlAS NAS | =P(A° )P(AS . 3.6
( Xn }’) ( x) ( y)]P’(co(WXﬂWy)=O) ( )
Since
Cov(1{xeBI?},1{y € BI?}) =P(A, NA,) —P(4,)
we get, after some algebraic simplifications using and
Cov(1{xeBI’},1{y eBI?})
1 2
= —1|(1—-PA
which completes the proof O

Remark 3.1. By Lemma 2.1 in [[11]] there exists constants c(p ), c’(a, p) and ¢’ (a, p)
such that

e /Ux=ylI**+4p) < IP’(a) (Wx n Wy) — 0) < e~ /Ulx=yll*+4p)

whenever ||x—y|| > c(p). This implies that for x, y € R? such that |[|[x—y||, > c(p)
we can estimate the covariance ( Eq. (3.1))) as

||x/(a—y|l|)d)2 < Cov(1{x €BI?},1{y € BIP}) <

"(a,p)
[l = yll5~
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Now we turn to the question of visibility inside the interlacement set. Let x €
9B(0,1) and denote by [0, rx] the line-segment between the points 0 and rx and

define
fr)="P([0,rx] c BIf). 3.7)
Note that f is independent of x since the law of BI? is invariant under the isome-

tries of RY. To derive an upper bound on f(r) we restrict ourselves to d > 4.
The idea is that we want to bound the probability of a Brownian motion hitting k
distinct balls out of n possible. First we shall need a general estimate on hitting
probabilities.

Let M,(x,y) := G(x,y)/G(z, y) be the Martin kernel and define

A€P(K)

-1
capy, (K) := ( inf J Mz(x,y)l(dx))\(dy)) , (3.8)
KxK
for K compact. Proposition 1.1 in [[36] states that
1
EcapMZ(K) <P, (Hg <o0)< CaPMZ(K)

where the constants 1/2 and 1 are sharp. Using this we can prove the following
lemma.

Lemma 3.1.1. Let K € R? and x ¢ K then

cap(K) <P (H, < 00) <
2¢4(dist(x, K) + diam(K))d—2 = ¥ K =

where ¢, is given in Equation ([2.8).

cap(K)
cqdist(x,K)d-2’

3.9

Proof. It suffices to prove that
cap(K)
¢, (dist(z,K) + diam(K))? >
Observing that for z € R? and y € K € R? we have
dist(z,K) < ||z — y ||, < dist(z,K) + diam(K)
which implies that, using Equation (2.8),
dist(z, K)42

cap(K)
cqdist(z, K)d-2"

< capy, (K) <

(dist(z,K) + diam(K))* 2

G(x,y) < M,(x,y) < G(x,y)
Cd Cd
Hence for A € P(K) we have the lower
dist(z,K)42
J M, (x, y)A(dx)A(dy) > BHEK f G, Y)AMAXAY),
KxK Cd KxK

and upper bound
(dist(z, K) + diam(K))*

Cd

f M, (x, y)A(dx)A(dy) < f G(x, y)A(dx)A(dy),
KxK KxK
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which, in view of (3.8)), concludes the proof. O

We shall need some additional notation before the next lemma. Let n € N be non-
zero, x € $%71, and let x;, X, ..., X, € be distinct points placed equidistantly along
the line [0, rx] satisfying

l[x; = xip1lla :=£€>2p,Vie{1,2,..n—1}, (3.10)

so that
n=clr] (3.11)

for some constant c(p) where | | denotes the floor of r. Let C = [0,rx]° and let
(X(t))¢>o be a Brownian motion started according to the normalized equilibrium
measure of C. Let B; = B(x;,p), i =1,2,...,n and let Z be the number of distinct
balls that X hits. Then we have the following lemma.

Lemma 3.1.2. Assume d > 4. Then there exists a L(p) > O such that for all £ >
L(p), there exists a p € (0, 1) such that

P, (Z=k)<p*k=0,1,2,..,n. (3.12)

Proof. Recall the definitions of X,C and B; given prior to the statement. Let H; =
Hp, and denote
H(l) = min Hi‘

1<i<n

Moreover, let By be the ball that X hits at time H(;). Now we define
n
H(Z) = inf{t > H(l) ZX(t) (S UB] \B(l)}
j=1
and for k > 2 we let
n k
H(k) = inf{t > H(k—l) :X(t) (S UB-’ \ UB(I)} ,
j=1 i=1
where By;) is the ball that X hits at time H(;). Now observe that for k > 1
Ak = {Z = k} = {H(k) < OO,H(k+1) = OO} - {H(k) < OO} (3.13)

Moreover, we have H(;y < oo with a positive probability p;(n) € (0,1) given by
p1 =P, (Hy) < 00) =Py (H (UB(XL',P)) < OO)
i=1

= cap (UB(xi,p)) /cap(C) €(0,1).

i=1

Note that p;(n) < 1 is uniformly bounded away from 1 in n, since n < r by Equa-

tions (3.10) and (3.11).
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Since ({H(k) < o0 }) ko 1S @ sequence of decreasing events, it follows from Equation
([B.13) that it suffices to show that

PéC(H(J) < OO|H(J,1) < OO) <p < ].,
for some p. By invoking the Markov property we have
P; (H(jy < 00|H(j_1y < 00) = E;_ [PX(H@) (H(i+1) < o0|Hy) < OO)] = E;_[pi],

where
Pi = Px(u,)(H(i+1) < 00|H(;y < 00).

So we must show that p; < ¢ < 1 for all i. This follows using Equations (3.9) and
(3.10) as follows

ED Z c(p)
PX(Hl- ) (H(+1) < OO|H() < OO) < —
© l l 1£(1) ||X(H(1))_Xl||g 2

C/(P) - 1 7 d—2
< = ;:M—_ZSC (p)/Le=.
Thus if £ > ¢”’(p) we see that p; € [0,c) forallneNand i € {1,2,...,n} and some
¢ < 1. So by letting p, = sup p;, then
P, (A)) < pf,

which concludes the proof. O

Remark 3.2. For t < —log(p) where p is as in Lemma we can conclude that

1
E;, [etz] < —ep’

We are now ready to prove the main result of this chapter. The proof is inspired by
Theorem 2.4 in [8]].

Theorem 3.1.1. For d > 4, there exists an a* > 0 which depends on d and p such
that for a < a* and r > c(p)
fr)<e® (3.14)

for some positive and finite constant a = a(a, p).

Proof. Let C = [0,rx]? and let £ and p € (0, 1) satisfy the conditions of Lemma
and define

1
x(t,p) == —,t < —log(p).
1—etp

Let B;, 1 < j <N be N independent Brownian motions with initial distribution é..
Let n and x1, X, ..., X, € [0, rx] satisfy Equations (3.10) and (3.11I)) and let
H(l’]) ::HB(x,-,p)(Bj): 1< i < n, 1< ] <N.
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In words, H(i, j) is the hitting time for the trajectory B; of the ball B(x;, o). Define
(1, j) :=1{H(1, j) < oo},

N n N n
E= D 80, &= EG)), E= ) & = &, (3.15)
j=1 i=1 j=1 i=1

Note that &; describes the number of trajectories that hit B(x;, p) and &/ describes
the number of balls from (B(x;, p));_, that trajectory B; hits. Then

P(x1, ..., X, € Bllo(Wg x [0,a]) =N) =P (N {&; > 1}w(W; x [0,a]) =N).
Write Py := P(-Iw(WZE x [0,a]) = N) for brevity. Then, using a Chernoff bound
for t > 0,

Py (N (&= 1)) <Py (E=n) <e (B, [e])",

since & can be written as the sum of the independent identically distributed random
variables (&’ )N=1 which all have the same distribution as Z, see (3.15)). Recall that

by Lemma and Remark 3.2 we have
Eg [e?]< x(t,p).
Hence we get,
f(r) <P(xq,...,x, €BN) < Z Py(&= n)P(w (WC*, [o, a]) = N)
NZ0

N
S e—[n Z (acap(C;])‘((t: p)) e—acap(c)

N>0
=e ""exp {—acap(C) + x(t, p)acap(C)}
= exp {—tn + acap(C)(y(t,p) — 1)} < e~ trracn(z(6Lp)=1)
where we used the fact that cap(C) =< r and r < n by Equation (3.I1), where
¢’ =c(p).
Hence, we choose « so that
ac'(x(t,p)—1)—t <O.

This is equivalent to
t

—_—. 3.16
NTCTCNORY 19

Letting

t
a*:= sup ———. (3.17)
re(0—log(p)) €' (x (t,p)—1)

we see that for r > c(p) and a < a* there exists some constant a = a(a, p) such

that
fr)y<e™.
O



4 Percolation in the vacant set
of the Brownian excursions

In this chapter we show that the local description of the Brownian excursions set
in the unit disk has the same type of forward-law as the Brownian interlacements,

see Equation (4.1) and (4.11) and compare with Equation (2.15) and (2.19). We

additionally show that this model has a non-trivial phase transition regarding per-
colation in the vacant set.

First we recall the characterization of the equilibrium measure for Brownian mo-
tion in D killed upon hitting D, see Theorem 8.8 on p.228 in [22]].

For K @ D, the equilibrium measure, ex(dy), is the unique finite measure satisfying

P, (X(Lg)€A0< Ly <H(3D))=f G(x,y)ex(dy), 4.1
A

where Ly is the last exit time of K and H(2D) is the hitting time of dD and G(x, y)
is the Greens function (see Equation (2.25))). Recall that, P, denotes the law of the
Brownian motion started at x € D stopped upon hitting 9D.

4.1 Brownian excursions and Brownian interlacements

The key ingredient in proving that the random set
BE,NK, K €D,

satisfies similar properties to that of the Brownian interlacements model is proving
Equation (4.9). The argument for this is essentially based on a classical result
by Port and Stone, Theorem 1.10 on p.58 in [24]] and Corollary 4.10 on p.77 in
[37]. Theorem 1.10 on p.58 in [24] is proved for R? for d > 3 but the argument
goes through without any major modifications in the case of a Brownian motion
in D stopped upon hitting . We shall nevertheless give the proof of this for
completeness.

Let K be a compact set in D with nonempty interior and smooth boundary and

25
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define the hitting time distribution
hy(y,-) = P,(X(Hg) € -,Hg < 00). (4.2)
Moreover, for x € D
P.(X(t)eA) =P, (X(t) €A Hg >t)+ P, (X(t) €A Hg <t)

=JpK(t,x,y)dy+Ex U p(t —Hg,X(Hg), y)dy1{Hg < t}]
A A

= j pr(t,x,y)dy + J re(t,x,y)dy
A A

where pg(t,x,y) denotes the transition density of the Brownian motion killed
upon hitting K and

rK(tJ X, .y) = Ex [P(t _HK:X(HK)J y)]-{HK < t}] .
Furthermore, define the A-potentials

oo

G*(x,y)=f e Mp(t,x, y)dt, G,?(x,y)=f e Mpg(t,x,y)dt,
0 0

and note thaF, since p(t,x,y) and px(t, x,y) are symmetric functions, G* and GI’}
are symmetric.

Completely analogously to RY we have that Equation (1) on p.41 in [24] holds for
D which states that

G*(x,y) = Gplx,y) + J G (z, y)h}(x,dz), (4.3)

where
hl(x,A) = E, [e "< 1{Hy < oo, X(Hy) € A}]. (4.4)

Then by letting A — 0 and applying the monotone convergence theorem to G*, GI’}
and using the definition of hﬁ, we obtain the fundamental identity,

G(x,y) = Gg(x,y)+ f G(z,y)hg(x,dz) (4.5)

see Equation (2) on p.55 in [24]]. Using that G and Gy are symmetric, Equation
(4.5) implies that the following holds

f G(z,y)hg(x,dz) = f G(z, x)hg(y,dz), (4.6)

which is identical to Equation (4) on p.58 in [24]]. Now Corollary 4.10 on p.77 in
[37] states that a finite measure u supported on JK is the equilibrium measure if
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and only if
f G(x,y)u(dy)=1, Vx €K. “4.7)

Since y — G(x, y) is a harmonic function on D \ {x}, see Theorem 3.35 [22]] on
p.81, we see that for K = B(0,r),0 < r < 1, we have

1
| oty = 4,
2B(0,r)

where o, is the uniform probability measure on dB(0, r).

Hence, the measure

27
e.(dy):= Wfﬂ(dﬂ (4.8)

is the equilibrium measure for the ball B(0, r), and the capacity is given by
27
log(1/r)’
compare with Equation (where the equation is given in hyperbolic radius).

cap(B(0,r)) =

Thus, if we let K € B(0, r) and define
eK() = J/ PX(X(HK) € ':HK < oo)er(dx)’ (49)
3B(0,r)

then using Equation (4.6) one can verify that Equation (4.7) holds. This means
that ex(-) is the equilibrium measure for K.

Recalling the definition of the Brownian excursion measure we see that for A € W,
we have, similarly to Remark 2.1.3 on p.568 [[10]],

2
lii% ?ﬂPaH ({(Xt+HK)t20 €A} N {Hy < o0})

tim 280 p (N H < 00}]

e—0 €
—log(1 —
= tim 081 —9) el_e(dx)J (e, dy)P, (4)
€0 € 8B(0,1—¢) oK
—log(1 —
= lim 2080 ~€) J P, (4) e1_ (ke (x, dy)
€0 € oK 3B(0,1—€)
f ex(dy)P, (A) = P, (A). (4.10)
JK

In words, this means the following. The local description of the Brownian ex-
cursions set satisfies the following distributional equality. For K € D, let Ny ~
Po(acap(K)) and let & be the normalized equilibrium measure on K. Condition-
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ally on N, let (Bi)?]jl be a collection of independent Brownian motions in the unit

disk with initial distribution B;(0) ~ &x. Then following distributional equality
holds

NK
BE,nK £ J[B,InK (4.11)
i=1

where [B;] denotes the trace of the Brownian motion.

4.2 Percolation in the vacant set

In this section we equip the unit disk with the hyperbolic metric, that is we work
in the Poincaré disk model of H?2.

Here we prove that the vacant set of the Brownian excursions model undergoes a
phase transition concerning percolation. Note, that by construction (V,),s is a
sequence of decreasing random sets in a. We say that V, percolates if V, contains
an unbounded connected component and let

a, =sup{a>0:Py(V, percolates ) > 0}. (4.12)
In what follows, we will often write V instead of V. Furthermore, for use below,
we say that we have visibility to infinity in the random set S from the origin, if there
is some 0 € [0,2m) such that [0,e!%) c S, where [0, e?) denotes the line-segment
from 0 to e'® which in the hyperbolic metric is an infinite half-line.

The main result of this section is the following theorem.

Theorem 4.2.1. The critical value a, for V, is non-trivial and satisfies

a, € [g g) (4.13)

The lower bound follows from the fact that for a < 7 there is visibility to infinity
in V,, see Theorem 2.3 in [[12]] on p.9.

In the proof of Theorem we will use a Poisson line process induced by the
endpoints of the trajectories in the Brownian excursion process. Recall that the
geodesic between the points x, y € D is a segment of the circle that passes through
x and y and intersects the boundary of DD orthogonally. To construct this line
process we will use a different description of the Brownian excursion measure than
earlier used in the thesis. Let z = el w = € € 3D and let Hy, be the so called
boundary Poisson kernel given by

1 1

H T . S—
n(z, W) 21 1—cos(8 —6')
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Then the Brownian excursion measure is given by

Mmzf J Hp (2, w)up(z, w)ldz||dwl,
oD J oD

where up(z,w) is a Brownian probability measure derived in [[38] on p. 126. For-
mally, up (2, w) is the law of a Brownian motion started at z conditioned on exiting
D for the first time at w. The equivalence between this definition and Equation
is explained on p. 127-128 in [38]].

Now we give the definition of the canonical Poisson line process on H2. Let G
be the Grassmannian of unoriented lines in H? and let A be the unique (up to
scaling) o-finite measure that is invariant under the induced isometries from H?,
see Chapter 17 in [39] regarding the details. Let A,B C dH? = dD be arcs on the
boundary and let £, 5 be all lines in G with one endpoint in A and B respectively.
It is a well-known fact that G can be identified with the set of all unordered pairs
of points on the boundary of H?,

M:={{x,y}:x,y €D, x #y},
see [40]]. The invariant measure is given by

1 1
MLag) == ———————d0do’
(£as) 2LL 1—cos(6 —6) ’

where we used the same normalization as in [40]]. The Poisson line process at level
a on H? is then defined as a Poisson process with intensity measure al.

We now construct the line process induced by the Brownian excursions process.
For each w € Wy, let g(w) be the unique unoriented line in G with endpoints
w(0),w(T,,) € dD. Define the measure y on G by

Y(Lap) = Up ({W 1gw)e EA,B})

:J HD(e,e/)dede'JrJ Hy(6,6")d6d6’
AxB BxA

1 1 2
== | ——————-d0d0' = =A(Lap).
anB 1—cos(0 —0’) 7 MEan)

Recalling the definition of w,, see Equation (2.32)), we then define

L@)=" D> Sy, (4.14)
WESUpp w,
and note that under Py,
2
L, is a Poisson line process with intensity measure —aA, (4.15)
T

where we recall that A is the intensity measure of the canonical Poisson line process
on G.
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Now, let
c= J ¢ (4.16)
{esupp L,
and
Z=H?\L. (4.17)

We shall need the following facts about £ and Z, which are contained in Section

6 of [[40]).

Let @, = 7/2 be the critical value for visibility to infinity in Z. Then, if a > a,
almost surely there is no visibility to infinity from the origin in Z (4.18)

and
Z does not percolate. (4.19)

If a < a,, then
with positive probability there is visibility to infinity from the origin in Z (4.20)

and
Z percolates almost surely. (4.21)

From now on, for a random closed set S in H? let
s
Percg = {0 — oo} (4.22)
be the event that there is an infinite component of S containing the origin.

In the proof of Theorem it turns out that there is a certain subset of trajectories
that complicate matters and we now define the set of unproblematic trajectories.
For w € Wy, and let arc(w) be the arc on dD that is shadowed by w:

arc(w) = {eie [0, nw# 0} , (4.23)

where [0, e!%) denotes the line segment from 0 to e'. Let ©(w) = length(arc(w))
and let

Ag={weWw,:0(w)= 06}
denote all trajectories whose arc “shadows” more than a segment of length 6 of the
boundary. Also, let arc;(w) denote the closed arc of length < 7 which has w(0) and
w(T,,) as endpoints and let ©;(w) = length(arc;(w)). Note that with probability 0
there exists some w with ©;(w) = .

From Lemma 5.2 in [[12]] we know that under P, the random variable w,(Ay) is a
Poisson distributed random variable with parameter au(Ay) = 8a/0. Let
Co={wew,:0(w)<r},

and crucially note that if w € C,, then any continuous curve from O to arc;(w) must
cross w. Moreover, since

8
ucy) ==, (4.24)
s
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we see that under P, the random variable w(C) satisfies
w(Cg) ~Po(a8/m).

Note that if w(Cg) = 0 then non-percolation in Z implies non-percolation in V.

Proof of Theorem We already mentioned that by Theorem 2.3 on p.9 in [12]]
we have that a, > /4. However we can get a possibly different lower bound by
using the following argument.

By Theorem 1.1 p.324 in [40] there is a universal constant 0 < p,(H?) < 1 such

that if a random closed set, Z, in H? which is invariant under isometries and sat-
isfies P(B(0,1) C Z) > p, then this random set contains hyperbolic lines with a
positive probability. Thus, for € > 0 let

Ve :=H2\ BE..
Then we have
Pp (B(O, 1) c VE) — e—acasz(B(0,1+e)).

Hence if p, < e %@Pu2(B(0.14€)) then V¢ contains hyperbolic lines (and therefore
percolates) with positive probability. Rearranging the inequality and since € is
arbitrary, this yields the following lower bound

log(p,) log(coth(1/2))
%= T cap(B(0,1)) log(p,) 27 '

Since we do not know the value of p, we do not know whether this bound is better
than /4 or not.

(4.25)

To show that a, < oo we shall use the line process L(w) defined in Equation
(4.16). By Equation (4.24) we know that Cj is a finite set almost surely. Hence,
for € > 0 let 6, > 0 be so small that

Pp (Cg C{wew,:6;,w)> 96}) >1—c¢, (4.26)

and let
Wy =w,1{weW,:6,(w)<06.}.

For a > 71t/2, we have by Proposition 6.1 in [40] that Py (w, € Percz) = 0. Since
Pp (w, € Percz) = Pp (a)a,e € Percz| w, = wa,e)]P’D(wa =wg.)
and Pp(w, = w, ) > 0 we must have
Py (wg,. €Percz) =0, Ye > 0. (4.27)
Finally, since
{wa,s € Percz}c n {Cg c{w:0;(w)> 95}} C {w, € Perc,, }
we see that using (4.26) and (4.27)

Pp ({w, €Percy})>1—¢
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for a > 7 /2. Since € is arbitrary we get
Pp ({w, € Percy,}) = 1.

Hence a, < /2.



5 Summary of papers

5.1 Paperl

To better understand the Brownian interlacements model, we study the problem
of visibility in the vacant set V, ,. The visibility in a fixed direction in V, , from

a given point x € R? (d > 3) is defined as the longest distance you can move
from x in the direction, without hitting BI. The probability that the visibility in
a fixed direction from x is larger than r > 0 is denoted by f(r) = f(r,a, p,d).
The visibility from x is then defined as the longest distance you can move in some
direction, and the probability that the visibility is larger than r > 0 is denoted by
Pvis(r) = Pvis(ra a, P, d)

We show that the visibility in the vacant set P,;,(r) is satisfies the following bounds
crd7f (1) < Pyg(r) < Cr2 Y (r)

as r — 0o, where f(r) is the visibility in a fix direction of distance r.

In addition to the Brownian interlacements model, we consider the Brownian ex-
cursion model in the unit disk which can be thought of as the 2-dimensional hy-
perbolic analogue of the Brownian interlacements. We show that the Brownian
excursion model undergoes a phase transition concerning visibility to infinity in
the vacant set and we determine the critical value to a, = n/4 and show that at
criticality we have no visibility to infinity, using a classical theorem from Shepp on
circle covering.
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Visibility in the vacant set of the Brownian
interlacements and the Brownian excursion
process

Olof Elias* Johan Tykesson'

September 15, 2017

Abstract

We consider the Brownian interlacements model in Euclidean space, introduced
by A.S. Sznitman in [25]. We give estimates for the asymptotics of the visibility
in the vacant set. We also consider visibility inside the vacant set of the Brownian
excursion process in the unit disc and show that it undergoes a phase transition
regarding visibility to infinity as in [1]. Additionally, we determine the critical value
and that there is no visibility to infinity at the critical intensity.

1 Introduction

In this paper, we study visibility inside the vacant set of two percolation models; the
Brownian interlacements model in R? (d > 3), and the Brownian excursion process in
the unit disc. Below, we first informally discuss Brownian interlacements model and our
results for that model, and then we move on the Brownian excursions process.

The Brownian interlacements model is defined as a Poisson point process on the
space of doubly infinite continuous trajectories modulo time-shift in R?, d > 3. The
aforementioned trajectories essentially look like the traces of double-sided Brownian
motions. It was introduced by A.S Sznitman in [25] as a means to study scaling limits of
the occupation measure of continuous time random interlacements on the lattice N~1Z¢4.
The Brownian interlacements model can be considered to be the continuous counterpart
of the random interlacements model, which is defined as a Poisson point process on the
space of doubly infinite trajectories in Z9, d > 3, and was introduced in [24]. Both
models exhibit infinite range dependence of polynomial decay, which often complicates
the application of standard arguments. Random interlacements on Z? have received quite
a lot of attention since their introduction. For example, percolation in the vacant set of
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fDepartment of Mathematics, Chalmers University of Technology and Gothenburg University, Swe-
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the model have been studied in [22] and [24]. Connectivity properties of the interlacement
set have been studied in [20], [19], [4] and [10]. For the Brownian interlacements model,
percolative and connectivity properties were studied in [14].

We will recall the precise definition of the Brownian interlacement model in Section 2,
where we will also give the precise formulation of our main results, but first we discuss
our results somewhat informally. In the present work, we study wvisibility inside the
vacant set of the Brownian interlacements. For p > 0 and a > 0, the vacant set V, ,
is the complement of the random closed set Blf, which is the closed p-neighbourhood
of the union of the traces of the trajectories in the underlying Poisson point process
in the model. Here « is a multiplicative constant of the intensity measure (see (9))
of the Poisson point process, governing the amount of trajectories that appear in the
process. The visibility in a fixed direction in V, , from a given point = € R? (d > 3)
is defined as the longest distance you can move from x in the direction, without hitting
Bl?. The probability that the visibility in a fixed direction from x is larger than » > 0
is denoted by f(r) = f(r,a,p,d). The visibility from z is then defined as the longest
distance you can move in some direction, and the probability that the visibility is larger
than 7 > 0 is denoted by Pi5(r) = Pyig(r,a,p,d). Clearly, Pyiq(r) > f(r), but it is of
interest to more closely study the relationship between the functions Pq(r) and f(r).
Our main result for Brownian interlacements in R?, Theorem 2.2, gives upper and lower
bounds of Py4(r) in terms of f(r). In particular, Theorem 2.2 show that the rates of
decay (in r) for the two functions differ with at most a polynomial factor. It is worth
mentioning that even if the Brownian interlacements model in some aspects behaves very
differently from more standard continuum percolation models like the Poisson Boolean
model, when it comes to visibility the difference does not appear to be too big. The
proof of Theorem 2.2 uses first and second moment methods and is inspired by the
proofs of Lemmas 3.5 and 3.6 of [1]. The existence of long-range dependence in the
model creates some extra complications to overcome. It seems to us that the arguments
in the proof of Theorem 2.2 are possible to adapt to other percolation models based on
Poisson-processes on infinite objects, for example the Poisson cylinder model [28].

We now move on to the Brownian excursion process in the open unit disk D = {z €
C : |z| < 1}. This process is defined as a Poisson point process on the space of Brownian
paths that start and end on 9D, and stay inside D in between. The intensity measure
is given by ap where p is the Brownian excursion measure (see for example [12], [11])
and o > 0 is a constant. This process was studied in [30], where, among other things,
connections to Gaussian free fields were made. The union of the traces of the trajectories
in this Poisson point process is a closed random set which we denoted by BE,, and the
complement is denoted by V,. Again, we consider visibility inside the vacant set. In
Theorem 2.3, we show that, there is a critical level a, = m/4 such that if o < a., with
positive probability there is some § € [0,27) such that the line-segment [0,6) (which
has infinite length in the hyperbolic metric) is contained in V,, while if @ > «, the
set of such 0 is a.s. empty. A similar phase transistion is known to hold for the Poisson
Boolean model of continuum percolation and some other models in the hyperbolic plane,
see [1] and [15]. As seen by Theorem 2.2, such a phase transition does not occur for the
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set Vo, in the Brownian interlacements model in Euclidean space, when p > 0. The
proof of Theorem 2.3 is based on circle covering techniques, using a sharp condition by
Shepp [21], see Theorem 5.1, for when the unit circle is covered by random arcs. To
be able to use Shepp’s condition, the p-measure of a certain set of trajectories must be
calculated. This is done in the key lemma of the section, Lemma 5.2, which we think
might be of independent interest. Lemma 5.2 has a somewhat surprising consequence,
see Equation (76).

We now give some historical remarks concerning the study of visibility in various
models. The problem of visibility was first studied by G.Pélya in [17] where he considered
the visibility for a person at the origin and discs of radius R > 0, placed on the lattice
Z2. For the Poisson Boolean model of continuum percolation in the Euclidean plane,
an explicit expression is known for the probability that the visibility is larger than r,
see Proposition 2.1 on p.4 in [3] (which uses a formula from [23]). Visibility in non-
Euclidean spaces has been considered by R.Lyons in [15], where he studied the visibility
on manifolds with negative curvature, see also Kahanes earlier works [8] [9] in the two-
dimensional case. In the hyperbolic plane, visibility in so-called well behaved random
sets was studied in [1] by Benjamini et. al.

The rest of the paper is organized as follows. In Section 2 we give the definitions of
Brownian interlacements and Brownian excursions, and give the precise formulations of
our results. Section 3 contains some preliminary results needed for the proof of our main
result for Brownian interlacements. In Section 4 we prove the main result for Brownian
interlacements. The final section of the paper, Section 5, contains the proof of our main
result for the Brownian excursion process.

We now introduce some notation. We denote by 1{A} the indicator function of a
set A. By A @ X we mean that A is a compact subset of a topological space X. Let
a € [0,00] and f,g be two functions. If limsup,_,, f/g = 0 we write f = o(g(z)) as x — a,
and if limsup,_,, f/g < oo we write f = O(g(x)) as x — a. We write f(z) ~ g(x) as
Z — a to indicate that lim,_,(f(z)/g(z)) = 1 and f(z) < g(z) as * — a to indicate that
f(z) < g(x)(1+0(1)) as z — a. For z € R and r > 0, let B(z,r) = {y : |z —y| < r}
and B(r) = B(0,r). For A C R? define

Al = {x e R?Y : dist(z,A4) < t},

to be the closed t-neighbourhood of A. For x,y € R? let [z,y] be the (straight) line
segment between x and y.

Finally, we describe the notation and the convention for constants used in this paper.
We will let c,c/,¢” denote positive finite constants that are allowed to depend on the
dimension d and the thickness p only, and their values might change from place to place,
even on the same line. With numbered constants ¢;, i > 1, we denote constants that
are defined where they first appear within a proof, and stay the same for the rest of
the proof. If a constant depends on another parameter, for example the intensity of the
underlying Poisson point process, this is indicated.
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2 Preliminaries

2.1 Brownian interlacements

We begin with the setup as in [25]. Let C' = C(R;R?) denote the continuous functions
from R to R? and let C = C(Ry;R?) denote the continuous functions from R, to RY.
Define

W={zeC: lim |z(t)] =00} and Wy = {z € Cy : lim |z(t)| = co}.
lt]| =00 =00

On W we let Xy, t € R, denote the canonical process, i.e. X¢(w) = w(t) for w € C,
and let VW denote the o-algebra generated by the canonical processes. Moreover we let
0.,z € R denote the shift operators acting on R, that is 6, : R = R,y — y + z. We
extend this notion to act on C' by composition as

0,:C = C,frs fob,.

Similarly, on W, we define the canonical process X, t > 0, the shifts 6, h > 0, and the
sigma algebra W, generated by the canonical processes. We define the following random
times corresponding to the canonical processes. For F' C R closed and w € W, the
entrance time is defined as Hp(w) = inf{t > 0 : X;(w) € F} and the hitting time
is defined as Hp(w) = inf{t > 0 : X;(w) € F}. For K € R? the time of last visit to
K for w € W, is defined as Lig(w) = sup{t > 0: X;(w) € K}. The entrance time for
w € W is defined similarly, but ¢ > 0 is replaced by ¢t € R. On W, we introduce the
equivalence relation w ~ w’ < 3h € R : ,w = w’ and we denote the quotient space by
W* =W/ ~ and let
T W — W w— w,

denote the canonical projection. Moreover, we let W* denote the largest o-algebra
such that 7 is a measurable function, i.e. W* = {r71(4) : A € W}. We denote
Wyg C W all trajectories which enter K, and W the associated projection. We let P,
be the Wiener measure on C' with the canonical process starting at x, and we denote
PB() = P,(|Hp = oo0) the probability measure conditioned on the event that the
Brownian motion never hits B. For a finite measure A on R? we define

g:/gMM)

The transition density for the Brownian motion on R? is given by

1 x —y|?
p(tzy) = WBXP <—| 2ty| ) )

and the Greens function is given by
> d
Gla) = Gla =) = [~ pltayit = cafla =5/

4
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where ¢4 is some dimension dependent constant, see Theorem 3.33 p.80 in [16].

Following [25] we introduce the following potential theoretic framework. For K € R?
let P(K) be the space of probability measures supported on K and introduce the energy
functional

e = [ Glrg)Adondy), A e P(K), 2)
KxK
The Newtonian capacity of K € R? is defined as
-1
()= inf (Ex(V)) ®)

see for instance [2], [18] or [16]. It is the case that
the capacity is a strongly sub-additive and monotone set-function. (4)

Let e (dy) be the equilibrium measure, which is the finite measure that is uniquely
determined by the last exit formula, see Theorem 8.8 in [16],

mu@mEm=Awam@x (5)

and let €x be the normalized equilibrium measure. By Theorem 8.27 on p. 240 in [16]
we have that € is the unique minimzer of (2) and

cap(K) = ex (K). (6)

Moreover the support satisfies supp ex (dy) = 0K.
If B is a closed ball, we define the measure Qp on W9 := {w € W : Hp(w) = 0} as
follows:

QB [(X_t)iz0 C A, Xo € dy, (X¢)iz0 C A] == Pf(A/)Py(A)eB(dZ/), (7)
where A,A’ € W,. If K is compact, then Q is defined as
Qr =0, o (1{Hg < o0}Qp), for any closed ball B D K.

As pointed out in [25] this definition is independent of the choice of B O K and coincides
with (7) when K is a closed ball. We point out that Equation 2.21 of [25] says that

Qrl(X1)iz0 € ] = Pere(+). (8)
From [25] we have the following theorem, which is Theorem 2.2 on p.564.

Theorem 2.1. There exists a unique o-finite measure v on (W*, W*) such that for all
K compact,

v(-NWi) =moQx() 9)
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Now we introduce the space of point measures or configurations, where ¢ is the usual
Dirac measure:

Q= {w = Z(S(w;‘,ai) S(wlhai) € W* x [0,00), w(We x [0,0]) < 00, VK € RY, a0 > 0} , (10)
i>0

and we endow 2 with the o-algebra M generated by the evaluation maps
w— w(B),BeW*®BR:).

Furthermore, we let P denote the law of the Poisson point process of W* x R; with
intensity measure v ® doe. The Brownian interlacement is then defined as the random

closed set
BI(w) == |J U Blwi(s).0), (11)
a;<aseR

where w = 3.0 8(w}, ;) € Q and 7(w;) = w;. We then let V, , = R?\ BI2, denote
the vacant set.

The law of BI? is characterized as follows. Let ¥ denote the family of all closed sets
of RPand let F:= ¢ (F € ¥: FNK =, K compact). The law of the interlacement set,
Q% is a probability measure on (3,F) given by the following identity:

QUUFeX: FNK=0})=PBILNK =) = e *aPK") (12)

For convenience, we also introduce the following notation. For o > 0and w = 3,51 d(w;,a:) €
), we write

Wq = Z(S(w“a”l{ai S a}. (13)
i>1
Observe that under P, w, is a Poisson point process on W* with intensity measure
av. Note that, by Remark 2.3. (2) and Proposition 2.4 in [25] both v and PP are invariant
under translations as well as linear isometries.
Remark. To get a better intuition of how this model works it might be good to think of
the local structure of the random set Bl%,. This can be done in the following way, which
uses (8). Let K C RY be a compact set. Let Ny ~ Poisson(acap(K)). Conditioned
on N, let (y;)N% be iid. with distribution éx. Conditioned on N and (y;)Y% let
((Bi(t))tzo)f-v:ﬁ be a collection of independent Brownian motions in R? with B;(0) = y;
for i = 1,...,Ng. We have the following distributional equality:

Nk
KnBlL L (U[Bi]f’> nK, (14)
i=1

where [B;] stands for the trace of B;.
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2.2 Results for the Brownian interlacements model in Euclidean space

The following theorem is our main result concerning visibility inside the vacant set of
Brownian interlacements in R%.

Theorem 2.2. There exist constants 0 < ¢ < ¢ < oo depending only on d, p and «
such that

Pyis(r) S vV f(r), d > 3, (15)
Pys(r) Z er®™ f(r), d > 4, (16)

as r — oQ.

We believe that the lower bound in (16) is closer to the true asymptotic behaviour
of Pis(r) as 7 — oo than the upper bound in (15). Indeed, if for r > 0 we let Z, denote
the set of points # € B(0,r) such that [0,2] C Va,p, then the expected value of |Z,]| is
proportional to 41 f (r). We also observe that a consequence of Theorem 2.2 we obtain
that P (r) — 0 as r — co. However, this fact can be obtained in simpler ways than
Theorem 2.2.

2.3 Brownian excursions in the unit disc

The Brownian excursion measure on a domain S is a o-finite measure on Brownian
paths which is supported on the set of continuous paths, w = (w(t))o<i<T,, that start
and end on the boundary 95 such that w(t) € S,Vt € (0,T). Its definition is found in
for example [12], [29], see also [11], [13] for useful reviews. We now recall the definition
and properties of the Brownian excursion measure in the case when S is the open unit
discD={z€eC : |z| <1}.

Let

Wp = {w € C([0,T,],D) : w(0),w(T,) € D, w(t) € D,Vt € (0,T,)}

and let X;(w) = w(t) be the canonical process on Wp. Let Wp be the sigma-algebra
generated by the canonical processes. Moreover, for K C D we let Wi p be the set of
trajectories in Wp that hit K. Let

Qp = {w = 25(101',&2‘) (i) € Wp x [0,00), w(Wkp % [0,0]) < 00, VK €D, x>0 .
i>0

(17)
We endow Qp with the o-algebra Mp generated by the evaluation maps

wi— w(B),B € Wp ® B(Ry).

For a probability measure o on D, denote by P, the law of Brownian motion with
starting point chosen at random according to o, stopped upon hitting 0D. (Note that
P, has a different meaning if it occurs in a section concerning Brownian interlacements.)



Visibility in Brownian interlacements

For r > 0, let o, be the uniform probability measure on 9B(0,r) C R%. The Brownian
excursion measure on D is defined as the limit
27
=lim —P,, .. 1
" GLI}(l) € Ti-e ( 8)
See for example Chapter 5 in [11] for details. The measure p is a sigma-finite measure
on Wp with infinite mass.

As in [30] we can then define the Brownian excursion process as a Poisson point
process on Wp x Ry with intensity measure p® da and we let Pp denote the probability
measure corresponding to this process.

For o > 0, the Brownian excursion set at level « is then defined as

BE,(w) := U U wi(s), w= 25(101‘70&1) € Qp, (19)

a;<as>0 >0

and we let V, = D\ BE, denote the vacant set.
Proposition 5.8 in [11] says that x, and consequently Pp, are invariant under confor-
mal automorphisms of D. The conformal automorphisms of D are given by

zZ—a
T)\,a:)\f )
az—1

Al=1, |a| < 1. (20)

On D we consider the hyperbolic metric p given by

p(u,w) = 2tanh ™!

u—v
77’ for u,v € D.
1—av

We refer to D equipped with p as the Poincaré disc model of 2-dimensional hyperbolic
space H2. The metric p is invariant under (T q)|x =1, |a|<1-

The Brownian excursion process can in some sense be thought of as the H? analogue
of the Brownian interlacements process due to the following reasons. As already men-
tioned that the law of the Brownian excursion process is invariant under the conformal
automorphisms of I, which are isometries of H2. Moreover, Brownian motion in H?
started at x € D can be seen as a time-changed Brownian motion started at x stopped
upon hitting 9D, see Example 3.3.3 on p.84 in [7]. In addition, we can easily calculate
the p-measure of trajectories that hit a ball as follows. First observe that for r < 1

p({y : yNBO,;r) £0}) = lig[l) o2me 1P, (Hp(o,r) < 00)

- lim 27 log(1 —¢) _ 2 7 (1)
e—0  elog(r) log(r)

where we used Theorem 3.18 of [16] in the penultimate equality. For rp, > 0 let
Byz(z,rp) = {y € D : p(x,y) < rp} be the closed hyperbolic ball centered at x with
hyperbolic radius rj,. Then By2(0,r,) = B(0,(e"™ —1)/(e™ + 1)) so that

2w 21

H s 0 B ) 20D =20, 2ty = Toaleothirn /D)
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The last expression can be recognized as the hyperbolic capacity (see [6] for definition)
of a hyperbolic ball of radius rp, since according to Equation 4.23 in [6]

0o -1
capyz (Byz(0,rp)) = ( ﬁdt) , (22)

where S(rp,) = 2w sinh(ry,) is the circumference of a ball of radius ry, in the hyperbolic
metric. The integral equals

o0 1 1 log(coth(ry/2))
— —  dt=—1 h(t/2)]° = ==~ v/ 7V
/,.h Qﬂsinh(t)dt 2 [log(tanh(t/2))];; 27 ’
which yields the expression
2
8 B2 (0 =
caps (B (00)) = Logfeotin /2]

which coincides with (21).
We now define the event of interest in this section. Let

va={{0e02m) : pe”) cVa} £ 0}. (23)

If V2 occurs, we say that we have visibility to infinity in the vacant set (since [0,¢%)
has infinite length in the hyperbolic metric). As remarked above, such a phenomena
cannot occur for the Brownian interlacements model on R? (d > 3).

2.4 Results for the Brownian excursions process

Our main result (Theorem 2.3) for the Brownian excursion process is that we have a
phase transition for visibility to infinity in the vacant set. We also determine the critical
level for this transition and what happens at the critical level.

Theorem 2.3. It is the case that

Pp(VE) >0, a<r/4,

Pp(V2) =0, a>r/4 (24)

Remark. A similar phase-transition for visibility to infinity was proven to hold for
so called well-behaved random sets in the hyperbolic plane in [1]. One example of a
well-behaved random set is the vacant set of the Poisson-Boolean model of continuum
percolation with balls of deterministic radii. In this model, balls of some fixed radius
are centered around the points of a homogeneous Poisson point process in H?, and the
vacant set is the complement of the union of those balls. In this case, a phase-transition
for visibility was known to hold earlier, see [15].

Remark. It is easy to see that

Pp([0,6) € V4) = 0 for every 6 € [0,27) and every a > 0. (25)
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Hence, the set {# € [0,27) : [0,e%) C V,} has Lebesgue measure 0 a.s. when a > 0. Tt
could be of interest to determine the Hausdorff dimension of {6 € [0,27) : [0,e¥) C Vu}
on the event that this set is non-empty. This was for example done for well-behaved
random sets in the hyperbolic plane in [26].

3 Preliminary results for the Euclidean case

In this section we collect some preliminary results needed for the proof of Theorem 2.2.
The parameters a > 0 and p > 0 will be kept fixed, so for brevity we write V and Bl for
Va,p and BI%, respectively. We now introduce some additional notation. For A,B € R?
define the event

A& B:={3zeAyeB: [zy CV} (26)

Then
Pyig(r) =P (0 & 0B(r) ) ) (27)
fr)=P (0 & J:r) e 8, (28)

where S9! = 9B(1). For L,p > 0 let
[0,L], := {x = (w1,0) €R? sy € 0,1, || < p}. (29)

For z,y € R? let [v,y], = Ruy([0,]z —y|],) where R, is an isometry on R? mapping 0 to
z and (Jz —y),0,...,0) to y. In other words, [z,y], is the finite cylinder with base radius p
and with central axis running between z and y. Using estimates of the capacity of [0,L];
from [18] we easily obtain estimates of the capacity of [0,L], for general p as follows.

Lemma 3.1. For every Ly € (0,00) and py € (0,00) there are constants c,c’ € (0,00)
(depending on Lo,po and d) such that for L > Lo, p < po,

ep®3L < cap([0,L],) < p*3L, d > 3,

cL/(10g(L/p)) < cap([0,L],) < ¢L/(log(L/p)), d = 3.
Proof. Fix Lg,po € (0,00) and consider L > Ly and p < pg. Note that [0,L], = p[0,L/p]:.

Hence by the homogeneity property of the capacity, see Proposition 3.4 p.67 in [18], we
have

cap([0,L],) = p*~2cap([0,L/p)1).

We then utilize the following bounds, see Proposition 1.12 p.60 and Proposition 3.4 p.67
in [18]: For each L{, € (0,00) there are constants c¢,¢’ such that

cL < cap([0,L];) <L, d > 3,
cL/log(L) < cap([0,L]1) < ¢L/log(L), d =3,

for L > L;. The results follows, since L/p > Lo/po. |

10



Visibility in Brownian interlacements

Observe that by invariance, Proposition 3.4 p.67 in [18],
cap([z,y],) = cap([0,|z — yl],).

Next, we discuss the probability that a given line segment of length r is contained in V),
that is f(r). Note that for ,y € RY,

{'T & y} = {W €N :wy (W[;’y]p> = 0} .
Since under P, w is a Poisson point process with intensity measure v ® da we get that
Flz = y|) = emecarllzal?), (30)

Since [z,y]? is the union of the cylinder [z,y], and two half-spheres of radius p, it
follows using (4) that

c(a)ee@Pzvle) < f(|z —y|) < emcap(lzle), (31)
The next lemma will be used in the proof of (16).

Lemma 3.2. Let d > 4 and L be a bi-infinite line. Let L, be a line segment of length
r > 1. There are constants c¢(d,p),c (d,p) such that

v(Wip \ Wis) > (1 — edist(Ly, L)~ “u(W},). (32)
whenever dist(L,,L) > .
Proof. For simplicity we assume through the proof that » > 1 is an integer and that
one of the endpoints of L, minimizes the distance between L and L,. The modification
of the proof to the case of general » > 1 and general orientations of the line and the
line-segment is straightforward. We write

v(Wip) =v(Wr, \Wp,) + v(Wr, N W), (33)

and focus on finding a useful upper bound of the second term of the right hand side.

We now write L = (71(t)),cg, Where 1 is parametrized to be unit speed and such
that dist(L;,71(0)) = dist(L,,L). Similarly, we write L, = (72(t))g<;<, Where ¥ has unit
speed and dist(y2(0),L) = dist(L,,L). Fori € Z and 0 < j <7 — 1 let y; = 71(i) and let
zj = 72(j). Choose s = s(p) < oo such that

r—1
LP C U B(y;,s) and L? C U B(zi,s)
i€Z =0
‘We now have that
r—1
vWip NWE) <320 vWi, ) 0 Wi, )
i€Z j=0
r—1
S < cr
et |zj — \(d 2) Z |20 — ‘d 2
<ery 5 < errdist(L,L,) @),

icz (dist(L,L, )2 +i?) 2

11
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where the second inequality follows from Lemma 2.1 on p.14 in [14]. Combining this
with the fact from Lemma 3.1 that Z/(sz) > cor whenever r > 1, we get that

u( ;emwg,,)g%y( #)dist (L, L)),

which together with (33) gives the result.
O

Remark. Observe the the Lemma above implies that for every r > 1, and every line L
and line-segment L, of length r satisfying dist(L,L,) > ¢, we have

* * 1 *
v(Wr \Wi,) 2 5”( e)-

It is easy to generalize the statement to hold for every r > 0.

4 Proof of Theorem 2.2

We split the proof of Theorem 2.2 into the proofs of two propositions, Proposition 4.1
which is the lower bound (16) and Proposition 4.2 which is the upper bound (15).

4.1 The lower bound
To get a lower bound we will utilize the second moment method. More precisely we shall
modify the arguments from the proof of Lemma 3.6 on p.332 in [1]. Let o(dz) denote
the surface measure of S%~1, and for r > 0 define
Y, = {T e STt 0,ra] V} , (34)
wim W= [ 1y (o). (35)
gd—1

The expectation and the second moment of y, are computed using Fubini’s theorem:

E(yr) =S f(r) (36)
E(y2) = / Plaa’ € Y,)o(dz)o(de), (37)
(51171)2

where f(r) is given by (30) above. The crucial part of the proof of the lower bound
in (15) is estimating (37) from above.

Proposition 4.1. Let d > 4. There exist constants c(a), ¢’ such that

Pyig(r) > erdLf(r) for allr > €. (38)

12
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Proof. For z € S9! let Lo (z) be the infinite half-line starting in 0 and passing through
x. For z,2’ € S9! define § = 0(z,2’) := arccos ({z,7')) to be the angle between the two
half-lines Loo(z) and Loo(z'). From Lemma 3.2 and the remark thereafter we know that
there is a constant c¢; such that for every » > 0, and every line L and line-segment L, of
length r satisfying dist(L,L,) > ¢1, we have

VWi, \Wis) 2 Su(W,). (39)
Now define ¢(#) € (0,00) by the equation
dist(Loo (), Lo (2) \ [0,9(8)2']) = 1. (40)

Elementary trigonometry shows that if 6 € [0, 7/2] we have

C1

sin(0)’

9(0) =

and for 6 € [r/2,7] it is easy to see that we have g(f) < ¢. Now, for z,2’ € S~
P(z,2’ € Y;) <P ([0,rz] €V, [0,r2]\ [0,9(A)2] C V)
=P (“a (W&m}ﬂ) =0,wa (W< 0 m'l\[o,gw)z'])ﬂ) = 0)
<P (“)a (W[o rz]P) =0,wa (W (0reN0.g@a e \ W0 rale ) = 0)
P p (Wa ( [0,r2]° > 0)P(wa <W< 0,02 \[0,9(8)2'])? \ W[B,m]p> = 0)
= f(r)exp {*OW ( (0 \0.9(@)z ) \ W[B,m]p>}
(39)

o * —(ea(a)(r—
< f(r) eXP{—gV (W(O,((r—g(ﬁ))\/())z]/’>} < f(r)em(@@r=9@ONV0)¢(q),

where the last inequality follows from Lemma 3.1. Hence, in order to get an upper bound
of (37) we want to get an upper bound of

1= [, ewl-all - g6) v )lo(doo(ds) (41)
(§d-1)2

In spherical coordinates 6,01,...,04_2, we get, with A(61,...,04—2) = {(01,...04—2) : 0 <
0; < 2m for all i},

" _ nd—2 in? .. .sin . ce
I= /9 /A o exp{ e((r — nw))vo)} (6)sin®3(0)) - - - sin(0y_5)d0A0; - - - dfy_s

+ / / exp {—ca((r — ¢) V 0)}sin?2(0) sin3(6,) - - - sin(Bg_3)d0d0; - - - dBg_s
0=n/2 JA(01,....00_2)

=1+ Is.

13
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We now find an upper bound on the integral I;. We get that

h<es /0 " exp { —ey((r — sirfz 5 0)} sin~2(0)do

arcsin ey /r w/2 e
— ¢ ( / sin®~2(6)d6 + / e~ e2(r=mtey) sind2(9)d9> : (42)
0 a

resiney /v

For the first of the two integrals above we get
arcsin ¢y /7 c1/r
/ sin?=2(0)do < ¢ / 0%72d0 = ¢!y, (43)
0 0

For the second integral in (42) we get (using that 1/sin(f) — 1/6 can be extended to a
uniformly continuous function on [0,7/2])

/2 o /2
/ e~ smtay) sin?=2(9)do < cefcﬂ/ eo1e2/0gd-2q9 —
arcsin ¢y /7 c1/r
r/c1 cor
= ce_”r/ ereaty=dqt = ce_czT/ evy~4dy
2/m 2cic /T
cor/2 cor
= cefcﬂ/ eVy~ddy + (36762’"/ &Yy~ dy
2c1e0/T car/2
cor/2 cor
< cefCZT/Q/ y ey + ¢ / y~ 4y < cr~@D), (44)
2cie2/m cor/2
Moreover, it is easy to see that
Iy = O(e™). (45)

Putting equations (37), (41), (42), (43), (44) and (45) together, we obtain that for
all r large enough,

Ely?) < ef ()@, (46)
From (36), (46) and the second moment method we get that for all r large enough
E(y)’ d—1
Pyig(r) = > e f(r),
vis E(y?)
finishing the proof of the proposition. O

4.2 The upper bound
The next proposition is (15) in Theorem 2.2.

Proposition 4.2. There exists a constant ¢ < oo depending only on d, p and o such
that
Puis(r) S er® @V f(r), d > 3. (47)

14
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Proof. Fix r > 0, z,y € R? and € € (0,p). Let M(z,y,e) = wa(Wﬁ;’U]p,e) and let
A(x,y,€) be the event that there is a connected component of [x,y] NV that intersects
both B(z,) and B(y,e). Observe that on the event that M (x,y,e) > 1, there is some
z € [z,y] such that d(z,Bl) < p —e. For this z, we have B(z,e) C Bl. Any continuous
curve v C [z,y]¢ intersecting both B(z,e) and B(y,e) must also intersect B(z,e). Hence,
{M(z,y,e) > 1} C A(z,y,€)¢, and we get that

A(J;7y7€) c {M(xvyve) = O}' (48)

Now we let

k
N(e,r) = inf {k € N: Jxy,29,..., 2 € OB(r) such that U B(z;,€) D BB(T)} (49)
i=1
be the covering number for a sphere of radius 7, and note that N(e,r) = O((r/¢)41). For
each r > 0, let (x,»)i]i(f’r) be a set of points on dB(r) such that dB(r) C ui]i<f”')B(a:i7e).
If {0 & 9B(r)} occurs there exists a j € {1,2,...,N(e,r)} such that A(0,z;,€) occurs.
Hence, by the union bound and rotational invariance (Equation 2.28 in [25]),

N(e,r)
Pyg(r) <P U A(0,xz;,€) | < N(er)P(A(0,21,¢))
(48) d-1
< O((r/e)* " )P(M(0,z1,e) = 0). (50)

Fix z € 81 and let Ky = K;(r,p) = [0,rx]” and Ko = K»(r,p,¢) = [0,rx]*~¢. Then
f(T') — e—acap(Kl)

and
P(M(OHThG) = 0) = efacaP(KQ).

Hence,
P(M(0,z1,6) = 0) = f(r)ca(CaP(Kl)—cap(Kz)) (51)

We will now let € = e(r) = 1/r for r > p~! and show that
cap(K1) — cap(Ks2) = O(1), r — oo. (52)

Let ((Bi(t))t>0)i>1 be a collection of i.i.d. processes with distribution P, where
€x, = ek, /cap(K1). Recall that [B;] stands for the trace of B;. Using the local descrip-
tion of the Brownian interlacements, see Equation (14), we see that

N,

wa(Wie \Wi) £ 3" 1{[Bi]n K> = 0}, (53)
i=1

15
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where N, is a Poisson random variable with mean acap(K;) which is independent of
the collection ((B;(t))i>0)i>1, and the sum is interpreted as 0 in case Nk, = 0. Taking
expectations of both sides in (53) we obtain that

N,
(Wi, \Wi,) = E | S 1{[B] N Ky = 0}

i=1

= E[NKJP([Bﬂ n K2 = @) = acap(Kl)P([Bl] N K2 = @), (54)

where we used the independence between Nk, and ((B;(t))¢>0)i>1 and the fact the
Bj-processes are identically distributed.
Since Ko C K1, it follows that

v(Wie, \ Wi,) = cap(K1) — cap(K3). (55)
From (54) and (55) it follows that

cap(K1) — cap(K3) = cap(K1)P([B1] N K = 0). (56)

Next, we find a useful upper bound on the last factor on the right hand side of (56).
Recall that for ¢ > 0 and = ¢ B(0,t),

Po(Hp o) < 00) = (t/]a))* 2, (57)
see for example Corollary 3.19 on p.72 in [16]. Now,
P(B1] N K3 = 0) = Py, (Hx, = o) = [ P =0 (g (59)
K1

For z € 9K let 2’ be the orthogonal projection of z onto the line segment [0,rz]. Since
B(Z',p — €) C K2 we have

{HKz = OO} C {f{B(z/,pfe) = OO} (59)
We now get that

(58), (59) i
P([Bi]N Ky =10) < /(’)K Py(HB(ylyp,e) = 00)éx, (dy)
1

on | (P;f)“ 11— /) = 01 r),

where we recall that we made the choice ¢ = 1/r for » > p~! above. Combining this
with the fact that cap(Ki) = O(r) and (56) now gives (52). Equations (50) and (51)
and (52) finally give that

Pyig(r) <0 (r@0) f(r)

as 7 — oo. This establishes the upper bound in (15) |

16
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5 Visibility for Brownian excursions in the unit disk

In this section, we give the proof of Theorem 2.3. The method of proof we use here
is an adaption of the method used in paper III of [27], which is an extended version
of the paper [1]. We first recall a result of Shepp [21] concerning circle covering by
random intervals. Given a decreasing sequence (I,,)n>1 of strictly positive numbers, we
let (In)n>1 be a sequence of independent open random intervals, where I,, has length
I, and is centered at a point chosen uniformly at random on 0D/ (2m) (we divide by 27
since Shepps result is formulated for a circle of circumference 1). Let E := limsup,, I, be
the random subset of 0D which is covered by infinitely many intervals from the sequence
(In)n>1 and let F := E¢. If > °° | 1,, = oo then F has measure 0 a.s. but one can still
ask if F' is empty or non-empty in this case. Shepp [21] proved that

Theorem 5.1. P(F =0) =1 if

o0

1
Z 72611+12+»44+ln = o0, (60)

n
n=1

and P(F = () = 0 if the above sum is finite.

Theorem 5.1 is formulated for open intervals, but the result holds the same if the
intervals are taken to be closed or half-open, see the remark on p.340 of [21].

A special case of Theorem 5.1, which we will make use of below, is that if ¢ > 0 and
l, = ¢/n for n > 1, then (as is easily seen from (60))

P(F =0)=1if and only if ¢ > 1. (61)

Before we explain how we use Theorem 5.1, we introduce some additional notation.
If v C D is a continuous curve, it generates a "shadow” on the boundary of the unit disc.
The shadow is the arc of D which cannot be reached from the origin by moving along
a straight line-segment without crossing 7. More precisely, we define the arc S(y) C 9D
by

S(y) ={e” : [0,”) Ny # 0},
and let ©(y) = length(S(7)), where length stands for arc-length on 9D.

We now explain how we use Theorem 5.1 to prove Theorem 2.3. First we need
some additional notation. For w = 3 .5 (uw;a) € Op and @ > 0 we write w, =
2121 O(ws,a) H{ai < a}. Then under Pp, w, is a Poisson point process on Wp with inten-
sity measure au. Each (w;,q;) € wqy generates a shadow S(w;) C 9D and a corresponding
shadow-length ©(w;) € [0,27]. The process of shadow-lengths

Zq = Z 59(1“)1{@(102‘) < 27’1’}

(wi, ;) Esupp(wa)

is a non-homogeneous Poisson point process on (0,27), and we calculate the intensity
measure of this Poisson point process below, see (76). Since Brownian motion started
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inside D stopped upon hitting JD has a positive probability to make a full loop around
the origin, there might be a random number of shadows that have length 27 which
we have thrown away in the definition of =,. However, this number will be a Poisson
random variable with finite mean (see the paragraph above (75)), so those shadows will
not cause any major obstructions. Now, for i > 1, we denote by ©y;) o, the length of the
i:th longest shadow in supp(Z,). We then show that

Z %e(e(l),a+6(2),a+“~+e(n),a>/(277) = 00 a.s. (62)

n
n=1

if @ > /4 and finite a.s. otherwise, from which Theorem 2.3 easily will follow using
Theorem 5.1.

We now recall some facts of one-dimensional Brownian motion which we will make
use of. If (B(t))¢>0 is a one-dimensional Brownian motion, its range up to time ¢ > 0 is
defined as

R(t) = sup B(s) — inf B(s).
s<t s<t

The density function of R(t) is denoted by h(r,t) and we write h(r) for h(r,1). An

explicit expression of h(r,t) can be found in [5]. The expectation of R(t) is also calculated

in [5]. In particular,
E[R(1)] = 2\/%. (63)

Let (B(t))i>0 be a one-dimensional Brownian motion with B(0) = a € R. Let
H, =inf{t > 0 : B(t) = 0} be the hitting time for the Brownian motion of the value 0.
The density function of H, is given by

fa(t) = lale™**/% )/ 2xt3, ¢ > 0. (64)

Now let W = (W (t))¢>0 be a two-dimensional Brownian motion with W(0) =z € D
stopped upon hitting OD. Observe that the distribution of the length of the shadow
generated by W, ©(W), depends on the starting point 2 only through |z|. The distri-
bution of ©(WW) might be known, but since we could not find any reference we include
a derivation, which is found in Lemma 5.1 below. We thank K. Burdzy for providing a
version of the arguments used in the proof of the lemma.

Lemma 5.1. Suppose that W = (W (t))+>0 is a Brownian motion started at x € D\ {0},
stopped upon hitting OD. Then, for 6 € (0,27],

PO < O(W) < 27) = / Froa(ely (R(r)dtdr. (65)
{(rt) :7Vt>0}

Proof. Without loss of generality, suppose that the starting point € (0,1). Consider
the multi-valued function ¢(z) = log(z), which conformally maps D onto the half-plane
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{z € C: Re z < 0}. Note that for 6 € [0,27),
¢({rei€:0<r<1}):{x+i(9+27rk):x<0,keZ}. (66)

By conformal invariance of Brownian motion, the law of the trace of ¢(~W) is the same
as the law of the trace of a standard two-dimensional Brownian W = (W (t))>0 started
at log(z) € (—00,0) and stopped upon hitting {z € C: Rez = 0}. Let

T = inf {t >0:ReW(t) = O} and R(T) = sup Im W (s) — inf Tm W (s).
s<T s<T
Using (66), we see that
P <© <21 =P < R(T)). (67)

Moreover, T' and Im W (t) are independent since T is determined by Re W (t) and Re W ()
and Im W (t) are independent. Since T' and Im W (t) are independent we have by Brow-
nian scaling

R(T) £ VTR(1). (68)
Hence
P <6 <2m) = pvTR() > 0) = / Fogo|(Dh(r)dtdr, — (69)
rvt>0
finishing the proof of the lemma. O

In the next lemma, we calculate the intensity measure of Z,. For 6 € (0,27] define
Ag={weWp:0<Sw)}. (70)

Lemma 5.2. For 6 € (0,2n]
8
plde) = 5 (71)

Proof. By the definition of p, we must show that

2w 8
im — <O)=-.
161%1 . P, . (0<0) 7
We now get that
2 2
Zp, (0<0)=" / P.(6 < ©)a;_(dz)
€ € JoB(0,1—¢)

€

2m 2
=—P_.(0<0)= 7/ f‘ log(l—e)|(t)h(7')dtd7‘a
€ >0

where we used rotational invariance in the second equality and Lemma 5.1 in the last
equality. We have
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n Frogi—o|(Oh(r)dtdr & “log(1=¢) / ol (1=0)/21 | 27 (r)dtar.
€ >0 € rvVt>0 t

Note that —log(1—¢)/e — 1 as e — 0, e~ 106" (1=9/2t js monotone in €, and e~ 108" (1-9)/2t _,
1 as € — 0 for ¢ > 0. Hence, the monotone convergence theorem gives that

.2 [ . 64 2
1(Ag) = lim =X / Flog(1—o|(Oh(r)dtdr & / Eh(r)drdt.  (72)
el € Jrvi>o >0 t

This integral is easily computed as

/ o 2Z h(r)drdt = / / L dth(r)dr (73)
rVize V1 o Jis@me t¥

= van [ onar = varsERm) @5 @)

finishing the proof of the lemma. O

Remark. Lemma 5.2 implies that p(As;) = 4/7. Hence, under Pp, wy(Aa,) is a
Poisson random variable with mean «4/7. In particular,

PD(WQ(AQW) = 0) > 0. (75)

We will now use Lemma 5.2 to prove Theorem 2.3.
Proof of Theorem 2.3. Define the measure m on (0,27) by letting

8
m(A) = / t—gdt, A € B((0,2m)).
A
Lemma 5.2 implies that under Pp,
Z4 is a Poisson point process on (0,27) with intensity measure am. (76)

We now consider the Poisson point process on (1/(27),00) defined by

E;l = Z 5@(%)71. (77)

(wi,a;)€supp(wa)

Now note that for 1/(27) < t1 < t2 we have that
m([1/t2,1/t1]) = 8(t2 — t1).

Hence, ;! is a homogeneous Poisson point process on (1/(27),00) with intensity S8a.

Now let Ay = 1/6(y) 4 and for n > 2 let
Ay = 1/®(n),a - l/e(nfl),a-
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Then A, is a sequence of i.i.d. exponential random variables, with mean 1/(8«). Since

1/6(n),a = Z Ai7
=1

we get that

1 n
P - 3450, ) =0. 78
(‘ @(n),a %o > n°" 1.0 ) (78)

Since
o S| _|/Ou.a—n/(sa)
() ™ 7 n/(8a9(n)7a)
and 1/0) o > cn for all but finitely many n for some constant ¢ > 0 a.s., Equation (78)
implies that for some constant ¢/(a) < oo,

P ('GW — 8—a’ < c'(a)n75/4 for all but finitely many n) =1 (79)
’ n
Let Yoo = 2001 Op)a — 2icy 870‘. From (79) and the triangle inequality we see that
a.8., Yoo o i= liMy, 500 Yy o exists and |Yoo o] < 0o a.s. Hence,

- " O().a 4alog(n)
Yoo := lim (Z on .

i=1

exists and is finite a.s. Hence, the sum in (62) is finite a.s. if @ < /4 and infinite a.s.
if @ > /4. Let V2 denote the event that there is some 6 € [0,27) such that [0,e%)
intersects only a finite number of trajectories in the support of w,. The above, together
with (75), shows that Pp(V2) = 1if a < 7/4 and Pp(V2) = 0 if a > 7/4. Tt remains to
argue that that Pp(Vg) > 0 when o < 7/4. So now fix a < /4. Let VO%’R be the event
that there is some 8 € [0,27) such that [0,e?) intersects only trajectories in the support
of wy which also intersect the ball B(o,R). If V& occurs, then for some random Ry < 1,
the event VO"‘O’R occurs for every R € (Rp,1). Hence for some Ry < 1, PD(VO%,RI) > 0.
Suppose that w € Qp and write

Wo = 1WB(0,121)‘:’O< + Lwe

B(o.Rl)w“’

Observe that if w, € V;’Rl and W (Wp(o,r,)) = 0, then &, € V. Hence
P52 (@ € Vi) = Pp(V 5, )P (@a(Wr(o,ry)) = 0) > 0.

The result follows, since w, under Pp has the same law as @, under IF’%Q. O
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