JOURNAL OF MATHEMATICAL PHYSICS 57, 063510 (2016)

Clusters of eigenvalues for the magnetic Laplacian
with Robin condition

Magnus Goffeng,® Ayman Kachmar,? and Mikael Persson Sundqvist®
'Department of Mathematical Sciences, Chalmers University of Technology

and the University of Gothenburg, SE-412 96 Gothenburg, Sweden

2Department of Mathematics, Faculty of Sciences, Lebanese University, Hadath, Lebanon
3Department of Mathematical Sciences, Lund University, Box 118, SE-221 00 Lund, Sweden

(Received 6 November 2015; accepted 9 June 2016; published online 28 June 2016)

We study the Schrodinger operator with a constant magnetic field in the exterior of
a compact domain in Euclidean space. Functions in the domain of the operator are
subject to a boundary condition of the third type (a magnetic Robin condition). In
addition to the Landau levels, we obtain that the spectrum of this operator consists
of clusters of eigenvalues around the Landau levels and that they do accumulate to
the Landau levels from below. We give a precise asymptotic formula for the rate of
accumulation of eigenvalues in these clusters, which is independent of the boundary
condition. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4954500]

. INTRODUCTION

Magnetic Schrodinger operators in domains with boundaries appear in several areas of physics.
For example, the Ginzburg—Landau theory of superconductors, the theory of Bose—Einstein conden-
sates, and of course the study of edge states in quantum mechanics. We refer the reader to Refs. 1,
10, and 16 for details and additional references on the subject. From the point of view of spectral
theory, the presence of boundaries has an effect similar to that of perturbing the magnetic Schrodinger
operator by an electric potential. In both cases, the essential spectrum consists of the Landau levels
and the discrete spectrum form clusters of eigenvalues around the Landau levels. Several papers are
devoted to the study of different aspects of these clusters of eigenvalues in domains with or without
boundaries. For results in the semi-classical context, see Refs. 11, 12, 14, 17, and 18. In case of do-
mains with boundaries, see Refs. 21 and 22. Analogous results have been obtained in the context of
perturbations by electric fields in Ref. 23. The results in this paper correct a gap in the proof of the
main result in Ref. 21 and extend these results to Robin boundary conditions.

Let us consider a compact domain K ¢ R?? with a Lipschitz boundary. Let us denote by K°
the interior of K, Q = R??\ K and 9Q the common boundary of Q and K. Given a real valued
function 7 € L®(9Q,R) and a positive constant b (the intensity of the magnetic field), we define the
Schrodinger operator Ly, , with domain D(La ») as follows:

D(L,,) = {u € LXQ) : (V—ibAo)u € LX(Q), j = 1.2,
va - (V—ibAgu+7u=0 ondQ}, (1.1)
Ly u =—(V—ibAgyYu YueD(L,,). (1.2)

Here, A is the magnetic potential in the symmetric gauge defined by

Ao(x1,X2,. . X2a) = 3(=X2, X1, . ., =X2d, X2d-1) » (1.3)

and vgq is the unit outward normal vector of the boundary €. We also introduce the boundary
Neumann and Robin differential notations
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a]\] = VQ'(V—ibAo) and Of = aN+T = VQ'(V—ibAQ)+T. (1.4)

The operator Lg, , is actually the Friedrichs self-adjoint extension in L*(Q) associated with the
semi-bounded quadratic form

Igb(u)=/|(V—ibAo)u|2dx+/ Tlul>ds, (1.5)
’ Q 0Q

defined for all functions u in the form domain
D(1f,,) = Hy (Q) = {u € LAQ) : (V- ibAg)u € LH(Q)} € Hy,(Q). (1.6)
We introduce the (multidimensional) Landau levels A4, g € N, as
Ay =(2(q-1)+d)b, geN\{0}, Ag:=—oo.

The name is motivated by the fact that these numbers (for ¢ € N\ {0}) are the eigenvalues of the
Landau Hamiltonian in R4, see Section II B.

We are now able to state the first main result, concerning the essential spectrum of L& b
together with the non-accumulation of eigenvalues to the Landau levels from above.

Theorem 1.1. Let Q c R*? be a compactly complemented Lipschitz domain and T € L°(0Q,R).
The essential spectrum of the operator Lg, , consists of the Landau levels,

Tess(LG ) = {Aq + g € N\ {0}}. (1.7)

Moreover, for all € € (0,b) and q € N\ {0}, the spectrum of Ly, , in the open interval (Ag. Ay + )
is finite.

Next, we restrict our attention to the case that dQ is C* and 7 € C®(9Q,R). For € > 0, we let
N(Agy-1.A4 — &, L, ) denote the number of eigenvalues of L, , in the open interval (A,_1, A4 — €),
counting multiplicity. We also denote by Cap(K) the logarithmic capacity of the domain K =

R?\ Q.

Theorem 1.2. Let Q c R2? be a compactly complemented domain with a smooth boundary and
T € C*(0Q,R).

(A) Assume d = 1. For all g € N\ {0}, denoting by {€§q)}jeN the nondecreasing sequence of
eigenvalues of Ly, , (counting multiplicities) in the interval (A1, A,), the following holds:

lim (j1(A, - £))" = g(Cap(K))z. (1.8)

Jotoo

(B) Assume d > 1. The counting function N (Aq,l,Aq —-&Lg h) has the asymptotics,

. g+d-1\1 ( |logel \* "
N(Aq—l’Aq_‘S’LQ’b)N( d-1 )E(m as & —0". (1.9)

Remark 1.3. The asymptotics in Equation (1.9) is weaker than that in Equation (1.8). It remains
an open problem to finding an analogue for Equation (1.8) when d > 1.

Remark 1.4. Theorems 1.1 and 1.2 were obtained for the Neumann case (7 = 0) by the third
author in Ref. 21, and our proofs will follow the same idea as in Ref. 21. However, in Ref. 21,
the full details concerning the reduction to Toeplitz type operators were not written out explicitly.
In this paper, we aim not only to generalize the Neumann result, but also to make the proof of
Theorem 1.2 more transparent.

Remark 1.5. Our proof of Theorem 1.2 is carried out for 7 being a self-adjoint pseudo-
differential operator of order 0 on 9Q. The proof can be generalized to self-adjoint pseudo-
differential operators of order t < 1. We also note that the pseudo-differential nature of the proof of
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Theorem 1.2 requires a fair amount of regularity on the boundary. Any considerable reduction of the
regularity assumptions in Theorem 1.2 would require a new approach or a perturbation result for the
left hand side of Equations (1.8) and (1.9).

The rest of the paper is devoted to the proof of Theorem 1.1 and Theorem 1.2. The proof of
Theorem 1.1 is contained in Section II. The proof of Theorem 1.2 is divided into two sections: the
bulk of the proof is contained in Section III except for a technical lemma, Lemma 3.14, which is
proved in Section IV. Similarly to Refs. 21 and 22, the main idea in both proofs is to compare the
resolvent of Ly, , with the resolvent of the Landau Hamiltonian. Roughly speaking, the resolvents
are compact perturbation of one another.

Section II goes analogously to Ref. 21 [Section 3.1]. It is included for completeness and provid-
ing a notational introduction. As mentioned above, it relies heavily on the resolvent techniques
introduced in Ref. 22, [Proposition 2.1].

The asymptotics in Theorem 1.2 comes from the spectral asymptotics of Toeplitz operators
on the Landau levels; these deep results were proven in Refs. 9 and 20. We recall them in
Subsection III A. The key step in obtaining the asymptotic accumulation of eigenvalues described
in Theorem 1.2 is the reduction to the case of Toeplitz operators from Refs. 9 and 20 via a
certain pseudo-differential operator on the boundary. The relevant pseudo-differential operators,
e.g., boundary layer potentials and Dirichlet to Robin operators, are introduced in Subsections III B,
IIT C, and III D. The reduction is carried out in Subsection III E apart from a technical lemma.
Technical Lemma 3.14 states the equivalence of the quadratic form associated with a certain
pseudo-differential operator of order 1 and the H'/?-norm on the boundary. It is proven via standard
pseudo-differential techniques in Section I'V.

Il. PROOF OF THEOREM 1.1

In this section, we prove Theorem 1.1. As remarked above, the proof goes along the lines of
Ref. 21 [Section 3.1]. After adding on a Landau Hamiltonian LZ , on K (the sign of —7 comes from
the orientation on the boundary), we can consider an operator densely defined in L2(R>?) coinciding
in form sense on the form domain of the usual Landau Hamiltonian. While L;(T’ , has a discrete
spectrum, the proof of Theorem 1.1 is deduced below in Corollary 2.6 from the abstract results from
Refs. 6 and 22 reviewed in Sec. IT A.

A. Two abstract results

In this section, we state two abstract results. We will use the first result to conclude positivity
of difference of resolvents and the second one to obtain the finiteness of eigenvalues above each
Landau level.

Lemma 2.1 (Pushnitski-Rozenblum Ref. 22 [Proposition 2.1]). Assume that A and B are two
self-adjoint positive operators satisfying the following hypotheses:

e 0¢ o(A)Uo(B).

o The form domain of A contains that of B, i.e., D(BY?) ¢ D(A'?).

e For all f € D(B'?), ||AY2f|| = ||BY2f|| i.e., the quadratic forms of A and B agree on the
form domain of B.

Then, B~' < A~V in the quadratic form sense, i.e.,

(B f) <(ATff) V.

Lemma 2.2 (Ref. 6, Theorem 9.4.7). Assume A is a self-adjoint operator and V a compact
and positive operator such that the spectrum of A in an interval (a, ) is discrete and does not
accumulate at 3. Then the spectrum of the operator B = A+V in (a, B) is discrete and does not
accumulate at 3.
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B. Some facts about the Landau Hamiltonian in R2¢
In this section, we review classical results concerning the Landau Hamiltonian
L=—(V—-ibAy)? inR*. 2.1

Here Ay is the magnetic potential of a unit constant magnetic field of full rank introduced in (1.3),
and b is a positive constant. The form domain of L is the magnetic Sobolev space

Hy (R*) = {u € LX(R*) : (V—ibAou € LA(R*))} € Hy (R*).
The spectrum of L consists of infinitely degenerate eigenvalues called Landau levels,
(L) = oess(L) = {Ay : g € N\ {0}}.
We denote by L, the eigenspace associated with the Landau level A, i.e.,
L,=Ker(L-A,;) YqeN\{0}. (2.2)

We use the notation P, for the orthogonal projection onto the eigenspace £,.
The operator L can be expressed in terms of creation and annihilation operators. We introduce

the complex notation z; = xp;_1 +ixz;, j = 1,...,d, and let ¥ = §|z|2 be a scalar potential for the

magnetic field, i.e., AY = b. The differential expressions

— 0 0
.= —2ie_\y—el]‘, P = —216 ——e€ -
Q] Zj QJ Bz,

formally satisfy the following well known identities:

0;=0;, 1<j<d

0,0 =2b6ik, 1<jk<d,
[J k] Jjk 2.3)

d
L=>"0,0;+bd.

J=1

C. Extension of L, to an operator in L2(R29)

We introduced the operator L, ob with quadratic form I¢, , in (1.5). We will use also the corre-
sponding operator in K°, namely, L;”,. We will throughout the paper work under the assumption
that the two quadratic forms 15 and I % , are strictly positive. This is always attainable after a shift
of the quadratic forms by a corfstant The effect of the constant is merely a shifting of the spectrums
of all involved operators; hence we will for notational simplicity always assume that this constant
is 0.

Remark 2.3. Notice that, for u € H}&O(Rm),
(6 (u0) + [, (uk) = / |(V — ibAg)ul* dx.
RZd

This motivates the usage of —7 for the quadratic form on K. For ug € D(L, b) andug € D(L

aRuQ = aRl/lK =0 on 8(2,

K.b)

where dg denotes the Robin differential expression from (1.4).

When there is no ambiguity, we will skip b and 7 from the notation and write Lo, Lk, lo, and [x
for the operators LQ LK Kb the quadratic forms I b and I1F Kb respectively.

Since Q and K are complementary in R2, the space LXR2) is decomposed as a direct sum
L*(Q) ® L*(K). This permits us to extend the operator L in L*(Q) to an operator L in L*(R?9).
We let L = Lo @& Lk in D(Lg) ® D(Lg) € LXR29). More precisely, L is the self-adjoint extension
associated with the quadratic form

) = lo(uo) + Ix(uk), u=uo®ux € LAR*?), uqe D(g), ux < D(k). (2.4)
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Since g and [k are strictly positive, we may speak of the inverse L~! of L. We have the following
lemma.

Lemma 2.4. With L and Lg defined as above, we have the following:
(1) O-ess(LQ) = O-ess(z)-
(2) A€ 0L\ {0} ifand onlyif A # 0and 17" € o i(Lg).

Proof. Since L =Lo® Lg, then a’(Z) = o (Lg) U o(Lg). But K is compact and has a Lipschitz
boundary, hence Lk has a compact resolvent in Ref. 13 [Theorem 1.4.3.2]. Thus o (L) = @ and
the first assertion in the lemma above follows. Moreover, L and L are both strictly positive by the
hypothesis, hence 0 ¢ O'(Z). It is straight forward that

Te(L) = {1 € R\{0} : A7 € ore(L7)}. O

D. Essential spectrum of L

With the operator L introduced above, we can view Lg as a perturbation of the Landau Hamil-
tonian L in R>? introduced in (2.1). Actually, we define V : LA(R??) — L*(R?“) as

v=L"'-L"
Then we have the following result on the operator V.

Lemma 2.5. The operator V is positive and compact. Moreover, for all f,g € LA(R*?),

([, V&) r2maay = / Oru - (v — vk) dS , (2.5)
oQ
whereu = L' fand v = Z_lg.

Proof. Notice that the form domain H AO(RZ") of L is included in that of L, and that for
ueH AO(RZ"), we have

Tu) = /R g [(V = ibAg)ul| dx .

Invoking Lemma 2.1, we get that the operator V' is positive.
Let us establish the identity in (2.5). Set f = Luand g = Lv = Louvg ® Lkvk. Then

(f,Vg)Lz(de)z/Lu-de-i-/Lu-@dx—/u-LQvgdx—/u~LKdex.
Q K Q K

The identity in (2.5) then follows by integration by parts and by using the boundary conditions
6RUQ = aRU[( =0.

Knowing that the zeroth order trace operators H*!(K) — H*2(0Q) and HIZIC(Q) — H2(9Q) are
compact whenever s; > s, + 1/2 > 1/2, cf. Ref. 19 [Theorem 9.4, Chap. 1], we conclude from (2.5)
that V is a compact operator. O

The localization of V to the boundary carried out in Lemma 2.5 is by now a common triviality
used in studying boundary value problems, but a sensation around the time of its invention by
Birman, see more in Refs. 4 and 5. Theorem 1.1 follows as a corollary of Lemma 2.5.

Corollary 2.6. It holds that
O—ess(LQ) = {Aq L qE€ N\ {O}} >
and for all € € (0,b) and g € N\ {0},

o(Lao) N (Ag, Ag + &) is finite.
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Proof. Invoking Lemma 2.4, it suffices to prove that
Tes(L)\ {0} = {A, g €N\ {0}}

in order to get the result concerning the essential spectrum of Lg. Notice that L'=L'"+VwithVa
compact operator. Hence by Weyl’s theorem, o-eSS(Z’l) = 0ess(L™1). But we know from Section II B
that oo (L™) \ {0} = {A;' : ¢ € N'\ {0}} as was required to prove.

Since the operator V is compact and positive, invoking Lemma 2.2, we get that O'(Z_l) N
(A, - &,A;") is finite. This implies that o"(Lo) N (Ag, Ag + &) is finite. O

lll. PROOF OF THEOREM 1.2

In this section, we prove Theorem 1.2. The main idea of the proof is, as mentioned above, to
reduce the spectral asymptotics in (1.8) and (1.9) to a similar asymptotics for Toeplitz operators on
the Landau levels from Refs. 9 and 20. The reduction to Toeplitz operators is by means of localizing
to the boundary. The localization to the boundary is carried out using the identity (2.5).

A. The spectrum of certain Toeplitz operators

For ¢ € N'\ {0} and a measurable set U ¢ R??, the Toeplitz operator S;J is defined by

SY = PyxuPy in L*(R*?). (3.1

Here y is the characteristic function of U. If U is bounded, the theorem of Arzela—Ascoli implies
that yy P, is a compact operator, because Cauchy estimates for holomorphic functions can be
generalized to the Landau levels. In particular, the Toeplitz operator S;] is compact. We state the
following deep results on these Toeplitz operators.

Theorem 3.1 (Ref. 9 [Lemma 3.2]). Assume that U C R? is a bounded domain with a Lips-
chitz boundary. Given g € N\ {0}, denote by s(lq) > s(zq) > ... the decreasing sequence of eigen-
values of Sf]]. Then,

lim (j!s;"))l/j = g(Cap(U))z.

j—o+oo

Theorem 3.2 (Ref. 20 [Proposition 7.1]). Assume that U C R*¢ is a bounded domain. Given
g € N, we let n(e, Sg) denote the number of eigenvalues of Sg greater than €. Then

+d-1\1( |1 ¢
n(e,SJ) ~ 1 1 (Iloeel as & — 0"
d-1 [d!\log|loge]

The reader will recognize the structure of these results and notice that our main results look
very much like them. Indeed, our main task will be to reduce our situation so that these results can
be applied.

B. The resolvent of the Landau Hamiltonian

Since L is strictly positive, L™! is a bounded operator in L>(R??) with range D(L). Furthermore,
L~"is an operator with an integral kernel that we denote by Gy. This integral kernel is well-known
(see Ref. 25) to be

267 oz blz - ¢
Go(z,0) = —— b(z-{=¢-2)/4] , 39
0 = e 7 (3.2)
where

+00 P coth(t)
1(s) = / £
0

sinh“(¢)



063510-7 Goffeng, Kachmar, and Persson Sundqvist J. Math. Phys. 57, 063510 (2016)

Remark 3.3. The formula for Go(x, y) when d = 1 is more commonly known,

oy ib b
Goy)= | —2exp(Cxny - —2—|x— yP) ds, 33
o(x- y) /0 27 sinh(bs) exp(7x Ay Ttanh(os) ¥ 7Y/ ) ds (3-3)

where x Ay = x1pp—xoy1 = (Z-{ = (- 2)/2if 2= X1 +ixs, { = y1 + iy

Lemma 3.4. L™ is an integral operator with kernel Gy(z,() that has the following singularity
at the diagonal z = {: there exist aj € C¥(R* x R*), for j € N\ {0}, and b; € C*(R*! x R*?),
for j € N\ {0} with j > max(1,d — 1), such that for any large enough N, there exists a function
dn+1 € CN(R* x R*) such that

N
)+ 4@l - ¢

=1

1 1
Go(e:4) = 5. Toeli—;

N
+ Y bi(a.0)lz - (P loglz — ¢ + an(zz - 0). d =1,
j=1
N

= P2+ ) iz, Ole - (P2 (3.4)

Jj=1

I'd-1)

GO(Z’ é’) = 27Td

N
2-2d+2j ~
+ ) b0l = PP Y log |z~ ¢ +an(zz = ). d > 1.
j=d-1

The corresponding expansions, obtained by the term-wise differentiation, exist also for OnGo(z,w)
whenever z,w € 9Q. Moreover, Gyo(z,w) decays as a Gaussian as |7 — w| — +co uniformly in both
zand w.

The proof of this lemma is of a computational nature and is deferred to the Appendix, where
also the asymptotic expansion is computed explicitly.

Remark 3.5. For d = 1, the integral (3.3) can be expressed in terms of the Whittaker function
(see Ref. 8 [Section 4.9, formula (31)] and Ref. 7 [Chap. 6]) as

3/2 ~ .
Gotr. )= "= (gl = o) exp(Se A y)

X[W%’_%(;x - y|2) + %W_%!_%(%ﬂx - y|2)].

Lemma 3.4 follows in this case from asymptotic formulae for Whittaker functions.”

C. Boundary layer operators

Recall that K ¢ R?? has been assumed to be a compact subset of R?¢ with a smooth boundary
and that we defined the domain Q = R>?\ K. Since Q and K are complementary, the Hilbert space
L*(R?9) is naturally decomposed as the orthogonal direct sum L%(Q) & L*(K) in the sense that any
function u € L>(R?*?) can be uniquely represented as ug @ ug, where uq and ug are the restrictions
of u to Q and K, respectively.

We let P*(0Q) denote the filtered algebra of classical (also known under the name 1-step
polyhomogeneous) pseudo-differential operators on the common boundary dQ of Q and K. For
a reference on pseudo-differential operators, the reader is referred to Ref. 3 [Chap. 5], Ref. 15
[Chap. 18], or Ref. 24 [Chap. I]. We fix a classical pseudo-differential operator T € ¥°(4Q). The
proofs also work for 7 € ¥(9Q), for t < 1, but become notationally more complicated. We restrict
our attention to the case that 7 is self-adjoint, in the current one and Sec. III D this assumption is
needed merely to simplify proofs.

For the boundary considerations of this section, more care in the analysis of the Robin bound-
ary differential expressions on 92 defined in (1.4) is needed. We note that by Ref. 19 [Theorem 9.4,
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Chap. 1] the magnetic normal derivative, cf. (1.4), gives well defined continuous operators for
s € R\ {Z + 3} such that s > 3/2,

Ona: H;, (Q) — H*3%0Q) and 0y : H(K) — H*?(0Q).

We remind the reader that the normal derivatives appearing in dy, g and dy ¢ are both with respect
to the unit outward normal vector to the boundary of Q. Again following Ref. 19 [Theorem 9.4,
Chap. 1], the trace operators

Yoo HE (Q) — HV%0Q) and yox : HY(K) — H'%(0Q),

mapping a function to their boundary value, are continuous for s € R\ {Z + %} such that s > 1/2.
Fors e R\Z + % such that s > 3/2, we define the Robin boundary operators on 9dQ, following the
expressions (1.4), by means of

Q) — H*32(9Q) and
Or.k = 0Nk + Tyox : HY(K) = H*0Q). (3.5)

Or. = 0n,0+ Y00 Hj,

As arule, we suppress the K and the Q from the notation in these operators whenever the domain is
clear from the context. We sometimes write (Jg), in order to stress that the differentiation in (3.3) is
with respect to the variable x.

With Go(x, y) as in (3.2), we define the operators A, B, A, and B, acting on functions defined
on 9Q, as

Au(x) = /a Gl puly)ds(y), ¥ € B\ 00,

Bu(x) = / [(0n), Gol ) |u(y) dS(y),  x € B2\ 62,
oQ (3.6)
Aulx) = /6 Gl puty)ds(y), x € 09

Bux) = | [0, Gulr)lu(n) dS(0), x € 09

The potentials A and B are usually called the single and double layer potentials. They satisfy
LAu(x) =0 and LBu(x) = 0 in R>?\ Q. We will write limit relations at the boundary for these
potentials. We refer to Ref. 2 [Chap. 3, Section 12] where the corresponding potentials are consid-
ered for the Helmholtz operator, see also Ref. 3 [Section 5.7] for the low-dimensional case. Since,
according to Lemma 3.4, the Green functions for both L and the Helmholtz operator are glob-
ally estimated pseudo-differential operators with the same asymptotics in the leading terms as
x — y — 0, the limit relations in Ref. 3 apply here as well. For all xy € €, it holds that

lim (A)() = (Axo), lim (B = Su(xo) + (B)xo),

X—X() X—=X0
lim (A0 = (Au)(xo), T (Bu)(x) = ~u(x0) + (Bu)(xo), (3.7)
xX—X() X—=X0

lim O (A)(x) ~ lim dy(Au)(x) = u(xo).

We recall from Refs. 2 and 3 that any function u = uq ® ux € Hy} () ® H*(K) exponentially

decaying at oo and solving Lu = 0 in QUK ° admits the representation by the formulas
u= B()/(),[(M[() - ﬂ(aN,KMK), in KO,
u = A(On,qua) — Blyo,aua), inQ.

Using the limit values (3.7), we obtain the following formulas connecting Dirichlet and Robin data
at the boundary 9Q:



063510-9 Goffeng, Kachmar, and Persson Sundqvist J. Math. Phys. 57, 063510 (2016)

1
(B + AT — 5)’)’0’[(1/[[( = A(@R,Kuk),
(3.8)

1
(B + AT+ E)'}’O’QMQ = A(aR,QuQ)-

We will use these relations to define the Dirichlet to Robin and Robin to Dirichlet operators
in Section III D below. Before doing so, we present some results on the operators A and B. Recall
that for p > 1, the symmetrically normed ideal of weak Schatten class operators 7, ,(L*(9Q))
consists of those compact operators C on L?(0Q) whose singular values {ux(C)}ren behave like
1k (C) = O(k~'/P) as k — 0. See more in Ref. 26.

Lemma 3.6. The operators A and B are classical pseudo-differential operators of order —1.
Furthermore,

(1) A defines a self-adjoint operator on LX(0Q);

(2) Ais elliptic with a constant principal symbol;

(3) Adefines a Fredholm operator A : L*(0Q) — H'(0Q) whose index vanishes;

(4) A and B, considered as operators on L*(Q), belong to the weak Schatten class Frq-1.u
(LX(0Q)).

Proof. Tt follows directly from the asymptotics in Lemma 3.4 that A and B are classical
pseudo-differential operators of order —1, see for instance Ref. 15 [Theorem 18.2.8]. As such, the
Weyl law on dQ implies that A and B belong to the weak Schatten class Jry_1..(L*(0Q)). It is

also clear from Lemma 3.4 that o-_;(A) = % Hence A is elliptic. Furthermore, Equation (3.2)

implies that Go(z,w) = Go(w, z) so A is self-adjoint on L%(0Q). Since o_;(A) is a constant mapp-
ing, it is a lower order perturbation of an invertible pseudo-differential operator and the statement
ind(A : LX(0Q) — H'(0Q)) = 0 follows. O

Lemma 3.7. The elliptic operator A defines an isomorphism A : LX0Q) — H'(0Q).

Proof. To prove that A is an isomorphism, we follow the proof of Ref. 27 [Chap. 7, Propo-
sition 11.5] with the necessary modifications. Since the index of A : L%(0Q) — H'(0Q) vanishes,
it suffices to prove that the operator A is injective. By elliptic regularity, it suffices to prove that
A C®(0Q) - C*(dQ) is injective.

Assume that h € C*(90Q) with Ah = 0. If we define u € C*(K°) by u(x) = Ah(x), x € K°, then
u satisfies

—(V—ibAg)’u=0 inK°,
u=20 on 0Q.

We use (2.3) and integrate by parts, to get

d
0 = (~(V = bA0 1) 50, = bllullZ 0 + N0l
j=1

This implies thatu = 0in K, i.e.,
Ah(x)=0 inK". (3.9)

It follows from the limit relations (3.7) that dn(Ah)(x) makes a jump across the boundary 9Q
of size h, so if we let w(x) = Ah(x), x € Q, then it satisfies

(3.10)

~(V-ibAgYw =0 inQ,
onw =h on 0Q.

Since, again by (3.7), Ah does not jump across d€Q2, we see by (3.9) that w = 0 on Q.
From the exponential decay of Gy(x, y) as |x — y| — +oo, it follows that w(x) = O(|x|™V) as
|x| — +o0 for all N > 0. This also applies to all derivatives of w. Moreover w is smooth. Hence we
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can integrate by parts in Q to find
d
0 = (=(V = ibAoYw,w), 50 = bdllwll} o0 + D NQwI1 5
j=1

and hence w = 0 in Q. From (3.10), we see that 4 = 0 on Q. ]

D. The Dirichlet to Robin and Robin to Dirichlet operators

Let ¢ € LX0Q) be given, and let u be a solution with exponential decay at infinity to the
exterior Robin problem

Lu=0, inQ,
Oru = ¢, onoQ.

We will see below in Equation (3.11) that the existence of u is guaranteed in a subspace of finite
codimension. This solution is unique, provided that certain orthogonality conditions are imposed.
We denote by Tg =D the boundary values of u at 3Q, whenever ¢ admits a solution u. The operator
TE=P o TSPy is called the exterior Robin to Dirichlet operator for the differential equation
Lu = 0. We define the interior Robin to Dirichlet operator T¥ P in a similar way. Their inverse
operators associating Robin data of solutions to their Dirichlet data are called the exterior and
interior Dirichlet to Robin operators and are denoted by 792~ ® and TP 7R, respectively.

Using the relations in (3.8), we find that these operators in fact are independent on the choice of
solution u for ¢ outside a finite-dimensional subspace. It follows from (3.8) that

(B + At — %)T}?”D =A, on A*l(B + AT — %)C""(@Q),

(B + AT + %)TgﬂD = A, on A’1<B + AT+ %)C""((?Q),

TP™R = A7 (B+Ar - %)

TR = A7 (B+ AT+ %)

@3.11)

These equations determine 75 2, T8>P, TP~R, and TP ~® outside a finite-dimensional subspace
while B + A7 + % are elliptic pseudo-differential operators of order 0. After a choice of exten-
sion, Equation (3.11) allows us to consider the operators TP, TR>P TP=R and TP™R as
pseudo-differential operators on 9Q. More precisely, we have the following standard result for
Dirichlet to Robin operators. The proof can be found in Ref. 27 [Appendix C of Chap. 12].

Proposition 3.8. The interior and exterior Robin to Dirichlet and Dirichlet to Robin operators
are given by the relations in (3.11) and are elliptic pseudodifferential operators with constant
principal symbols,

TEP I8P e w7 1(0Q) and TERTH"R e ¥'(0Q).
Very often, Equation (3.11) determines the Dirichlet to Robin operators; the operators B +

AT + % are, in a sense made precise below, generically invertible. This fact is based on the following
lemma.

Lemma 3.9. Assume that M is a closed manifold and that s > 0. Let T € WO(M) be an elliptic
operator of index 0 and A € ¥~5(M) be an invertible operator A : LX\(M) — H*(M). Viewing A™!
and A™'T as unbounded operators on L*(M), then for any € ¢ —o-(A™'T), the bounded operator

T+eA: LA(M)— LA(M)
is invertible.

The statement of the lemma makes sense because T is a pseudo-differential operator of order
zero and as such it preserves the domain H*(M) of A~'. We also note that by elliptic regularity,
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the set —o(A7'T) is the same when changing the domain and range of A™'T to H'(M) for
any .

Proof. As ind(T) = 0 and A is of negative order, the operator T + €A is an elliptic pseudo-
differential operator of order 0. As such, it defines an operator H'(M) — H'(M) with index 0
for any € and 7. Hence T + €A is invertible if and only if ker(T + £A) = 0. However, A is invert-
ible so ker(T + £A) = 0 holds if and only if ker(A~'T + &) = 0. By elliptic regularity, these sub-
spaces do not depend on the choice of domain in the Sobolev scale. The operator A~'T is an
elliptic pseudo-differential operator of order s with index 0. It follows that ind(A~'T + &) = 0. Thus
ker(A™'T + &) = 0 holds if and only if —& ¢ o(A™'T). O

We say that 7 is generic if the operators
1
T, I=B+ATi§

are invertible. Note the following well-known consequence of elliptic regularity and the Fredholm
property of elliptic operators, an elliptic pseudo-differential operator D of order m is invertible as
an operator between Sobolev spaces D : H*(0Q) — H*™(0Q), for some s € R, if and only if D is
invertible inside the algebra of pseudo-differential operators. The following corollary motivates the
terminology generic.

Corollary 3.10. Letting 1, A, and B be as above. For all € € [—1,1] outside a finite subset,
T + € is generic.

Proof. By Ref. 24 [Theorem 1.8.4], if the spectrum o-(A™'T ) is not equal to C, it is a discrete
subset of C and [-1,11N o(=A7'T, ;) N (-A"'T_.) is a finite set. The corollary follows from
Lemma 3.9 provided that there exists 1. € C such that A’lTi,T + A, are invertible. We note that
the principal symbols +0(A~'T ) are positive constant functions on S*3<Q. Existence of 1. € C
follows from the Garding inequality Ref. 15 [Theorem 18.1.14]). O

We turn our attention to associating Robin data on dQ to Dirichlet data for functions in the
Landau subspace L, or more generally to solutions of the homogeneous equation (L — A,)u =0
in K°. The construction is well known and can be found in, for instance, Ref. 27 [Chap. 7.12 and
Appendix C of Chap. 12].

Let Qf C C*(K) denote the space of solutions u € C°(K) to (L — Agu =0 in K° and let
Qgg C C*(0Q) be the image of fo under the restriction mapping C*(K) — C®(dQ). Since L —
A is a strongly elliptic operator in K, the space QgQ C C*(0Q) has finite codimension. Since the
eigenvalue multiplicities of L in K equipped with Dirichlet conditions on 9 are finite, the kernel of
QK — Q29 is finite-dimensional.

This means that we can, for any function ¢ € Q(?Q, solve

(L-Ay)u=0, inkK°,
U=, on 0Q.
The condition that u is L*-orthogonal to ker(QX — QJ%) guarantees a unique solution. Define the
corresponding solution operator
TR 039 - C2(0Q), TP = dg xu.
We let TqD”R : C®(0Q)) — C¥(0Q)) denote any extension of this operator, which exists since

Qgg C C*(0Q) has finite codimension. The following result is standard and follows from Ref. 27
[Chap. 7].

Lemma 3.11. The operator TqD R possesses the following properties.

(1) Tf R is an elliptic pseudo-differential operator of order 1 with a constant positive principal
symbol.
(2) Foranys, ind(T?~R : HY(0Q) — H*'(0Q)) = 0.
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(3) There exists a number ¢ = c(0Q,q) € R such that T(f)”R : HY2(0Q) — H™V2(9Q) is invert-
ible as an operator on L0Q) as long as T > c.

Proof. The computation of the principal symbol of TqD ~R can be found in Proposition C.1 of
Ref. 27 [Chap. 12]. The identity ind(T?~R : H*(0Q) — H*"'(8Q)) = 0 follows in the same way
as in the proof of Lemma 3.6. From the index computation for T”~®, we conclude that 72X is
an isomorphism if and only if TqD*R is injective. It follows from the Garding inequality that there
exists a positive constant ¢ such that for v > 0, for a certain constant c, > 0,

— ’ 2 2
Re(TqD Ru,uy > Cr”””yl/z(ag) - C”M”LZ(aQ)'
D—R ’ 2 : L D—R . 1/2
Hence, as long as 7 > ¢, we have Re(T,”~"u,u) > Cr—c||“||H1/z(aQ)~ Injectivity of T, cH'#(0Q)
— H™'2(0Q) assuming T > c follows. u]

Remark 3.12. We note that by construction, TqDHR coincides with dg g outside a finite-
dimensional subspace. Hence, for ¢ € N'\ {0}, a finite rank smoothing operator S, € ¥~*(9Q)
exists, such that, as long as u € C*(K) satisfies (L — Ag)u =0in K°, then

OR. kU = (TqD_)R + Sg)vo, kU

E. Reduction to a Toeplitz operator

In this subsection, we prove Theorem 1.2 modulo a technical lemma that we prove in Sec. IV.
We assume as above that K ¢ R?? is compact with a smooth boundary upon which 7 is a classical
pseudo-differential operator which we for simplicity assume to have order 0. In Sec. III C, we made
the assumption that T was self-adjoint to simplify proofs while in this subsection it is necessary for
the results to hold. Let ¢ € N'\ {0} and pick § > 0 such that

(A7 = 26,8 +20)\ {A;'}) N oo T = @.

Denote by {r;.q)}jZl the decreasing sequence of eigenvalues of L™! in the interval (A, A, + 6). For
each g € N'\ {0}, we introduce the operator

T,=P,VP,, (3.12)

where, as before, P, is the orthogonal projection onto the eigenspace .L, associated with A, and
V =L"'- L' By Lemma 2.5, V is a positive and compact operator. These properties are inherited
by T;,. Denote by {tﬁ.”)} the decreasing sequence of eigenvalues of 7. The next lemma, proved in
Ref. 22 [Proposition 2.2], shows that rj(.") - A;l are close to the eigenvalues of 7.

Lemma 3.13 (Ref. 22, Proposition 2.2). Given € > 0 there exist integers | and jo such that
(A=) <rP— A < (14D, V2o

The spectrum of T, will be related further to the spectrums of Toeplitz operators for generic
operators 7. Recall that given a compact domain U c R?*?, we introduced in (3.1) the Toeplitz
operator S;] . We will prove now the following result.

Lemma 3.14. For all g € N\ {0}, there exists a finite-dimensional subspace W, C L, such
that if Ko C K C K; are compact domains with 0K; N 0K = @ (for i = 0 and i = 1) there exists a
constant C > 1 such that

1 K, K
E(f, Sy 0f>L2(R2d) < <f,qu>L2(R2d) < C{f. S 1f>L2(R2d) Vfel,eW,. (3.13)
The proof of Lemma 3.14 is by reduction of the operator 7, to a pseudo-differential operator

on the common boundary 0Q of Q and K. We postpone the proof to Section IV below and continue
instead with the proof of (1.8).
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Corollary 3.15. Whenever K C R? is compact with C®-boundary,
) B NN VU o 2
jgrpm(J!(rj - A)) " = (Cap(K))”.

In particular, (1.8) holds true.

Proof. Invoking the variational min-max principle, the result of Lemma 3.14 provides us with a
sufficiently large integer jy € N such that, for all j > jj, we have,

L @ _ @ (@)
Esj,KoStj SCSJ.’K].

(q) (q)
Here {sj,KO LK

Applying the result of Theorem 3.1 in the inequality above, we get

jand {s ;j are the decreasing sequences of eigenvalues of S;( %and Sf I, respectively.

b . . 1j b
—(Cap(Kp))* < lim (J!t(.")) T < —(Cap(K/))>.
2 Jo+oo J 2
Since both Ky € K C K are arbitrary, we get by making them close to K,
L an b 2
[im (1) = 3 (Cap(K))*.

Applying the above asymptotic limit in the estimate of Lemma 3.13, we get the announced result in
Corollary 3.15 above. O

Corollary 3.16. Equation (1.9) holds true.

Proof. This is clear from Lemma 3.14 and Theorem 3.2. O

Summing up the results of Corollaries 2.6, 3.15, and 3.16, we end up with the proof of
Theorem 1.2. All that remains is to prove Lemma 3.14. That will be the subject of Sec. IV.

IV. PROOF OF LEMMA 3.14

The aim of this section is to prove Lemma 3.14. The proof in this subsection goes along similar
lines as in Subsection 4.2 of Ref. 21. Recall the operators A and B from (3.6).

Lemma4.1. Consider the elliptic operators T, = B+ At + % € Y0Q). There exist elliptic
operators R. . € Y(0Q), with principal symbol oo(Ry.r) = +2, such that the operators

Ti7R.7 -1V ™2(0Q) and RiTi;—-1e€¥Y ™(0Q)
are of finite rank.

Lemma 4.1 could be considered folklore. In lack of a reference, we provide a proof of its
statement.

Proof. We let W ~(0Q) C P0(9Q) denote the ideal of finite rank smoothing operators. We
consider the unital algebras

= ¥ %0Q)/ P (0Q) an d A = PO(IQ) /P (0Q).

There is a quotient mapping g, — A whose kernel is ¥ ~*(0Q)/ ¥, °(0Q). It follows by means
of the standard techniques of pseudo-differential operators that an element T € ¥%(4Q) is elliptic
if and only if the equivalence class 7 mod ¥~*(0Q) is an invertible element of A. Hence the
lemma follows if we can prove that if a@ € g, satisfies that @ := @ mod ¥~*(9Q) /¥ °(9Q) € U is
invertible, then so is d.

We choose a lift 7 € Ag, of @' and consider the elements in ¥~°(0Q2) /¥ *(dQ) defined by

fin

Spi=7Fa— l‘JIﬁ“ and SR=ar — 19Ifin'
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We can lift sy and sg to smoothing operators Sy, Sg € ¥Y~°(9Q). The operators 1 + S, and 1 + Sg
are elliptic operators of index 0. Fredholm operators of index O are invertible modulo finite rank
operators. If follows by elliptic regularity that 1 + Sy and 1 + Sk are invertible modulo finite rank
smoothing operators. Hence 1y, + sz and leg, + sg are invertible elements of Ag,.

Let us define 7g := #(1y,, + sg)~" and 7y, := (la, + s2)”'7. A direct computation shows that

de = de = l‘uﬁn'

Multiplying the identity dfg = lo,, with 77 from the left proves that g = 7. It follows that 4 is
invertible with inverse 77.. O

By Lemma 3.9, it is generically the case that T, , is invertible. To simplify notation we set
Fr,‘r = Ri,TTi,T -1

Lemma4.2. Let q € N\ {0}. There exists a finite rank smoothing operator F, : L(R*) —
LX(0Q) such that for all f,g € L*(R>?),

1 -
(f-T48) 2m2a) = e /(?Q(P(,f) “Trq(Pgg) dS + {yoPy f Fy8) 1200 » 4.1)
q
where T, , is the elliptic operator defined by
Trg = (TP7R+8,) (R = Re DA (TP7R +5,) € ¥'(09).

Proof. We set u=L"'P,f = A;'P,f, v= L'P,g =vo®uvk, and w=L"P,g= A'Pyg.
Notice that

(f, qu)Lz(de) =(Pyf, Vqu>L2(R2d)

where V is the operator defined in (2.5). Invoking Lemma 2.5, we write,

(Pyfs Vqu>L2(R2d) = /a Oru - (v — vk) dS = /(maRu “(vg—w+w—vg)dS.
Q

Note that since u € HAO(RM), Ortt = Og. xu = Ogou. Using (3.11) and Lemma 4.1, we can write
further,

(P f,VPyg)amaay = /BQ Oru - (R 7 A(Or,0(va — w)) + R_;A(Or x(w — vg)))dS  (4.2)

—/ ORU - ﬁtT(vg —w)+ Fl,T(w —vg))dsS.
20

Notice that vg and vk are in the domain of the operators Lg and L, respectively, hence dgvg =
Orvg = 0. By construction, Lyu = Lyw = 0in K, and Remark 3.12 implies that

Oru = (TP7R+ S)you and  dgw = (TP~ + Sy)yow, 4.3)

for some finite rank smoothing operator S, € ¥~(9Q2). Consequently, after applying this identity to
the first term in (4.2), we get

(Paf,VPyg)amaay + / Ogu - Fy (vq — w) + F_(w — vg))dS
a0

= aQ(T"LHR + 8- (R_ = Ry )ATP=R + Spyw dS = (u,Tr qw) 250

As for the second term in (4.2),

/ Oru - Fy (vq — w) + F_(w - vg))dS
File)

= / w-(TP7R+ S (N (P = Foo) + (FicLg — F_L)Py g dS.
oQ

AgFq

Since FLT are of finite rank, it is clear that F is of finite rank. O
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Lemma 4.3. The operator T 4 has a discrete spectrum, and there exists a finite rank operator
Sz.q € Y=2(0Q) such that for some b,C > 0,

||90||H1/2(69) <C (Re<90,Tr,q90>L2(aQ) + b”Sr,qSOHLZ(aQ)) .

Proof. By an argument similar to that of Corollary 3.10, it follows from Ref. 24 [Theorem 1.8.4]
and the Garding inequality that T , has a discrete spectrum. We define the elliptic self-adjoint first
order pseudo-differential operator

s 1 .

T‘r,q = E(TT’q + TT,q)'
Since Ty, has a positive principal symbol, we see that T , — T, € P%(0Q) defines a bounded
operator. The Garding inequality implies that for some b,C > 0,

Ill1r200) < € ({6 Tr.q@)1200) + Plelli200) -

Since T 4 is of order 1, elliptic, and self-adjoint, its spectrum is a discrete subset of R. The Garding
inequality implies that 7 , is bounded from below, so the spectrum of 7;, , only accumulates at +co
and there are only finitely many non-positive eigenvalues. We define S; , € ¥~*(0€) as the finite
rank projection onto the non-positive eigenspace of TT,q. For a, possibly new, constant C, the lemma
follows because

Re(0.Tr.4#) 12a0) = (@ Tr.q0) 1200 =

Proposition 4.4. The linear operator
H'(K) —» H'(K)® H'*(9Q), f = (L-A)f ® okl 4.4)
is Fredholm.

Proof. We note that the strongly elliptic differential operator L — A, defines an elliptic bound-
ary value problem when equipped with the Dirichlet condition as in (4.4). It follows that the
linear operator given in (4.4) is Fredholm because it is a compact perturbation of the operator
f = (L+A)f & vyokf which is invertible for R (1) large enough. O

Remark 4.5. As a consequence of Proposition 4.4, there exists a bounded linear extension
mapping Q, : H'/2(0Q) — H'(K) satisfying y0Qu¢ = ¢ and (L — A,)Q,¢ = 0 in K° for ¢ outside
a finite-dimensional subspace of H'/?(9Q). This finite-dimensional subspace can be chosen as the
orthogonal complement of the space yo x (ker (L — A,) : H'(K) > H™'(K))). We conclude that
there exists a finite rank operator Fx on H l(K), smoothing in the interior, such that whenever
f € HY(K) satisfies (L — A,)f = 0in K°,

£l < € (I70f 2o + 1Fk Fllme) »

for some constant C.

Lemma4.6. Let g € N\ {0} and let F,: LX(R*!) — LX(0Q) be the finite rank operator of
Lemma 4.2, S; 4, € ¥Y~°(0Q) the finite rank operator of Lemma 4.3 and P, the orthogonal projec-
tion on the Landau level L,. There exist constants b > 0, C > 1, such that for all f € LXR??), it
holds that

1
E”'}’O qu”H1/2(39)(”')’0qu”111/2(59) - ”qu”LZ(ag) - b”S‘r,qVOqu”LZ(aQ))

< (L Tq N iaweay < ClyvoPq fllgiaeaYoPeflm2ea) + 1Fa fll2oq) -

Proof. Lemma 3.6 states that the operator 77, from Lemma 4.2 is an elliptic pseudo-differential
operator of order 1 with a positive principal symbol. Hence, by Lemma 4.3, there are constants
b,C > 1 such that

1
E||‘P||H1/2(ag)(||90||H1/2(ag) - b”ST,q‘p”LZ((’)Q)) < Re(SO»TT,qSO)LZ(aQ) < C”S"”Z]/z(ag),
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for all ¢ € H'/2(9Q). Applying the above estimates with ¢ = yoP,f and f € L*(R?*?) and recall-
ing (4.1), we get that the double inequality announced in the above lemma holds for all f € L*(R>¢)
due to Lemma 4.2 and the fact that

Re(@, Tr,q0) 1290) = (- Taf ) + ReCo, Fy f ) 1250 o

Proof of Lemma 3.14. Let S; , € ¥~°(0Q) denote the finite rank operator from Lemma 4.2.
The operator Sy ,y0P, : L*(R*?) — L*(0Q) is a well defined finite rank operator since S, , is finite
rank and P,L*(R?>?) € C*(R??). Recall the finite rank operator Fx on H'(K) from Remark 4.5 and
let Fx P, : L(R?*?) — H'(K) denote the finite rank operator f — (P, f)|x — Fx [(P,f)|k]| which is
well defined since (P, f)|x € C *(K). We define the space W, € L, by means of

L, W, =ker (ST’qyqu) Nker F, Nker FxP,N.L, € L,.

The space W, is of finite dimension because all operators Sz ,voP,, Fy, and Fx P, are of finite rank.
Step 1. Lower bound.
We prove that the lower bound in (3.13) is valid for all f € ’W;. For simplicity, we set
¢ = yof. By the definition of 7,; from (3.12), the estimate of Lemma 4.6 gives

1
<faqu>L2(R2d) > E”‘p”?{lﬂ(ﬁg) .
So it suffices to prove that
(f, ng)Lz(de) = C,”(p”ill/Z(aQ) )
for some positive constant C’. Recalling the definition of SX, and using that || f|| k) S Wl
this follows once showing the estimate
1A a1 < Cllellgian) - (4.5)
Since (L — A,)f = 0, this estimate follows from Remark 4.5.
Step 2. Upper bound.
Now we establish the upper bound in (3.13). Let f € LXR??) and u = P, f, the projection of f
onto the eigenspace .L,. Notice that the trace theorem, Ref. 19 [Theorem 9.4, Chap. 1] gives
||70M||H1/2(ag) < C”””[-ﬂ([()’

for some positive constant C. Notice that (L — A,)u = 0. By the elliptic regularity, given a domain
K such that K C Kj, there exists a constant Ck, such that

||u||H2(K) < Ck, (”Lq“”LZ(Kl) + ||’4||L2(K1)) = CK1||“||L2(K1)-

Summing up, we get

||70qu||H1/2(aQ) < C”qu”Lz(Kl)’ Vfe LZ(RM) .

Substituting the above inequality in the estimate of Lemma 4.6, we obtain the upper bound
announced in (3.13). m]
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APPENDIX: PROOF OF LEMMA 3.4

The proof of Lemma 3.4 and the expansion of the function G defined in (3.2) are based on an
expansion of the function /.
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Lemma A.1. The function
too -8 coth(z)
I(S) = / —d dt
o  sinh“(r)
can be written as
1(s) = Io(s) + Io(5),
where

(1) Iy(s),1o(s) = O(e™®) as s — +oo.
(2) I € C(R).
(3)  The function Iy € C*(R,) admits an asymptotic expansion for small s,

i +00
I(s)= 37 (€% = s’ = 3 dys’ o), (A
j=1-d j=0
where
Ld-7)/2]-1 d-2 '
Z (-D)F ( /2c )(d = 2(k + 1))j+1ad_2k_1_], 1-d<j<0,
k=0
. +00 d-2 Cor .
S () eeean
k=T(d=j—1)/21-1 k] Qk+1-d)j
O j>d-2,
L TGk k| ke
j—k;c;sl_mod 2
(=1)U*d-D/2 %
* I jean |(y+logl@)+ 1), j-d=1mod2, j>1,
! frgl
cj'. = (= 1)Utk+d=1/24k # . .
Z W jok+d-1 | j—d=0mod2, j > 1,
j*kfjsilzl!nod 2 2
v +log(a) + 1, j =0andd is odd,
0, j =0andd is even,
—1)Utk+d=1)/2 4k d-2
dj = Z ()—a ._kid_l )
Jzk>1 (= k) - k! 1 .

Jj—k-d=1 mod 2

Here a = coth(1) and y is the Euler—-Mascheroni constant.

Proof. We write

1 e coth(z) +oo = coth(t)
Io(s) = / ————dt and I.(s) = / —dt
0 1

sinh“(r) sinh“(r)
It is easily verified that I, € C*(R). Since coth(z) > 1 fort > 1, I.,(s) = O(e™®) as s — +oo. Since
coth(z) > 6/5 for t € [0,1], Iy(s) = O(e™) as s — +oo follows once one notices that the singularity
att = 0 from the sinh?(¢) is canceled by e~ ©(1)/6,
Let us turn to the unpleasant computation of Iy. After the change of variables u = coth(z), the
integral defining Iy transforms to

d=2
2

+00 , B +0o ! 1,42
Io(s) = / e (u? - 1)% du = / e_“”ud_z(l - —2) du.
a a u
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d-2
Here a := coth(1) > 1. Using the Taylor expansion of (1 - ﬁ) *, which converges uniformly for

u > coth(1), we arrive at the identity

d; +0o
Io(s) = Z( l)k( ]2{ )/ e~ Sy 420D gy (A2)
d-2
= Z(—l)k( ]2( )52k+l_dgd—2(k+1)(m),
k=0

where
+00
gm(t) = / e "u™ du.
t

After an integration by parts, one arrives at the identity

m
e’ Z(m)j+1tm_~i, m >0,

gm(t) = U R y +log(r) + X I5%(- 1)’j T

e’ Z (—m - 1)] (-m— 1)! ’

j=1

m < 0.

Here (m); == m(m — 1) - - - (m — [ + 1) denotes the Pochhammer symbol. Putting this into (A2),

L(d-2)/2] d-2(k+1) d-2
Io(s) = Z Z (- 1)’<( 2 )(d 2k + 1)) je~54q? 2k +D=i =i
k=0 j=0

d-2 2k+)=d g o(ksl)-j
—-sa a : _
5 o) D’
k=|d/2] j
+00 ( l)k (%) s2k+"d(y+log(a)+ ])+s2k+1—d10g(s)
k=[d/2] 2k +1-d)!
Z Z( 1)k+/ ( — ) a’l g2k+1=d+j |
k=[d/2] j=1 J-j'Qk+1-4d)!
Rearranging these terms leads to the expression (A1). .

Proof of Lemma 3.4. Using Lemma A.1, we have that

S o 4( mablz=CP/4,. 2j
Go(z, é’) Z P lnd (Z¢-¢-2)] ( —-ablz—¢|*/ —C})|Z—§| J
j=1-d
+00 7
pitd-1 bzr-F ) b|Z §|2
_ L bECA, _ 2
Zd122d+2j—lﬂ-de M = P log( = 4 )
7=0
d-1 _ 2
G20 eb(z»g—ﬁz)/zt,m(u).
(4m)d 4
From these expressions, the lemma follows. O
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