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k = 0
∑

j n
b
j q

∗
j qj

q∗j = ρ̃∗j(0,ω) =

ˆ
drρ∗j(r,ω)

ω

ϵ̃sing(k)

κ

κ2 = β
∑

j n
b
j qjq

∗
j/[E∗

r (κ)ε0]
∑

j n
b
j q

∗
j qj

1/k2 ϵ̃sing(k) ρtotj

E∗
r ρ̃∗l

E∗
r ϵ̃sing(k)

k = iκ

E∗
r ≡ ϵ̃reg(iκ) = 1− β

ε0κ2

∑

j

nb
j

〈
ρ̃∗j(−kk̂,ω)σ̃j(kk̂,ω)− ρ̃∗j(0,ω)σ̃j(0,ω)

〉

ω

∣∣∣
k=iκ

.
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wij

i j r12 ω1 ω2

ψi Ψ

wij(r12,ω1,ω2) ∼
ˆ

dr4ψi(r14,ω1)ρ
∗
j(r24,ω2), r12 → ∞.

wel
ij(r12,ω1,ω2) =

ˆ
dr3dr4ρ

∗
i (r13,ω1)φ

∗
Coul(r34)ρ

∗
j(r24,ω2)

r12

wij(r12,ω1,ω2) ∼ wel
ij(r12,ω1,ω2), r12 → ∞.

wel
ij

wij r12

wel
ij φ∗

Coul ρ∗i

i

E∗
r Eeff

r εr

εr

E∗
r

E∗
r ≡ ϵ̃reg(iκ)

ϵ̃(k)

ϵ̃reg(k)

ϵ̃reg(k) = b∗0 + b∗2k
2 + b∗4k

4 +O(k6),

b∗0 = 1 +
β

ε0

∑

j

nb
j

[
1

3
µj · µ∗

j −
1

6
(qjm

∗(2)
j + q∗jm

(2)
j )

]
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b∗2 b∗ν ν ≥ 4

b∗0

µ∗
j(ω) =

ˆ
dr rρ∗j(r,ω),

ρ∗j

m∗(2)
j =

ˆ
dr r2ρ∗j(r,ω)

m(2)
j =

ˆ
dr r2σj(r,ω),

ρ∗j σj

µj · µ∗
j ω

O(kν) kν k → 0

k = iκ

E∗
r = ϵ̃reg(iκ) = b∗0 − b∗2κ

2 + b∗4κ
4 +O(κ6).

qjm
∗(2)
j b∗0

m(2)
j = 0

µj = µ∗
j = 0 b∗2

κ λ

E∗
r ≈ b∗0 = ϵ̃reg(0)

Eeff
r = b∗0 − 2b∗2κ

2 + 3b∗4κ
4 +O(κ6),

Eeff
r ≈ b∗0 = ϵ̃reg(0)

ϵ̃(k) = ϵ̃reg(k) limk→0 ϵ̃(k) =

b∗0 qj q∗j j b∗0

εr = ϵ̃(0) = 1 +
β

3ε0

∑

j

nb
jµj · µ∗

j .

εr

µj ·µ∗
j εr

κ = 0 E∗
r = εr Eeff

r = εr

http://dx.doi.org/10.1063/1.4962756


ρ∗j = ρj + ρdressj

µ∗
j(ω) =

ˆ
dr rρj(r,ω) +

ˆ
dr rρdressj (r,ω) = µj(ω) + µdress

j (ω)

εr = 1 +
β

3ε0

[
∑

j

nb
jµ

2
j +

∑

j

nb
jµj · µdress

j

]
,

µj = |µj|

b∗0 E∗
r Eeff

r

κ ̸= 0

b∗0

E∗
r

nb = nb
+ = nb

−

ξ

nb
pair = ξnb

βnb
pair(µ

pair)2/(3ε0) µpair

E∗
r

ξβnb(µpair)2/(3ε0) qlm
∗(2)
l

b0

ξnb = nb
pair

ρ∗j j
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κ

κ λ

q∗j j q∗j

b∗0 = ϵ̃reg(0)

κ ≈ 0 E∗
r ≈ ϵ̃reg(0) ϵ̃reg(0) ≈ εr

ϵ̃reg(0)

q∗j ≈ qj

j q∗j ≈ 0 λ

nb
j εr

λ q∗j j E∗
r

E∗
r κ

E∗
r κ

κ

−ε0κ2 =
ˆ

dr′′eκŝ·r
′′
χ∗(r′′),

ŝ r′′ = r42 = r32 − r34

r2 r3 r4
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ε0κ
2 = β

∑

j

ˆ
dω3

ˆ
dr2dr4e

κŝ·(r32−r34)nb
jρ

∗
j(r34,ω3)σj(r32,ω3)

= β
∑

j

nb
j

ˆ
dω3

ˆ
dr32e

κŝ·r32σj(r32,ω3)

ˆ
dr34e

−κŝ·r34ρ∗j(r34,ω3).

κ2 =
β

ε0

∑

j

nb
j

〈
Qj(ŝ,ω3)Q

eff
j (−ŝ,ω3)

〉
ω3

,

Qj(r̂,ω) =

ˆ
dr′σj(r

′,ω)eκr̂·r
′

Qeff
j (r̂,ω) =

ˆ
dr′ρ∗j(r

′,ω)eκr̂·r
′
.

ŝ

Qj Qeff
j

E∗
r = 1− β

ε0κ2

∑

j

nb
j

〈
Qeff

j (−k̂,ω)Qj(k̂,ω)− q∗j qj
〉

ω
,

ρ̃∗j(iκk̂,ω) =

ˆ
drρ∗j(r,ω)eκk̂·r ≡ Qeff

j (k̂,ω)

σ̃j

ϵ̃(iκ) = 0 k = iκ

k = kk̂ k̂ ŝ

Qeff
j j

ψj(r,ω) ∼ Qeff
j (r̂,ω)φ∗

Coul(r), r → ∞.

ψj(r,ω) ∼ Qeff
j (r̂,ω) exp(−κr)/(4πEeff

r ε0r)

Qj

σj

ψσ
j (r,ω) ∼ Qj(r̂,ω)φ∗

Coul(r), r → ∞
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ψσ
j

ψσ
j (r,ω) ≡

ˆ
dr′σj(r

′,ω)φ∗
Coul(|r− r′|).

ˆ
dr′σj(r

′,ω)φ∗
Coul(|r− r′|) ∼

ˆ
dr′σj(r

′,ω)
e−κ|r−r′|

4πEeff
r ε0|r− r′|

r → ∞

e−κ|r−r′|

|r− r′| ∼ e−κ(r−r̂·r′)

r
=

e−κr

r
eκr̂·r

′
r′ ≪ r → ∞,

r̂ = r/r

ψσ
j (r,ω) ∼

ˆ
dr′σj(r

′,ω)eκr̂·r
′ e−κr

4πEeff
r ε0r

, r → ∞,

Qeff
j (r̂,ω) r̂ ψj(r̂,ω)

r → ∞

wij(r12,ω1,ω2) ∼ Qeff
i (r̂12,ω1)Q

eff
j (−r̂12,ω2)

e−κr12

4πEeff
r ε0r12

, r12 → ∞

r̂12 Qeff
i i r1 j

r2 −r̂12 Qeff
j j i

ψσ
j (r,ω) ψj(r̂,ω)

r̂ ψσ
j

〈
ψσ
j (r,ω)

〉
r̂
∼ ⟨Qj(r̂,ω)⟩r̂ φ

∗
Coul(r) = Qjφ

∗
Coul(r), r → ∞,

Qj Qj

Qj =

ˆ
dr′σj(r

′,ω)
〈
eκr̂·r

′
〉

r̂
=

ˆ
dr′σj(r

′,ω)
1

4π

ˆ
dr̂ eκr̂·r

′

=

ˆ
dr′σj(r

′,ω)
sinh(κr′)

κr′
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ω r̂

Qj qj

ψj(r̂,ω) Qeff
j φ

∗
Coul(r)

Qeff
j =

ˆ
dr′ρ∗j(r

′,ω)
sinh(κr′)

κr′

j

ψσ
j ψj r̂ Qj(r̂,ω)

Qeff
j (r̂,ω)

Qj(r̂,ω) = Qj + κQ(1)
j (ω) · r̂+ κ2

3
r̂ ·Q(2)

j (ω) · r̂+ . . .

Q(l)
j (ω) = (2l + 1)!!

ˆ
dr′Pl(r

′)σj(r
′,ω)

il(κr′)

(κr′)l

l ≥ 0 (2l+1)!! = (2l+1)(2l−1)·. . .·3·1 il(x)

il(x) = jl(ix)/il jl(x)

κ → 0 M(l)
j (ω)

il(x)/xl → 1/(2l + 1)!! x → 0 i0(x) = sinh(x)/x

P0 = 1 Q(0)
j = Qj

1/κ

Q(l)
j M(l)

j

il(κr′)/(κr′)l ≈ 1/(2l+1)!!

σi ̸= 0 Q(l)
j (ω) ≈ M(l)

j (ω) Qj ≈ qj Q(1)
j (ω) ≈ µj(ω)

κ

κl

Qeff
j (r̂,ω) = Qeff

j + κQeff(1)
j (ω) · r̂+ κ2

3
r̂ ·Qeff(2)

j (ω) · r̂+ . . .

≡ Qeff
j + κµeff

j (ω) · r̂+ κ2

3
r̂ ·Θeff

j (ω) · r̂+ . . . ,

Qeff(l)
j (ω) = (2l + 1)!!

ˆ
drPl(r

′)ρ∗j(r
′,ω)

il(κr′)

(κr′)l
,
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µeff
j = Qeff(1)

j Θeff
j = Qeff(2)

j .

Qj

qj µj Θj Qj ̸= qj Q(1)
j ̸= µj Q(2)

j ̸= Θj

κ = 0

Qj(r̂,ω) Qeff
j (r̂,ω)

E∗
r

E∗
r

ψσ
j r → ∞

ψσ
j (r,ω) ∼ 1

4πEeff
r ε0

[
Qj(r̂,ω)

e−κr

r
+ Q′

j(r̂,ω)
e−κr

r2
+ Q′′

j (r̂,ω)
e−κr

r3
+ . . .

]
,

Q′
j(r̂,ω) = Q(1)

j (ω) · r̂+κ r̂ ·Q(2)
j (ω) · r̂+ . . . Q′′

j (r̂,ω) =

r̂ ·Q(2)
j (ω) · r̂+ . . . κ → 0

qj/r + µj(ω) · r̂/r2 + r̂ ·Θj(ω) · r̂/r3 + . . .

ψj Qeff
j

κ = κℜ ± iκℑ

ψi κ

ψj(r,ω) ∼ Qeff
j (r̂,ω)

e−(κℜ+iκℑ)r

4πEeff
r eiϑEε0r

+ Qeff
j
(r̂,ω)

e−(κℜ−iκℑ)r

4πEeff
r e−iϑEε0r

, r → ∞,

Qeff
j (r̂,ω) =

ˆ
dr′ρ∗j(r

′,ω)e(κℜ+iκℑ)r̂·r′

Qeff
j (r̂,ω) =

|Qeff
j (r̂,ω)| e−iγj(r̂,ω) γj

ψj(r,ω) ∼ |Qeff
j (r̂,ω)| e−κℜr

2πEeff
r ε0r

cos[κℑr + ϑE + γj(r̂,ω)], r → ∞,

r̂

wij

wij(r12,ω1,ω2) ∼ |Qeff
i (r̂12,ω1)Q

eff
j (−r̂12,ω2)|

e−κℜr12

2πEeff
r ε0r

× cos[κℑr12 + ϑE + γi(r̂12,ω1) + γj(−r̂12,ω2)], r12 → ∞.

Qeff
i (r̂,ω)
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E∗
r ϵ̃(k)

E∗
r εr

κ ̸= 0 −b∗2κ
2

E∗
r µj · µ∗

j

b0 b∗2 b∗2

Θj •Θ∗
j Θ∗

j

ρ∗j •

Θj • Θ∗
j =

∑
α,α′ Θj;αα′Θ∗

j;αα′ α α′ x, y, z •

E∗
r b∗4κ

4 −b∗6κ
6

µj ·
´
dr r r2ρ∗j(r,ω)

ϵ̃reg(k) E∗
r = ϵ̃reg(iκ)

E∗
r

ϵ̃reg(k) E∗
r

E∗
r = 1− β

ε0

∑

j

nb
j

[
d(0)j

κ2
+ d(1)j + d(2)j κ2 + d(3)j κ4 +

]
,

d(0)j = QjQeff
j − qjq

∗
j ,

d(1)j = −1

3
Q(1)

j ·Qeff(1)
j ,

d(2)j =
2

135
Q(2)

j •Qeff(2)
j

d(3)j = − 2

7875
Q(3)

j •Qeff(3)
j .
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d(l)j =
(−1)l(2l + 1)2 l!

[(2l + 1)!!]3
Q(l)

j •Qeff(l)
j .

Q(l)
j • Qeff(l)

j ω

d(1)j = −1

3
Q(1)

j · µeff
j ,

d(2)j =
2

135
Q(2)

j •Θeff
j .

κ d(l)j κ

b∗ν κ Q(l)
j Qeff(l)

j d(l)j

E∗
r

ψσ
i ψi

κ

d(0)j

κ2 κ → 0 d(0)j /κ2

b∗0

d(0)j

κ2
=

QjQeff
j − qjq∗j
κ2

=
Qeff

j [Qj − qj] + qj
[
Qeff

j − q∗j
]

κ2

= Qeff
j

ˆ
dr r2 σj(r,ω)

sinh(κr)− κr

(κr)3

+ qj

ˆ
dr r2 ρ∗j(r,ω)

sinh(κr)− κr

(κr)3
.

E∗
r

Qj = qj

1/κ

Q(l)
j (ω) ≈ M(l)

j (ω)

d(1)j ≈ −1

3
µj · µeff

j ,

d(2)j ≈ 2

135
Θj •Θeff

j .
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d(3)j ≈ 2

7875
M(3)

j •Qeff(3)
j ,

ˆ
dr r2 σj(r,ω)

[
sinh(κr)− κr

(κr)3

]
≈ 1

6

ˆ
dr r2 σj(r,ω) =

m(2)
j

6

κ

d(3)j κ4 + ≈ 0

E∗
r ≈ 1− β

ε0

∑

j

nb
j

[
1

6
m(2)

j Qeff
j +

qj(Qeff
j − q∗j )

κ2
− 1

3
µj · µeff

j +
2κ2

135
Θj •Θeff

j

]
.

Qeff
j − q∗j
κ2

=

ˆ
dr r2 ρ∗j(r,ω)

sinh(κr)− κr

(κr)3
,

µeff
j = µ∗

j κ = 0

Qeff
j q∗j µeff

j Θeff
j

κ → 0 E∗
r → b∗0 = ϵ̃reg(0)

Qeff
j → q∗j µeff

j → µ∗
j

m∗(2)
j /6

E∗
r ≈ 1− β

ε0

∑

j

nb
j

[
1

6

(
q∗jm

(2)
j + qjm

∗(2)
j

)
− 1

3
µj · µ∗

j

]

κ

E∗
r

εr

κ

κ κ→ 0

κ

ϵ̃(k)

ϵ̃(k)

ϵ̃(k) = 1 +
β

ε0

∑

j

nb
j

[
D(0)

j (k)

k2
+D(1)

j (k) +D(2)
j (k)k2 +D(3)

j (k)k4 +

]
,
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D(l)
j (k) ρ̃∗(l)

j (k,ω)

σ̃(l)
j (k,ω) ρ̃∗j(k,ω) σ̃j(k,ω)

D(0)
j (k) = ρ̃∗(0)j (k)σ̃(0)

j (k),

D(1)
j (k) =

1

3
ρ̃∗(1)
j (k,ω) · σ̃(1)

j (k,ω),

D(2)
j (k) =

2

135
ρ̃∗(2)
j (k,ω) • σ̃(2)

j (k,ω)

D(l)
j (k) =

(2l + 1)2 l!

[(2l + 1)!!]3
ρ̃∗(l)
j (k,ω) • σ̃(l)

j (k,ω).

D(0)
j D(1)

j

D(2)
j

D(l)
j (k) ω

ρ̃∗(l)
j σ̃(l)

j k = iκ

Qeff(l)
j Q(l)

j

ϵ̃(k)

ρ̃∗j(k,ω) σ̃j(k,ω) 1/ϵ̃(k)

exp(−κr)/r r
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ρdressj

ρ∗j

ρdressj

E∗
r Eeff

r

εr

εr

E∗
r κ

κDH

κ2 =
β

E∗
r (κ)ε0

∑

j

nb
j qjq

∗
j ,

q∗j ρ∗j

j

κ2 = − 1

ε0

ˆ
dr

sinh(κr)

κr
χ∗(r),

χ∗(r)
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χ∗

χ̃(k) = χ̃∗(k)φ̃Coul(k) ϵ̃(k) = 1− χ̃(k)

χ∗(r)

ϵ̃(k) ρ∗j

Eeff
r

φ∗
Coul(r)

φ∗
Coul(r) A exp(−κr)/r r A = 1/[4πEeff

r ε0]

λ = 1/κ

κ κ = κℜ ± iκℑ φ∗
Coul(r)

B exp(−κℜr) cos(κℑr + ϑE)/r λ = 1/κℜ 2π/κℑ

ϑE B = 1/(2π|Eeff
r |ε0) ϑE Eeff

r κ

|Eeff
r |

φ∗
Coul(r)

κ κ′ φ∗
Coul(r) ∼

A exp(−κr)/r+A′ exp(−κ′r)/r κ < κ′ Eeff
r = Eeff

r (κ)

A = 1/[4πEeff
r (κ)ε0] A′ = 1/[4πEeff

r (κ′)ε0] E∗
r = E∗

r (κ)

φ∗
Coul(r)

r

ψi i

wel
ij φ∗

Coul

ρ∗i ρ∗j

φ∗
Coul(r)

φCoul(r)

ψi wel
ij

wel
ij

wij wij
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wel
ij i

j

wij φ∗
Coul(r)

ϵ̃(k) = ϵ̃reg(k)+ ϵ̃sing(k)

ϵ̃sing(k) k−2 k → 0

q∗j
∑

j n
b
j qjq

∗
j

ϵ̃sing(k) ϵ̃reg(k)

k = 0 Eeff
r E∗

r ϵ̃reg(k)

χ∗(r)

κ

k

E∗
r Eeff

r

q∗j

q∗j κ

nb
j

nb
j E∗

r

κ q∗j j q∗j
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ϵ̃reg(k) k = 0

Eeff
r

E∗
r

κ E∗
r

Qeff
i i

ρ∗i

ψi ω r

ψi(r,ω) ∼ Qeff
i (r̂,ω)φ∗

Coul(r) κ r

Qeff
i ψi r

r̂ = r/r

φ∗
Coul(r) Qeff

i

|Qeff
i |

Qeff
i (r̂,ω) Qeff

i

µeff
i (ω) Θeff

i (ω)

E∗
r

ϵ̃(k) ϵ̃(k)

E∗
r κ

ϵ̃(k)

ρ∗i ρ∗i

ϵ̃(k) φ∗
Coul(r)
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ρ∗i (r)

q∗i gij(r) ψi(r) ρtoti (r)

ρ̃∗i (k) =
ψ̃i(k)

φ̃∗
Coul(k)

= ε0k
2ϵ̃(k)ψ̃i(k)

=
ε0k2ψ̃i(k)

1− β
∑

j qjn
b
j ψ̃j(k)

=
ρ̃toti (k)

1− β
∑

j qjn
b
j ρ̃

tot
j (k)/(ε0k2)

,

ψ̃i(k) ρ̃toti (k)

ρ̃∗i (k) k = 0

k → 0

k2 β
∑

i qin
b
i ψ̃i(k) → 1 k → 0

β
∑

i

qin
b
i

ˆ
dr r2ρtoti (r) = −6ε0,

ρ̃∗i (k) k ρtoti

ρ̃toti (k) =

ˆ
dr

sin(kr)

kr
ρtoti (r)

= −k2

3!

ˆ
dr r2ρtoti (r) +

k4

5!

ˆ
dr r4ρtoti (r) +O(k6)

sin(kr)
´
drρtoti (r) = 0

q∗i = ρ̃∗i (0) =
20ε0

´
dr r2ρtoti (r)

β
∑

j qjn
b
j

´
dr r4ρtotj (r)

.

k ρ̃∗i (k)

ρtoti (r) k ρ̃toti (k)

k

ρ̃∗i (k) ρ∗i (r) χ∗(r)

κ Eeff
r E∗

r
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ρ∗i (r) = qiδ(3)(r) + ρdressi (r)

ρi(r)

ρdressi (r) =
∑

j

qjn
b
j g

∗
ij(r),

g∗ij(r) cij(r)

hij(r) = gij(r) − 1 cij(r)

cij(r) hij(r)

cij(r) c∗ij(r) ≡ cij(r) + βqiqjφCoul(r) h∗
ij(r) ≡ g∗ij(r)− 1

c∗ij(r) h∗
ij(r) g∗ij(r) c∗ij(r)

gij(r)

ϵ̃(k) = 1 +
β

ε0k2

∑

i

qin
b
i ρ̃

∗
i (k),

φ̃Coul(k) = 1/(ε0k2) 1/(ε0k2) = φ̃Coul(k) =

φ̃∗
Coul(k)ϵ̃(k)

ϵ̃(k) = 1 + β
∑

i

qin
b
i ρ̃

∗
i (k)φ̃

∗
Coul(k)ϵ̃(k) = 1 + β

∑

i

qin
b
i ψ̃i(k)ϵ̃(k).

1

ϵ̃(k)
= 1− β

∑

i

qin
b
i ψ̃i(k) = 1− β

ε0k2

∑

i

qin
b
i ρ̃

tot
i (k),

ψ̃i(k) = ρ̃toti (k)φ̃Coul(k)

ϵ̃(k)
1

ϵ̃(k)
= 1− β

ε0k2
S̃QQ(k),

S̃QQ(k) =
∑

ij qiqj[n
b
i δij +

∑
i n

b
i n

b
j h̃ij(k)]

hij = gij − 1

1/ϵ̃(k) = b0 + b2k2 +

b4k4+O(k6) ρtoti (r)
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b0 ϵ̃(k) k = 0

k4

b2 = − β

120ε0

∑

i

qin
b
i

ˆ
dr r4ρtoti (r).

b4 ρtoti (r)

ϵ̃(k) = [b2k2+ b4k4+O(k6)]−1 = 1/(b2k2)− b4/(b2)2+O(k2)

ϵ̃sing(k) = 1/(b2k2) ϵ̃reg(0) = −b4/(b2)2

ϵ̃reg(k)

ϵ̃sing(k)

β

ε0

∑

i

nb
i qiq

∗
i = − 120ε0

β
∑

j qjn
b
j

´
dr r4ρtotj (r)

=
1

b2
,

k4 S̃QQ(k) 1/k2

ϵ̃(k)

φ∗
Coul(r) φ̃∗

Coul(k) =

[ε0k2ϵ̃(k)]−1 φ∗
Coul(r)δq δq

δΨav(r)

φ̃∗
Coul(k) k = iκ k = −iκ ε0k2ϵ̃(k) ∼

ε0C(k2 + κ2) k → iκ C

k2ϵ̃(k)/(k2 + κ2) k → iκ

k2ϵ̃(k)

k2 + κ2
→

[
2kϵ̃(k) + k2dϵ̃(k)/dk

2k

]

k=iκ

=

[
kdϵ̃(k)/dk

2

]

k=iκ

,

ϵ̃(iκ) = 0 C = Eeff
r

Eeff
r =

[
k

2

dϵ̃(k)

dk

]

k=iκ

,
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φ̃∗
Coul(k) ∼

1

Eeff
r ε0(k2 + κ2)

k → iκ

ψ̃i(k) = ρ̃∗i (k)φ̃
∗
Coul(k)

ψ̃i(k) ∼ qeffi /[Eeff
r ε0(k2 + κ2)] qeffi = ρ̃∗i (iκ)

ψi(r) ∼ qeffi φ
∗
Coul(r)

r → ∞ w̃el
ij(k) = ρ̃∗i (k)ρ̃

∗
j(k)φ̃

∗
Coul(k)

wij(r) ∼ qeffi qeffj φ
∗
Coul(r)

Eeff
r χ∗(r) Eeff

r = 1
2 [d(kϵ̃(k))/dk]k=iκ

ϵ̃(iκ) = 0 ϵ̃(k)

Eeff
r =

1

2

[
3− 1

ε0k2

d[kχ̃∗(k)]

dk

]

k=iκ

.

Eeff
r ϵ̃reg(k)

Eeff
r =

[
k

2

dϵ̃sing(k)

dk
+

k

2

dϵ̃reg(k)

dk

]

k=iκ

=

[
−ϵ̃sing(k) +

k

2

dϵ̃reg(k)

dk

]

k=iκ

,

k[d(k−2)/dk] = −2/k2

Eeff
r =

[
ϵ̃reg(k) +

k

2

dϵ̃reg(k)

dk

]

k=iκ

,

ϵ̃reg(iκ) + ϵ̃sing(iκ) = 0

ϵ̃(k)

ϵ̃(k) = 1 +
β

ε0k2

∑

j

nb
j

〈
ρ̃∗j(k,ω)σ̃j(k,ω)

〉

ω
,

σ̃j(k,ω) =

ˆ
drσj(r,ω)e−ik·r

ρ̃∗j

ϵ̃(k) exp(−ik · r) σ̃j ρ̃∗j

http://dx.doi.org/10.1063/1.4962756


´
drσj(r,ω)rr

´
drσj(r,ω)rrr

∑
ν(−ik · r)ν/ν!

ϵ̃(k)

k

1/ϵ̃(k)

1

ϵ̃(k)
= 1− β

ε0k2

∑

j

nb
j

〈
ρ̃totj (k,ω)σ̃j(k,ω)

〉

ω
,

eik·r = 4π
∑

l,m

il jl(kr)Ylm(r̂)Ylm(k̂),

jl(x) l Ylm(r̂) r̂

(ϕr, θr) l =

0, 1, ,∞ −l ≤ m ≤ l

σ̃j(k,ω) = 4π
∑

l,m

ˆ
drσj(r,ω)(−i)l jl(kr)Ylm(r̂)Ylm(k̂)

σ̃j;lm(k,ω) = (2l + 1)!!

ˆ
dr rlσj(r,ω)

jl(kr)

(kr)l
Ylm(r̂)

σ̃j(k,ω) = 4π
∑

l,m

(−ik)l

(2l + 1)!!
σ̃j;lm(k,ω)Ylm(k̂).

jl(x)/xl → 1/(2l + 1)!! x → 0

σ̃j;lm k = 0 σj;lm mth
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l σj

Mj;lm(ω) =

ˆ
dr rlσj(r,ω)Ylm(r̂)

=

ˆ
dr σj(r,ω)Ylm(r)

Ylm(r) = rlYlm(r̂) x

y z

ρ̃∗j(k,ω) ρ̃∗j;lm(k,ω)

ρ̃∗j;lm

ρ̃∗j;lm(k,ω) = (2l + 1)!!

ˆ
dr ρ∗j(r,ω)

jl(kr)

(kr)l
Ylm(r),

Ylm rlYlm

ρ∗j

M∗
j;lm(ω) =

ˆ
dr ρ∗j(r,ω)Ylm(r).

ρ̃∗j(k,ω)σ̃j(k,ω) = (4π)2
∑

l′,m′

∑

l,m

(ik)l
′
(−ik)l

(2l′ + 1)!!(2l + 1)!!

× ρ̃∗j;l′m′(k,ω)σ̃j;lm(k,ω)Yl′m′(k̂)Ylm(k̂),

k̂ ρ̃∗j σ̃j

k̂ ˆ
dk̂Yl′m′(k̂)Ylm(k̂) = δll′δmm′

1

4π

ˆ
dk̂ ρ̃∗j(k,ω)σ̃j(k,ω) = 4π

∑

l

k2l

[(2l + 1)!!]2

∑

m

ρ̃∗j;lm(k,ω)σ̃j;lm(k,ω).

m l

ρ̃∗j;l ⋆ σ̃j;l(k) ≡
∑

m

ρ̃∗j;lm(k,ω)σ̃j;lm(k,ω).

ω

ϵ̃(k) = 1 +
4πβ

ε0

∑

j

nb
j

∑

l

k2(l−1)

[(2l + 1)!!]2
ρ̃∗j;l ⋆ σ̃j;l(k),

l = 0 l = 1
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∑

m

Ylm(r)Ylm(r
′) =

2l + 1

4π
Pl(r, r

′)

Pl(r, r′) = (rr′)lPl(r̂ · r̂′) Pl(x)

l

ρ̃∗j;l ⋆ σ̃j;l(k) =
(2l + 1)[(2l + 1)!!]2

4π

×
ˆ

drdr′ ρ∗j(r,ω)
jl(kr)

(kr)l
σj(r

′,ω)
jl(kr′)

(kr′)l
Pl(r, r

′).

Pl(r, r
′) =

l!

(2l − 1)!!
Pl(r) •Pl(r

′)

Pl(r) •

a = {aijk} b = {bijk} a • b =
∑

ijk aijkbijk

(−1)!! = 1

Pl(r) l

Pl(r, r′) = r[l] • Pl(r′) =

Pl(r) • (r′)[l] r[l] = rrr r l r r′

Pl(r) =
(−1)l

l!
r2l+1∇[l]

(
1

r

)
=

(−1)l

l!
r2l+1∇∇∇ ∇

(
1

r

)

l ∇ ∇ = (∂/∂x, ∂/∂y, ∂/∂z

ˆ
drdr′ ρ∗j(r,ω)

jl(kr)

(kr)l
σj(r

′,ω)
jl(kr′)

(kr′)l
Pl(r, r

′)

=
l!

(2l − 1)!![(2l + 1)!!]2
ρ̃∗(l)
j (k,ω) • σ̃(l)

j (k,ω)

ρ̃∗(l)
j (k,ω) = (2l + 1)!!

ˆ
drPl(r)ρ

∗
j(r,ω)

jl(kr)

(kr)l
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Pl(r, s) Pl(r)

Pl(x) S

a

Pl(r, s) = (rs)lPl(r̂ · ŝ) Pl(r)

P0 = 1 P0 = 1

P1 = r · s P1 = r

P2 =
1
2

[
3(r · s)2 − r2s2

]
P2 =

1
2

[
3rr− r2I

]

P3 =
1
2

[
5(r · s)3 − 3r2s2(r · s)

]
P3 =

1
2

[
5rrr− 3r2S {rI}

]

P4 =
1
8

[
35(r · s)4 − 30r2s2(r · s)2 + 3r4s4

]
P4 =

1
8

[
35rrrr− 30r2S {rrI}+ 3r4S {II}

]

a S {rI}νν′ν′′ = 1
3(rνIν′ν′′ + rν′Iνν′′ + rν′′Iνν′)

σ̃(l)
j (k,ω) = (2l + 1)!!

ˆ
dr′ Pl(r

′)σj(r
′,ω)

jl(kr′)

(kr′)l
.

k = 0 σ̃(l)
j (0,ω) = M(l)

j (ω)

j k = 0 ρ̃∗(l)
j

M∗(l)
j (ω) =

ˆ
drPl(r)ρ

∗
j(r,ω)

ρ∗j k = iκ

ρ̃∗(l)j σ̃(l)
j Qeff(l)

j Q(l)
j

ρ̃∗j;l ⋆ σ̃j;l(k)

ρ̃∗j;l ⋆ σ̃j;l(k) =
(2l + 1) l!

4π(2l − 1)!!
ρ̃∗(l)
j • σ̃(l)

j (k),

ρ̃∗(l)
j • σ̃(l)

j (k) ≡ ρ̃∗(l)
j (k,ω) • σ̃(l)

j (k,ω)

ω

ϵ̃(k) = 1 +
β

ε0

∑

j

nb
j

∑

l

k2(l−1)(2l + 1)2 l!

[(2l + 1)!!]3
ρ̃∗(l)
j • σ̃(l)

j (k).
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ϵ̃(k) = 1 +
β

ε0

∑

j

nb
j

[
1

k2
ρ̃∗(0)j (k)σ̃(0)

j (k)

+
1

3
ρ̃∗(1)
j · σ̃(1)

j (k) +
2k2

135
ρ̃∗(2)
j • σ̃(2)

j (k) +

]
,

ϵ̃reg(k) = ϵ̃(k)− ϵ̃sing(k) ϵ̃sing(k)

ϵ̃reg(k)

ϵ̃reg(k) = 1 +
β

ε0

∑

j

nb
j

[
ρ̃∗(0)j (k)σ̃(0)

j (k)− q∗j qj
k2

+
1

3
ρ̃∗(1)
j · σ̃(1)

j (k) +
2k2

135
ρ̃∗(2)
j • σ̃(2)

j (k) +

]
,

q∗j qj = ρ̃∗(0)j (0)σ̃(0)
j (0) k = 0

E∗
r k = iκ ϵ̃reg(k) Q(l)

j Qeff(l)
j

E∗
r = 1− β

ε0

∑

j

nb
j

[
Qeff

j Qj − q∗j qj
κ2

+
∞∑

l=1

(−1)lκ2(l−1)(2l + 1)2 l!

[(2l + 1)!!]3
Qeff(l)

j •Q(l)
j

]

Qeff(l)
j •Q(l)

j ω

ρ̃∗(l)
j σ̃(l)

j f̃ (l) = ρ̃∗(l)
j σ̃(l)

j

f̃ (l)(k,ω) ≡ (2l + 1)!!

ˆ
drPl(r)f(r,ω)

jl(kr)

(kr)l

= (2l + 1)!!

ˆ
drPl(r)f(r,ω)

∞∑

ν=0

(−1)ν(kr)2ν

ν! 2ν(2ν + 2l + 1)!!

=

ˆ
drPl(r)f(r,ω)

[
1− (kr)2

1! 2(2l + 3)
+

(kr)4

2! 22(2l + 3)(2l + 5)
− . . .

]
.
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k f̃ (l)

f̃ (0)(k) =

ˆ
dr f(r,ω)− k2

6

ˆ
dr r2f(r,ω) +

k4

120

ˆ
dr r4f(r,ω) +O(k6)

f̃ (1)(k,ω) =

ˆ
dr r f(r,ω)− k2

10

ˆ
dr r r2f(r,ω) +

k4

280

ˆ
dr r r4f(r,ω) +O(k6).

f(r,ω) r

f(r,ω) = σj(r,ω) k σ̃(0)
j (k)

qj j σ̃(1)
j (k,ω) µj(ω)

f(r,ω) = ρ∗j(r,ω) ρ̃∗(0)j (k) ρ̃(1)
j (k,ω) q∗j

µ∗
j(ω) ρ∗j

k

ϵ̃(k) =
β

ε0k2

∑

j

nb
j qjq

∗
j + b∗0 + b∗2k

2 + b∗4k
4 + b∗6k

6 +O(k8),

b∗ν

b∗0 = 1 +
β

ε0

∑

j

nb
j

(
1

3
µj · µ∗

j −
1

6

[
qjm

∗(2)
j + q∗jm

(2)
j

])

b∗2 =
β

ε0

∑

j

nb
j

(
2

135
Θj •Θ∗

j −
1

30

[
µj ·m

∗(1,2)
j + µ∗

j ·m
(1,2)
j

]

+
1

120

[
qjm

∗(4)
j + q∗jm

(4)
j

]
+

1

36
m(2)

j m∗(2)
j

)
,

b∗ν ν ν ≥ 4

ω b∗ν ω

ν σj ρ∗j

m(ν)
j =

ˆ
dr rνσj(r,ω)

m∗(ν)
j =

ˆ
dr rνρ∗j(r,ω),

m(1,ν)
j (ω) =

ˆ
dr r rνσj(r,ω)

m∗(1,ν)
j (ω) =

ˆ
dr r rνρ∗j(r,ω),

Θ∗
j = Θ∗

j(ω) ρ∗j(r,ω) b∗4 b∗6
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m(ν)
j m(1,ν)

j ϵ̃sing(k)

ϵ̃reg(k)

ϵ̃reg(k) = b∗0 + b∗2k
2 + b∗4k

4 + b∗6k
6 +O(k8).

E∗
r = ϵ̃reg(iκ) = b∗0 − b∗2κ

2 + b∗4κ
4 − b∗6κ

6 +O(κ8)

Eeff
r =

[
ϵ̃reg(k) +

k

2

dϵ̃reg(k)

dk

]

k=iκ

= b∗0 − 2b∗2κ
2 + 3b∗4κ

4 − 4b∗6κ
6 +O(κ8).

m(2)
j b∗0´

d rrσj( ,ω)

m(1,2)
j m(4)

j b∗2

1/ϵ̃(k)

ρ̃totj ρ̃∗j

1

ϵ̃(k)
= 1− 4πβ

ε0

∑

j

nb
j

∑

l

k2(l−1)

[(2l + 1)!!]2
ρ̃totj;l ⋆ σ̃j;l(k),

ρ̃totj;lm(k,ω) = (2l + 1)!!

ˆ
dr ρtotj (r,ω)

jl(kr)

(kr)l
Ylm(r).

1

ϵ̃(k)
= 1− β

ε0

∑

j

nb
j

∑

l

k2(l−1)(2l + 1)2 l!

[(2l + 1)!!]3
ρ̃tot(l)
j • σ̃(l)

j (k)

ρ̃tot(l)
j (k,ω) = (2l + 1)!!

ˆ
drPl(r)ρ

tot
j (r,ω)

jl(kr)

(kr)l
.
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1

ϵ̃(k)
= 1− β

ε0

∑

j

nb
j

[
1

k2
ρ̃tot(0)j (k)σ̃(0)

j (k)

+
1

3
ρ̃tot(1)
j · σ̃(1)

j (k) +
2k2

135
ρ̃tot(2)
j • σ̃(2)

j (k) +

]
,

k → 0 ρ̃tot(0)j (0) = 0

1/ϵ̃(k) k

1

ϵ̃(k)
= b2k

2 + b4k
4 + b6k

6 +O(k8),

bν b∗ν

1/k2 1/ϵ̃(k) → 0

k → 0 b∗0

b0 = 0

b0 = 1− β

ε0

∑

j

nb
j

(
1

3
µj · µtot

j − 1

6

[
qjm

tot(2)
j + qtotj m(2)

j

])

qtotj µtot
j ρtotj (r,ω)

mtot(ν)
j =

ˆ
dr rνρtotj (r,ω).

qtotj = 0 µtot
j = 0

Θtot
j ρtotj (r,ω)

ϵ̃(k) k → 0

β
∑

j

nb
j qjm

tot(2)
j = −6ε0,

b0 = 0 qtotj = 0 µtot
j = 0

b2 = − β

ε0

∑

j

nb
j

(
2

135
Θj •Θtot

j − 1

30

[
µj ·m

tot(1,2)
j + µtot

j ·m(1,2)
j

]

+
1

120

[
qjm

tot(4)
j + qtotj m(4)

j

]
+

1

36
m(2)

j mtot(2)
j

)
,
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mtot(1,ν)
j (ω) =

ˆ
dr r rνρtotj (r,ω).

qtotj µtot
j Θtot

j

b2 =
β

ε0

∑

j

nb
j

[
1

30
µj ·m

tot(1,2)
j − 1

120
qjm

tot(4)
j − 1

36
m(2)

j mtot(2)
j

]

ϵ̃(k) =
β

ε0k2

∑

j

nb
j qjq

∗
j + b∗0 + b∗2k

2 + b∗4k
4 + b∗6k

6 + . . .

=
1

b2k2 + b4k4 + b6k6 + . . .

β

ε0

∑

j

nb
j qjq

∗
j =

1

b2
,

µj = 0 m(2)
j = 0

b∗ν bν′ ν ′ b∗0 = −b4/(b2)2
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λ

1/r6 ψi(r)

wij(r)

r

wel
ij

wij wij

wij(r) hij(r) = exp[−βwij(r)] − 1 ∼ −βwij(r)

r h̃ij(k)

h̃∗ij(k) = h̃ij(k) + βw̃el
ij(k) h̃ij(k)

h̃∗ij(k) w̃el
ij(k) ≡ ρ̃∗i (k)φ̃

∗
Coul(k)ρ̃

∗
j (k) w̃el

ij(k) k = iκ

φ̃∗Coul(k) = 1/[ε0k2ϵ̃(k)] ϵ̃( κ) = 0 h̃∗ij(k)

k = iκ
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ρ̃∗i (k) = qi+
∑

j qjn
b
j h̃

∗
ij(k) h̃∗ij(k)

h̃∗ij(k)−βw̃el
ij(k) h̃ij(k) h̃∗ij(k)

h̃ij(k) w̃ij(k) w̃el
ij(k) k = iκ

wij(r) φ∗Coul(r) h∗ij(r) ρ∗i (r)

φ∗Coul(r) wij(r) ∼ wel
ij(r) wel

ij wij

wij(r) φ∗Coul(r)

ρ∗i

κ2 = β
∑

j n
b
j qjq

eff
j /ε0 qeffj =

´
drρ∗j (r) sinh(κr)/(κr) qeffj q∗j q∗j

κ2

qeffj

q∗j /E∗
r κ2
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Pl(r) S(l)(r)

Tl rl/l! Tl

µ∗
j
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