COVARIANCE STRUCTURE OF PARABOLIC STOCHASTIC
PARTIAL DIFFERENTIAL EQUATIONS WITH
MULTIPLICATIVE LEVY NOISE

KRISTIN KIRCHNER, ANNIKA LANG, AND STIG LARSSON

ABSTRACT. We consider parabolic stochastic partial differential equations dri-
ven by multiplicative Lévy noise of an affine type. For the second moment of
the mild solution, we derive a well-posed deterministic space-time variational
problem posed on tensor product spaces, which subsequently leads to a deter-
ministic equation for the covariance function.

1. INTRODUCTION

The covariance function of a stochastic process provides information about the
correlation of the process with itself at pairs of time points and, hence, about the
strength of their linear relation. In addition, it shows if this behavior is stationary,
i.e., whether or not it changes when shifted in time and if it follows any trends.
Since the covariance of the solution process to a parabolic stochastic partial dif-
ferential equation driven by an additive QQ-Wiener process has been described as
the solution to a deterministic, tensorized evolution equation in [7], the immediate
question has arisen, if it is possible to establish such a correspondence also for co-
variance functions of solutions to stochastic partial differential equations driven by
multiplicative noise.

In this paper, we extend the investigation of the covariance function to solution
processes of parabolic stochastic partial differential equations driven by multiplica-
tive Lévy noise considered, e.g., in [9]. The multiplicative operator is assumed
to be affine-linear. Clearly, under appropriate assumptions on the driving Lévy
process, the mean function of the mild solution satisfies the corresponding deter-
ministic, parabolic evolution equation as in the case of additive Wiener noise, since
in both cases the stochastic integral is a martingale. However, the presence of a
multiplicative term changes the behavior of the second moment and the covari-
ance. We prove that also in this case the second moment as well as the covariance
of the square-integrable mild solution satisfy deterministic space-time variational
problems posed on tensor products of Bochner spaces. In contrast to the case of
additive Wiener noise considered in [7], the resulting bilinear form does not arise
from taking the tensor of the corresponding deterministic parabolic operator with
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itself, but it involves a non-separable operator in the dual space. Because of this
term, well-posedness of the derived deterministic variational problems is not an
immediate consequence.

The present paper is structured as follows: In Section [2] we present the parabolic
stochastic differential equation, whose covariance function we aim to describe, as
well as some auxiliary results. More precisely, in Section 2.1] we first define the mild
solution of the investigated stochastic partial differential equation. In addition, we
impose appropriate assumptions on the initial value and on the affine operator in
the multiplicative term such that existence and uniqueness of the mild solution are
guaranteed. In Section [2.2] we state and establish some results which we need in
order to prove the main theorems of this paper in Sections[3land[5} the deterministic
space-time variational problems satisfied by the second moment and the covariance
of the mild solution. We derive a series expansion for the Lévy process as well as
an isometry for the weak stochastic integral.

In Theorem [B.5] of Section Bl we show that the second moment of the mild solution
solves a deterministic space-time variational problem posed on tensor products of
Bochner spaces. In order to be able to formulate this variational problem, we need
some additional regularity of the second moment which we prove first.

The aim of Section [4] is to establish well-posedness of the derived variational
problem. According to the Necas theorem, this is equivalent to showing that the
inf-sup constant of the arising bilinear form is strictly positive and that a certain
surjectivity condition is satisfied. Therefore, in Section [£.I] we investigate the inf-
sup constant using the knowledge about the positivity of the inf-sup constant for
space-time variational problems considered in [13]. Theorem of Section
provides surjectivity and well-posedness is deduced.

Finally, in Section [5| we use the results of the previous sections to obtain a well-
posed space-time variational problem satisfied by the covariance function of the
mild solution.

2. DEFINITIONS AND PRELIMINARIES

In this section the investigated stochastic partial differential equation as well
as the setting, that we impose on it, are presented. In addition, we prove some
auxiliary results that will be needed later on, in Section [3] and [5} respectively, to
derive the deterministic equations for the second moment and the covariance of the
solution process to the stochastic partial differential equation.

2.1. The stochastic partial differential equation. For two separable Hilbert
spaces Hy and Hy we denote by L£(H;; Hs) the space of bounded linear operators
mapping from H; to Hs. In addition, we write £,(Hq; Hz) for the space of the
Schatten class operators of p-th order. Here, for 1 < p < oo an operator T €
L(Hy; Hy) is called a Schatten-class operator of p-th order, if T has a finite p-th
Schatten norm, i.e.,

1
”THL',,(HUHQ) = <Z Sn(T)p> < +o0,
neN
where s1(T") > s2(T) > ... > s,(T) > ... > 0 are the singular values of T, i.e., the
eigenvalues of the operator (T*T)'/2. Here, T* € L(Hy; H;) denotes the adjoint
of T. It Hy = Hy = H we abbreviate L,(H;H) by L,(H). For the case p =1
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and a separable Hilbert space H with inner product (-,-)y and orthonormal basis
(en)nen we may introduce the trace of an operator T' € L1(H) by

tr(T) == > (Ten, en)n-
neN
The trace tr(7T) is independent of the choice of the orthonormal basis and it satisfies
| tr(T)| < |IT ||z, (), cf. [3) Proposition C.1]. By L{ (H) we denote the space of all
nonnegative, symmetric trace class operators on H, i.e.,

£1+(H) = {T € ﬁl(H) : <T§07W>H >0, <T§07¢>H = <907Tw>H VQO,’Q/J € H}

In the following U and H denote separable Hilbert spaces with inner products
(-,)v and (-, ) g, respectively.

Let L := (L(t),t > 0) be an adapted square-integrable U-valued Lévy process
defined on a complete filtered probability space (€2, A, (F;)i>0,P). More precisely,
we assume that

(i) L has independent increments, i.e., for all 0 < tp < t; < ... < t,, the U-
valued random variables L(t;) — L(to), L(t2) — L(t1), ..., L(tsn) — L(tn—1)
are independent;

(ii) L has stationary increments, i.e., the distribution of L(t) — L(s), s < t,
depends only on the difference t — s;

(iii) L(0) = 0 P-almost surely;
(iv) L is stochastically continuous, i.e.,
lim P(||L(t) — L(s)|lv >€) =0 Ve>0, Vt>0.
520
(v) L is adapted, i.e., L(¢) is F;-measurable for all ¢ > 0.
(vi) L is square-integrable, i.e., E||L(t)||? < +oc for all ¢ > 0.
Furthermore, we assume that for ¢ > s > 0 the increment L(¢) — L(s) is inde-

pendent of F, and that L has zero mean and covariance operator Q € £ (U), i.e.,
for all s,t > 0 and =,y € U it holds: E(L(¢),z)y = 0 and

(2.1) E[(L(s), x)u (L(t), y)v] = min{s, } (Qz, y)u,

cf. [9, Theorem 4.44]. Note that under these assumptions, the Lévy process L is a
martingale with respect to the filtration (F3):>o by [0, Proposition 3.25].

In addition, since @ € £ (U) is a nonnegative, symmetric trace class operator,
there exists an orthonormal eigenbasis (e, )neny C U of @ with corresponding eigen-
values (Vn)nen C R>g, i.e., Qe, = ne, for all n € N, and for z € U we may define
the fractional operator Q'/? by

1 1
Q2J) = Z’Y?“ZL <$,€n>[] €n,
neN

as well as its pseudo inverse Q~'/2 by

Q ix:= Z Y 2 (T, en)U €n.

neN: vy, #0

We introduce the vector space H. := Q'/2U. Then H is a Hilbert space with respect
to the inner product (-, )3 = (Q~/2.,Q~1/2)y.

Furthermore, let A: D(A) C H — H be a densely defined, self-adjoint, positive
definite linear operator, which is not necessarily bounded, but which has a compact
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inverse. In this case —A is the generator of an analytic semigroup of contractions
S = (S(t),t > 0) and for 7 > 0 the fractional power operator A’/? is well-defined
on a domain D(A"/2) C H, cf. [8, Chapter 2]. We define the Hilbert space H" as
the completion of D(A™/?) equipped with the inner product

<¢7¢>HT = <A7‘/2907AT/2¢>H'

We obtain a scale of Hilbert spaces with H* ¢ H" ¢ H° = H for 0 <r<s. Its
role is to measure spatial regularity. We denote the special case when r = 1 by
V := H!. In this way we obtain a Gelfand triple

Ve HXH" <V

where H* and V* denote the dual spaces of H and V, respectively. In addition,
although the operator A is assumed to be self-adjoint, we denote by A*: V —
V* its adjoint to clarify whenever we consider the adjoint instead of the operator
itself. With these definitions, the operator A and its adjoint are bounded, A, A* €
L(V;V*), since for p,1 € V it holds

ve{Ap, )y = (A2, AV29) g = (p,9)v = v (e, A"y,
where vy« (-,-)v and v (-, )y~ denote dual pairings between V and V*.
We are investigating the stochastic partial differential equation
dX(t)+ AX(t)dt = G(X(¢))dL(t), teT:=][0,T],
X(0) = Xo,
for finite T" > 0. In order to obtain existence and uniqueness of a solution to
this problem as well as additional regularity for its second moment, which will be

needed later on, we impose the following assumptions on the initial value Xq and
the operator G.

Assumption 2.1. Xy and G in satisfy:
(1) Xo € L?(%; H) is an Fp-measurable random variable.
(2) G: H — L5(H; H) is an affine operator, i.e., G(p) = G1(¢) + G2 with
operators Gy € L(H, Lo(H; H)) and G € Lo(H; H).
(3) There exists a regularity exponent r € [0,1] such that X, € L?(Q; H") and
AT2S()Gy € LA(T; L(H™; Lo(H; H))), ie.,

(2.2)

T
r 2
/0 [AZ SO e ey dE < +00.

(4) AY25(.)Gy € LA(T; L(H™; Lo(H; H))), ie.,

T
3 2
/0 1AZSOCZ a0y U < +00,
with the same value for r € [0, 1] as in (3).

Note that the assumption on Gy in part (4) implies the one in part (3). Condi-
tions (1)-(3) guarantee H" regularity for the mild solution (cf. Theorem [2.3), but
we need all four assumptions for our main results in Sections |3 and

Before we derive the deterministic variational problems satisfied by the second
moment and the covariance of the solution X to in Sectionsand we have to
specify which kind of solvability we consider. In addition, existence and uniqueness
of this solution must be guaranteed.
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Definition 2.2. A predictable process X: Q x T — H is called a mild solution
to @2, if sup | X () 2y < +0o and
teT

(2.3) X(t) = S(t)Xo + / t S(t — s)G(X(s))dL(s), teT.

It is a well-known result that there exists a unique mild solution for affine-linear
multiplicative noise of the form considered above. More precisely, we have the
following theorem.

Theorem 2.3. Under the conditions (1)-(2) in Assumption [2.1] there exists (up
to modification) a unique mild solution X of (2.2). If additionally condition (3) of
Assumption [2.1) holds, then the mild solution satisfies

sup HX(t)”L?(Q;H'r-) < +00.
teT

Proof. The first part of the theorem follows from [9, Theorem 9.29]. Suppose now
that condition (3) is satisfied. By the dominated convergence theorem the sequence
of integrals

T
A||A§S(T)G1Hi(HT;LQ(H;H))X(O,T/n)('r)d’r,

where X (0,7/n) denotes the indicator function on the interval (0,7'/n), converges to
zero as n — 0o. Therefore, there exists T' € (0,7 such that

T
v ::/0 ||A55(7)G1||Z(HT;LQ(H;H)> dr<1.

Define T := [O,ﬂ, Z = LOO(TNI‘;LQ(Q;HT)) and
T:Z 52, T(Z)=SHXo+ /t S(t — $)G(Z(s)) dL(s).
0

Then T is a contraction: For every t € T and 71,725 € Z we have

IT(Z0)(#) = T(Zo) ()12 3,100 = JEH/Ot S(t — 8)G1(Z1(s) — Za(s)) dL(s)H;

)

- ]EH/OtAQS(t — )G (Z1(s) = Za(s)) dL(s) |

since A and, hence, A”/? are closed operators. Now applying Itd’s isometry for the
case of a Lévy process, cf. [0, Corollary 8.17], yields

t
_E / JAES(t — $)G1(Za(5) — Za(s) 2, ) 8

t
< ]E/O 1A S(t = $)G112 v, 31y |1 21(5) — Za(5) %, ds

T
< sup E|| Z(s) — Za(s) 1%, / 142 S (MG 2 1 34:0y) 47
seT
< K221 — Za| %
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Therefore, |Y(Z1) — Y(Z2)|lz < k||Z1 — Z2]|z, and Y is a contraction. By the
Banach fixed point theorem, there exists a unique fixed point X, of T in Z. Hence,
X = X, is the unique mild solution to on T and
X% = suEEHX(t)Hz- » < +oo.
teT
The claim of the theorem follows from iterating the same argument on the intervals

[((m — V)T, min{mT,T}], me{1,2,...,[T/T]} O

2.2. Auxiliary results. The aim of this part is to prove some auxiliary results
that will be needed later on to derive the main results for the second moment and
the covariance of the mild solution X in . We start with two general results
on Lévy processes: First, we introduce a series expansion of the Lévy process
in Lemma [2-4] similarly to the Karhunen-Loeve expansion for a Wiener process,
cf. [3, Proposition 4.1]. Afterwards, we use this expansion to deduce an isometry
for the weak stochastic integral in Lemma analogously to [7, Lemma 3.1]. This
isometry together with the equality stated in Lemma will be essential for the
derivation of the deterministic equations, whereas Lemma will play a crucial
role for proving their well-posedness.

Lemma 2.4. For allt € T, L(t) admits the expansion
(24) L(t) =Y A Ln(t)en,
neN

where (en)nen C U is an orthonormal eigenbasis of Q with corresponding eigen-
values (Yn)nen and (Lp)nen is a series of mutually uncorrelated real-valued Lévy
processes,

(2.5) Ln(t) — Tn <L(t)?en>U7 Zf'Yn >0
0, otherwise.

The series in ([2.4) converges in L?(2; L°(T;U)).

Proof. The proof is adapted from the case of a Wiener process, cf. [3, Proposition 4.1
and Theorem 4.3].

The real-valued processes (L, )nen defined in are Lévy processes since they
satisfy the properties (i)—(iv) stated in the beginning of Section To see that
they are mutually uncorrelated, let 0 < s <t < T. Then the definition of the
operator @ yields

B [Ln (t) Lim (s)] = \/%E [(L(t), en)u(L(s), €m)u]
= > <Qen7 6m>U - ; 'Ynanm - Sénwn

vV InYm VvV YnYm

where §,,,,, denotes the Kronecker delta. In order to prove convergence of the series
in (2.4), let N,M € N, M < N. Then, by Parseval’s identity,

2 2

N
=E su H nLn(t)e,
sup Y. VanLn(en||

n=M+1

N N
=Esup > yuLn(t)*< > %E[suana)?].

teT n=M+1 n=M+1 teT

IS Vit

2 -], 00 .
AT LA(Q:L(T50))
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Since the processes (L, )nen are right-continuous martingales, we may apply Doob’s
LP-inequality for p = 2, cf. [I0, Theorem II.(1.7)], and obtain

N N 2
VAnLn(t ’ < 2 E[L,(t)?
Z YrLn(t)en LAQL(TsU)) — Z Tn 21 sup [ n(t) }

n=M+1 n=M+1 teT
N
=4 > 7T <AT 2(Q).
n=M+1

Hence, the sequence of the partial sums is a Cauchy sequence in L*(Q; L°°(T; U)).
(I

Before we formulate the next result, we have to introduce some notation: By
C°(T; H) we denote the space of continuous mappings from T = [0, T] to the Hilbert
space H. Besides, we consider the space L?(2 x T; Lo(H; H)) of square-integrable
Lo(H; H)-valued functions with respect to the measure space (2 x T, Pr,P ® ),
where Pr denotes the o-algebra of predictable subsets of 2 x T and A the Lebesgue
measure on T.

In addition to these function spaces, we will need the notion of tensor product
spaces. For two separable Hilbert spaces H; and Hy we define the tensor space
H, ® Hy as the completion of the algebraic tensor product between H; and Hs
with respect to the norm induced by the following inner product

<19® 907X®7/}>H1®H2 = <19>X>H1 <5071/)>sz ﬂaX € Hla 90’1/} € Hs.

If H, = Hy = H, we abbreviate H® := H ® H. Furthermore, for a U-valued Lévy
process L with covariance operator ) as considered above, we define the covariance
kernel ¢ € U® as the unique element in the tensor space U satisfying

(2.6) (2@ Y)ye = (Qz,y)u

for all z,y € U. Note that for an orthonormal eigenbasis (e, )nen C U of @ with
corresponding eigenvalues (v, )neny We may expand ¢ as follows,

(2.7) 0= > (gen®@em)pem(en®@em) =D Ynlen ®en),

neNmeN neN
since (e, ® €m )n,men is an orthonormal basis of U@ and (g, e, @ em) e = Ynnm-
Lemma 2.5. Forvi,vy € C°(T; H), a predictable process ® € L*(Qx T; Lo(H; H))
and t € T, the weak stochastic integral, cf. [0, p. 151], satisfies

E[/ (01(9). 2(5) (s ) [ <v2<r>,q><r>dL<r>>H}
- / (01(5) ® v3(5), E[B(5) © B(3)]a) rco ds,
0

where ¢ € UP) has been defined in (2.6)).
Proof. Fort € T and £ € {1, 2}, the series expansion (2.4 and the properties of the

weak stochastic integral yield

(2.8) /0<<> B(s) dL(s) H—Zm/w eait ALy (5),

neN
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where this equality holds in L?(Q;R). In addition, since the predictability of ®
implies the predictability of the integrands, we may apply It6’s isometry for real-

valued Lévy processes, cf. [2 Theorem 4.2.3], which, along with the polarisation
identity, yields

E[/o <v1(s),<I>(S)en>HdLn(s)/O (va(r), D(r)en) g dLy(r)
=E [/0 (v1(5), @(s)en) m{va(s), ®(s)en)m ds| .

We use this equality together with the series expansion (2.8)) and the mutual un-
correlation of the processes (L, )nen, which implies the mutual uncorrelation of the
corresponding stochastic integrals. This yields

E Uot@l(s),cb(s) dL(s))u /Ot<v2(r),<1>(r) dL(T»H}
=33 VA mE [/Otwl(s),@(s)en>HdLn(3) /Ot<v2(r),<1>(r)em>HdLm(r)}

et
:%WE /O (v1(s), ®(s)en) i ALn(s) /0 <v2(r),<l>(r)en>HdLn(r)}
- | [ 01060, 00 (a(o), 25)en ) s

- Y| [ 01061 9 09 00510 & B(s)en ) ]

=E /Ot<v1(s) ® va(s), %% (®(s)en ® @(S)en)>H(2) ds]

= /Ot<v1 (s) @va(s), E[®(s) ® O(s)] {Z n(en @ e")] > ds

H®
neN

and because of (2.7]) we obtain
t
_ / (v1(5) @ va(s), E[B(s) @ (s)]q) grco) ds. 0
0

The bilinear form and the right-hand side, which will appear in the variational
problem for the second moment, contain several terms depending on the operators
G1 and G5 as well as on the kernel ¢ that is associated with the covariance operator
Q via . To verify that they are well-defined we will need the following lemma.

Lemma 2.6. Let Q € L] (U) and define ¢ € U® as in (2.6). Then for an affine
operator G satisfying condition (2) of Assumption the following statements hold:

(i) The linear operator (G1 @ G1)(-)g: V) — H® is bounded and

1(G1® GO Odllevermey S NGIZw .z
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(ii) The linear operators (Gi(-) ® Ga2)q and (Go @ G1(-))q: V. — H® are
bounded and
1(G1() ® G2)gllv,a@y = (G2 ® G1()dll £ (vime)
< NGillevicaaumn1Gall 2o
(iii) (G2 ® Ga)g € H® and (G2 @ G2)dllue = G2z, 1y -

Proof. Let (en)nen C U be an orthonormal eigenbasis of the covariance operator
Q € L] (U) with corresponding eigenvalues (7, )nen and define

fn:::x/igena n €N,
Z:={jeN:v; #0}.
We may expand ¢ € U® as in (2.7). Therefore,
4= len@en) = (f;©f):
neN JjeET

Assume first that ¢ € V) with ¢ = 1), ® ¥y for ¥;,¢, € V. For this case we
calculate for (i)

1(G1® GOl = [[(G1@ G @) Y (50 6)|

JjET

2

H(®)

= (D (Gr @G @) (f; ® f7), Y (61 @ G (W1 @ ) (fu @ i) )

H(2)
JjET keZ

=Y ) (Gi(W1) f; ® Ga(tha) £, Gr (1) fie @ G (v2) fi) o

JET ke
= D (Gi(@0) 5, G () fi) (G (W2) £, Ga () fi)

JET keT
=3 "N (G W) Gr(W) fi. Ji)a (G (82)* Gr(W2) fi, Fr)aes

jJET kel

where G1(v¢)* € Lo(H;H) denotes the adjoint operator of G1(v¢) € La2(H; H),
ie., (G1(¥e)*@, )y = (0, G1(Ye)h) g for all p € H, h € H and ¢ € {1, 2},

= Z<G1(¢1)*G1(¢1)fja Z<G1(¢2)*G1(¢2)fj, Jdn fi)n

JET kel
= (G1(41)*G1(vh1) £, G1(¥2)* G1(¥2) )2
jez

since (fx)rez is an orthonormal basis of H = Q'/2U. Now we use the Cauchy—
Schwarz inequality and obtain

<Y NG (1) Gr (W) 51l Gr (1h2)* G (dh2) £l
JET

<G1(¥1)* G| om0 l|G1(¥02)* Gr(2) | 2o (220

= |G (D)7, 3060 |G N, 30119

< NG lz(vamy 01T 1217
In this calculation the equality within the last three lines can be justified as follows:
For ¥ € V, we denote by (s, (G1(?9)))nen the singular values of the operator Gy (1),
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i.e., the eigenvalues of the operator (G1(9)*G1(9))Y/2. Then the singular values
(8n(G1(9)*G1(9)))nen of the operator G1(9)*G1(9) are given by

sn(G1(0)"G1(9)) = s, (G1(9))?, neN.
Hence, we obtain the following equality

1GL(9)* G124y = D $n(C1L(9)*G1(9))°

neN

=" 5(GL))* = 1G1O) 1%, (30er)-

neN
We have shown that
1(G1 @ G (1 @ ¥a)dllper < 1GillZ (v cooemyllvn @ vellve
for all 41,1y € V. Since the set span{iy @ 1y : ¥y, ¢y € V} is dense in V) the
first claim follows: (G1® G1)()g € £ (V?; H®) with
1(G1 ® GOVl v, mey S NG Zv.ry ey -
The second and the third assertion can be proven similarly: For ¢ € V'

1(G1(¥) @ G2)allFren = D D> (G1(¥) f; @ Gafs, Gr() fr ® Gafi) o

JET ke

= "D (G £, G () i) 1 (Gafy Gafi)n = D _(Gr()*Gr(¥) fj, G3Gafj)u

JET keI jeT
<G () Gr() a0 1G5 Gall arr) = 1GLWONZ 30 | G217, (30109
NG Zwvza ) G217, 20,2 1011
By symmetry of @, it holds ||[(G2 ® G1(¥))q|lg@ = [[(G1(¢) @ G2)q||ge for all
1 € V. This shows (ii) and for (iii) we obtain

(G2 @ Ga)gll3yr = DD (Gafj ® Gafy, Gafi ® Gafi) o

JET kel
=3 Y (Gafj, Gafi)t = D NG5G filli = 1G5GalZ, rury) = G2l 2, 3011y O
JET k€T JET

Lemma relates the concepts of weak and mild solutions of stochastic partial
differential equations, cf. [9, Section 9.3], and will provide the basis for establishing
the connection between the second moment of the mild solution and a space-time
variational problem. In order to state it, we have to define the differential operator
0y first. For a vector-valued function u: T — H taking values in a Hilbert space H
we define the distributional derivative 0;u as the H-valued distribution satisfying

T
dw
(@w)phn =~ [ OO0 Vo H,
0
for all w € C§°(T;R), cf. [4, Definition 3 in §XVIIL.1].

Lemma 2.7. Let the conditions (1)-(2) of Assumption[2.1] be satisfied and let X
be the mild solution to (2.2)). Then it holds P-almost surely that

(X, (0, + A0 ooy = (Xo,0(0)) i1 + / (0(t), G(X (1) dL(t))

for all v € Cj (14(T;D(A")) == {w € CY(T,D(A")) : w(T) = 0}.
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Proof. This equality follows from the equivalence of mild and weak solutions, see [9,
Theorem 9.15 and (9.20)]. O

3. THE SECOND MOMENT

After having introduced the stochastic partial differential equation of interest
and its mild solution in Section [2, the aim of this section is to derive a well-posed
deterministic variational problem which is satisfied by the second moment of the
mild solution.

The second moment of an H-valued random variable X € L?*(Q; H) is denoted
by M@ X := E[X ® X] € H®. It follows immediately from the definition of the
mild solution that its second moment is an element of the tensor space L*(T; H) ®
L?(T; H). Under the assumptions made above we can prove even more regularity.
We introduce the Bochner space X := L?(T; V) and the tensor space X? := XY@ X.

Theorem 3.1. Let all conditions of Assumption[2.1) be satisfied. Then the second
moment M) X of the mild solution X defined in ([2.3)) satisfies M) X € X2,

Proof. First, we remark that
IM® X xe = |EX ® X]|lxer <E[X © X|xer =E[|X]13]

Hence, we may estimate as follows:

IM® X[y <E / THS(t)Xo [ st - sas) dL(s)Hi dt

0

< 21E/0T [||5(t)X0||2V + H/OtS(t— s)G(X(s))dL(s)m at

_9F /OT|Aé5(t)XO||§,dt +2/OTEH/;A%S(7:—s)G(X(s))dL(s)Hidt.

Since the generator — A of the semigroup (S(¢),¢t > 0) is self-adjoint and negative
definite, we can bound the first integral from above by using the inequality

T
1 1
(3.1) | natselae < 3ol ve
0

and for the second term we use Itd’s isometry, cf. [9, Corollary 8.17], as well as the
affine structure of the operator GG to obtain

T t
IM® Xy < Bl Xoll% +2 / E / 1A3S(t — $)G(X (5))|2, pry ds dt
T t .
<EIXolfy +4 [ [ 1A¥S(~ 5)Gall g ds e
0 0

T t
+4/ ]E/ A2 5(t — $)G1(X ()17, (30.5r) s At
0 0

By Assumption[2.1](1)~(3) as well as Theorem [2.3]there exists a regularity exponent
r € [0, 1] such that the mild solution satisfies X € L°(T; LQ(Q; H")). In addition,
by part (4) of Assumptionit holds A'/2S(-)Gy € L*(T; L(H"; Lo(H; H))). Then
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we estimate as follows,

T t
||M(2)X||X(2) SEHXOH%{JFZIZ/ / HA%S(t*s)GanH%{det
neN 0 0

T
1
[ AR = G oy EIX )y st
for an orthonormal basis (f,)nen of H. Applying (3.1 again yields
IM®) X[ o) < 1XollZ 201 + 2T G2 |7, (30. 219

+47) X |3 HIAZS ()G

2
oo (T;L2 (4 HT HL%T;L(HT;LQ(H;H»)’

which is finite under our assumptions and completes the proof. O
We introduce the spaces H} {T}(']I‘;V*) = {ve HY(T;V*) : v(T) =0} as well

as Y = L*(T; V) N Hé’{T} (T;V*). Y is a Hilbert space with respect to the inner
product

(v1,v2)y = (V1,V2) L2(T;v) + (Opv1, Opva) L2(Tyv+),  V1,V2 € V.
Moreover, we obtain the following continuous embedding.
Lemma 3.2. It holds that Y < CO(T; H) with embedding constant C' < 1, i.e.,

sup |[v(s)||lg < ||v||ly for every v e Y.
seT

Proof. For every v € Y = L?(T; V)N H&{T}(T; V*) we have the relation

()1 — llv(s)l7r = / 2y (Qp(t),v(t)vdt, rseT,r>s
cf. [, §XVIIL.1, Theorem 2]. Choosing r = T" and observing that v(T") = 0 leads to
l(s)IF < 20100llz2rv [0l 2y < 0wl T2 vy + 101122y = 0I5 O

The dual spaces of X and ) with respect to the pivot space L?(T; H) are denoted
by X* and Y*, respectively. For the tensor spaces X2 and Y@ .= Y® Y the dual
spaces X@* and Y®* are taken with respect to the pivot space LQ(’JI‘;H)(Q) =
L*(T; H) ® L*(T; H).

In the deterministic equation satisfied by the second moment the diagonal trace
operator & will play an important role. For w € CY(T x T; R) we define the diagonal
trace operator 6: C°(T x T;R) — C°(T;R) C L'(T;R) by

S(w)(t) == w(t,t) VteT.

This operator admits a unique continuous linear extension to an operator acting

on L2(T;R)?), §: L?(T;R)® — L'(T;R). For a function
ueU:={ueC%T x T;R)|Jus,up € C°(T;R) : u(s,t) := uy(s)ua(t) Vs,teT}

we calculate

T
6(u)ll L1 (rym) = /O lur (t)uz(t)| dt < [lusl|L2(rir) luallL2(rir) = l[ullL2(rxrim)-
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The set of linear combinations span(i) is a dense subset of L*(T x T;R) and,
moreover, the spaces L?(T x T;R) and L?(T;R)?) are isometrically isomorphic.
Hence,

) S E(L2(T7 R)(2), Ll (T, R)), ||§H£(L2(T;R)(2);Ll(T;R)) S 1.
We next extend the definition of the diagonal trace operator to vector-valued func-
tions. For a separable Hilbert space H we consider the tensor product between
the Banach space L*(T;R) and H?) with respect to the projective norm, cf. [IT]
Section 2.1]. We define ¢: L*(T;R)® @ H? — LY(T;R) ® H® for generating
functions v = v ® @, v € L3(T;R)?), o € H®) | by

5(u) == d(v) ® ¢ € L(T;R) @ H®

and extend continuously. In this way we obtain a bounded linear operator
(3.2) § € L(LX(T; H)®; LY (T; H?)), 101l z(2(m;my@ 501 (ms @)y < 1,

since L2(T; H)® = L¥(T;R)P @ H® and L' (T; H?)) = LY(T;R)® H® — for the
latter identification see [IT], Section 2.3]. Note that the restriction dy of the diagonal
trace operator ¢ to the subspace Y LQ(T;H)@) is mapping to C° ('JI‘;H(Q)),
since for v1,v9 € Y we obtain

[0y (v1 ® v2)||co(r, my = sup [Jv1(t) @ va(t)|| g2y < sup [[vi(s)]|m sup [lvz(t) ||z
teT seT teT
< loillyllvzlly = [[vr ®@ v2|lye
by Lemma [3.2] above. Therefore,
(3.3) 5y € L(YP;CO(T; HD)),  |Ioyll cye.comey < 1,

and we may define its adjoint operator 43, € E(CO (']T; H(z))*; y<2>*). Then the vec-
tor 03, (3(u)) is a well-defined element in the dual space Y?* for all u € L*(T; H)(?),
since L1 (']I‘ H? ) ccY (T H 2))*
The following proposition establishes the finiteness of all terms in the determin-
istic variational problem that we shall derive in Theorem below.

Proposition 3.3. For the kernel ¢ € U defined in (2.6) and an affine operator
G(-) = G1(-)+ G2 satisfying condition (2) of Assumption|2.1| the following operators
are in the dual space of Y.

35(0((G1 ® G1)(u)g)) € Y& vue x®),
05((G1(u) @ Ga)g) € VD™ Vue X,
03 (G2 @ G1(u))q) € Y@ vy e x,
35((G2 ® Ga)q) € Y.
Moreover, the linear operator 63,(5((G1 ® G1)(-)q)): X — YB* is bounded with
\\5;;(5((G1 ® Gl)(')‘]))”ﬁ(x@);y@)*) < ||G1||2E(V;E4(H;H))-

Proof. As mentioned above, it is enough to show that (G ® G1)(u)q € L*(T; H)?
for all w € X®) in order to prove the first claim. By Lemma (i), we have that
(G1®G1)()g € £L(VP; H®), which justifies that

(G1®G1)(-)g € L(XP; LX(T; H)P)
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with
(3.4) [(G1 ® G1) ()l cx@;c2mmy@) = [(G1 @ G1) ()l (v, me),
since X?) = L2(T;R)?) @ V(). Furthermore, we obtain for u € X'
163, (6((G1 @ G1)(w)q))llye-
<183 [l zco(r; @)=y [[6((G1 ® G1) (W) @) || o (1 )+
< [16((G1 @ GO)(WD | L1 (r; 1),
since 63, inherits the bound of the operator norm in from §y and, in addition,
lwll oy < llwllprr.ae) for all w € L(T; H®?). By applying and
we obtain
[65,(6((G1 ® G1)(w)@) |y« < 0]l 22 (rymy@ ;0 (roa@) (G @ Gu)(w)gll L2y
< (G1 @ G1) ()l cx@ ;2 (msm) @)
= (G1 @ GVl covemen lullve < NG Zwv.co@emllulve-
Here, we used the bound on the operator norm in Lemma (i) for the last
estimate.
To see that 63,((G1(u) ®G2)q) and 63,((G2®G1(u))q) are in the dual space Y

for every u € X, we may proceed in the same way using part (ii) of Lemma
yielding

(G1() ® Go)g € L(X; LA (T; HP)), (G2 ® Gi(-))q € L(X; L*(T; HP)).
Hence, (G1(u)®G2)q, (G2®@G1(u))g € L2(T; H®) for every u € X and the second
as well as the third claim follow since L2 (']I‘; H(2)) c L (T; H(Q)).

Finally, by Lemma (iii), (Go ® Ga)q € H? and, therefore, it is a constant
function in L! (T; H (2)) and the last assertion follows. O

ull xc

Remark 3.4. In the additive case one may relax the assumptions on the operators
A and @ made in [7, Lemma 4.1]. In fact, the condition tr(AQ) < +oc is not
necessary for the term denoted by § @ ¢ in [7] to be in the dual space Y()*, since
for vy, vy € L3(T; H) D Y we may estimate as follows

T
{0 @ q,01 @ v2) 2(pymy» | = ’/ (q,v1(t) @ va(t)) o) dt
0

T
< IIQI|H<2>/ lor @) [ zllva (Dl At < llgll @ o1l 2 (v o2l 22 01y -
0

The calculation above shows that § ® g is even an element of L?(T; H)?* ¢ Y+
without the assumption tr(AQ) < +oo.

Finally, we define the bilinear forms B: X x Y — R,
T
35)  Blu,v):= / viut), (=0 + A%)o(t))v- dt = x(u, (=0 + A")v)x+,
0
as well as B®): XY@ x y) 5 R,
T T
B® (u,v) = / / v (Ut ta), (=0, + A*) @ (=0 + A")) v(t1, t2)) v dty dto
o Jo

(3.6) = v (u, (=8 + AP0y,
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and we introduce the mean function m of the mild solution X in (2.3)), i.e.,
(3.7) m(t) :=EX(t) = St)EX,y, teT.

Note that due to the martingale property of the stochastic integral the mean func-
tion depends only on the initial value X and not on the operator G. Furthermore,
applying inequality shows the regularity m € X', and m can be interpreted as
the unique function satisfying

(3.8) meX: B(m,v)=(EXqv0)y Yve.

Well-posedness of the problem (3.8]) above follows from [13, Theorem 2.3].
With these definitions and preliminaries we are now able to show that the second
moment of the mild solution solves a deterministic variational problem.

Theorem 3.5. Let all conditions of Assumption be satisfied and let X be the
mild solution to [2.2). Then the second moment M®) X € X2 solves the following
variational problem

(3.9) we X BP(u,v)=flv) YoeY?,
where for u e X3 andv e Y@
(3.10)  B®(u,v) := B (u,v) — @+ (03, (0((G1 @ G1)(u)q)), V) y@),
f) == (M® Xq,0(0,0)) yr) + ye- (55 ((G1(m) @ G2)q), v) i)
+ 3@+ (03 ((G2 ® G1(m) + G2 ® G2)q), v)ye)
with the mean function m € X defined in .
Proof. Let v1,vq € Cé’{T}(T;’D(A*)) = {¢ € CYT;D(A*)) : ¢(T) = 0}. Then,
by , we obtain
BOM®PX,v1 ®v2) = e (MPX, (=0, + A*)® (01 @ v2)) 22
=Eyo (X @ X, (=0 + AP (v1 @ v3)) x2)-
=E [(X, (=0, + A")v1) r2(r.m) (X, (=0 + A*)va) p2(m.mm)] -

Because of the regularity of v; and vy we may take the inner product on L?(T; H)
instead of the dual pairing between A and X*. Now, since X is the mild solution

of (2.2)), Lemma yields

T
B (42X, 00 00) = E| ((Xooa(0)n + [ (09, GX(3) AL o))

T
((Xo,val0)n + | <v2<t>,G<X<t>>dL<t>>H)}
= E[(Xo,v1(0)) 1 (X0, v2(0)) 1]

T
+E[(Xo,01(0))n / (va(t), G(X (1)) AL () u |
T
B[ 020 | (01(5). GO (5) L)
T T
B[ [ {020, X)L [ {019 GX () AL .
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The Fy-measurability of Xo € L?(Q; H), along with the martingale property of the
stochastic integral, imply that the second and the third term vanish: For ¢ € {1,2}
we define the £2(H;R)-valued stochastic process ¥, by

Wo(t): w s (ve(t), GX())w)y Yw e H

for t € T, P-almost surely. Then we obtain || U,(¢ )||L (HR) = = ||G(X ( ))*ve(t)]|3,
P-almost surely with the adjoint G(X (t))* € Lo(H;H) of G(X(t)) an

B[00, 0@ [ (00 GOK0) L] = B[Xor v [

_ E{m, W(o>>H1E[/OT (1) dL (1) ‘]—'OH —0

by the definition of the weak stochastic integral, cf. [9 p. 151], and the martingale
property of the stochastic integral. For the first term we calculate

E [(Xo,v1(0)) 1 (X0, v2(0)) ] = E [(Xo ® Xo,v1(0) ® v2(0)) 2]
= (M®Xo, (v1 ® 12)(0,0)) o

Finally, the predictability of X together with the continuity assumptions on G
imply the predictability of G(X) and we may use Lemma for the last term
yielding

B[ (0G0 [ (n().G(X(6) aLo)]
-/ " 0a(0) © wal), BIG(X(0) © GX ()] ) o
-/ (01 @ 06,0, B [(Gr @ G1)(X(0) © X ()] ) o
+ [ (01 @ 02) (60, (BIGL (X ()] © Gl
+ (01 @ 02)(6,0), (G2 E[GH (X)) d

T
+ / <(1]1 & 'UQ)(t, t), (GQ ® GQ)C]>H(2> dt,
0

= comu@)-{0((G1 ® G1)MPX)q), 0y (v1 @ V2)) co(ms ™)
+ comu)- ((G1(m) ® G2)g,6y(v1 ® v2))cor a2
(G2 ® G1(m))gq, 6y(v1 ® v2))co(m;He)
+ cormya@)- (G2 ® G2)q, 0y (v1 ® v2)) o m)
= @+ {03(6((G1 ® G1)(MP X)q)), v1 @ v2)ye)
+ y@- (63 ((G1(m) ® G2)q),v1 @ v2)ye
+ y@- (03 ((G2 ® G1(m))q), v1 @ V2) e + y@ - (05 ((G2 @ G2)q), v1 ® v2) @),
where the last equality holds by Proposition Since C’é {T}(T; D(A*)) CcYVisa
dense subset, the claim follows. ([

(
X
+ co(ma@)(
(
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4. EXISTENCE AND UNIQUENESS

Before we extend the results of Section [3for the second moment to the covariance
of the mild solution in Section 5] we investigate the well-posedness of the variational
problem in this section.

For this purpose, we first recall the Necas theorem, which we quote as it is
formulated in [5, Theorem 2.2, p. 422].

Theorem 4.1. Let Hy and Hy be two separable Hilbert spaces and $B: Hy x Hy — R
a continuous bilinear form. Then the variational problem

(4.1) ue Hy: PBlu,v) = gz (f,v)m, Yv e Ho,

admits a unique solution w € Hy for all f € H5, which depends continuously on f,
if and only if the bilinear form % satisfies one of the following equivalent inf-sup
conditions:

(1) There exists 5 > 0 such that

B(v1, v
sup Plv,v2) > Bllville,  Yvi € Ha,
va €H2\ {0} [vall rr,

and for every 0 # vo € Hy there exists v1 € Hy such that #(v1,v2) # 0.
(2) It holds

) B(v1,v2) ) B(v1,v2)
in sup , in sup —————— > 0.
v €H\{0} vye i\ {0} V1l a, (V2 1, v2€H\{0} v, e i1, \ {0} |[V1 ]|, [|v2]] 11,
(3) There exists B > 0 such that
t@(vl,’l)g) - of %(017’02) —B

inf sup @ — = i sup @ — 0 =
v €H\{0} pye i\ (o) [Vl [v2lliy  vaeH2\{O} o, e\ {0y 101l 1y V2]l 2

In addition, the solution u of (4.1) satisfies the stability estimate

luller, < B7HIF N ars-
Therefore, by part (1) of the Necas theorem above, the deterministic problem of
finding u € X satisfying (3.9) is well-posed if
3(2)(% v) )

(4.2) inf sup ——— >
weX@\{0} yeyn (o} lullxe [[v]lye@

for some constant 5(2) > 0 and

(4.3) vo e YA\ {0}:  sup B@(u,v)>0.
u€ X (2)

First we address the inf-sup condition (4.2)) in Section The surjectivity (4.3
is proven in Theorem in Section [£.2] and well-posedness is deduced.
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4.1. The inf-sup condition. In order to investigate the inf-sup constant 5(2), let
us additionally define the following inf-sup constants

(4.4) f:= inf = sup M7
ueX\{0} yey\ (o} llullx|lvlly
(4.5) B* = inf sup M,
ve\{0} wex\{oy [[ullxlv]ly
(2)
(4.6) B® .= inf sup M,
weX@\{0} yeyn foy [ullxe [[v]lye
2
(4.7) B2* = inf B (u,v)

vEYAN\{0} e x @\ {0} ullxe [[v]lye

for the bilinear forms B and B defined in (3.5) and (3.6), respectively. We im-
mediately obtain the following relation between 52 and (2.

Lemma 4.2. For Gy € L(V;Lo(H; H)) the inf-sup constant 5(2) in (4.2)) satisfies
BP > 8D —NGillZ (s

Proof. To derive the lower bound for 5(2), let w € X3, Then

B (u,v) 1B (u,v) — - (63 (0((G1 ® G1)(u)q)), v)ye |
sup ————2 = sup
veY@\{0} [v]lye veY@\{0} [v]lye
> sup B3 (u,v)| sup | y@+ (03 (0((G1 ® G1)(u)q)), w)yo |
vevengoy lvllye  weyenqoy [wllye

> 89 Jull v — [95(6((G1 @ G1)(w)a)) lyeo-
> (B2 Gl vy ) Il e

where we used Proposition [3.3|in the last step. g

In order to derive an explicit lower bound for B’(z) we investigate 3(2) first.
Lemma 4.3. The constants ) and 32* in [@.6) and (@.7) satisfy B > 5% and
BP* > (8*)? with f and B* defined in [A4) and [E5), respectively.

Proof. Applying [Il Lemma 4.4.11] with X1 = Xo =U; =Us =X and Y1 =Y =
Vi =Va =Y as well as (u, ) x, xv; = (U, V) x,xv, = B(u,v) for u € X,v € Y shows

B3 > B2, Exchanging the roles of X and Y yields the second assertion, i.e., that
6(2)* > (6*)2 0

The constant 5 in (4.4)) is known to be positive and, more precisely, we have the
following theorem.
Theorem 4.4. The bilinear form B in (3.5)) satisfies the following conditions:
B(u,v)
in sup —————
ueX\{0} veyr{oy llullxlvlly
Yo e Y\{0}: sup B(u,v) > 0.
ueX

>0,

Proof. This result is stated in the second part of [13, Theorem 2.2]. |
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Lemma 4.5. The inf-sup constant B in (4.4) satisfies 8 > 1.

Proof. Combining the results of Theorem with the equivalence of (1) and (3)
in Theorem [4.1] yields the equality

. B(u,v) ) B(u,v)
inf sup ————— = i sup —————,
weX\{0} yey\(oy lullxllvlly — ved\{o} wearioy llullx[lv]ly

ie, p = B*. To derive a lower bound for 8*, we proceed as in [12, 14]. Fix
v € Y\ {0}, and define u := v — (A*) 190, where (A*)~! is the right-inverse of the
surjection A*. Then u € X = L*(T; V) since (A*)~! € L(V*;V) and we calculate
as follows:

T T
||U\|3c=/0 Hu(t)H%/dt:/o v{u(t), A%u(t))y- dt
T
:/O 0(t) — (A1 00(t), A*u(t) — Bu(t))y- dt
T T
:/ V(v(t),A*v(t)>v*dt+/ VAN 10,0(2), Byu())y - dt
0 0

T T
= [ vt oot [ () B, A7)

0 0

Now the symmetry of the inner product (-,-)y on V yields
VA 0(0), A1) - = (A7) 0(0), o) = {o(0), (A7) Bty
= v(v(t), Ow(t))v~,
and by inserting the identity A*(A*)~!, using & [lv(¢)(|%;, = 2 v (v(t), O (t))v+ and
v(T) = 0 we obtain
T
lull% = l[ol% + 1(A*) " opvll% _/0 2y (v(t), Ov(t))v- dt

= [[vll% + (A " awll% + v ()17
> [[ull% + (A7)~ 0wll% = ollz + 100172 vy = V113

In the last line we used that ||w||y« = [|[(A*)"tw]||y for every w € V* since
|wly- = sup v{v,w)y-
vevioy  lvllv
A*((A* —1 . A* -1
_ sup V<U7 (( ) w)>V — sup <’U,( ) w>V — ||(A*)71wHV
veV\{0} [v]lv veV\{0} [[v]lv

Hence, we obtain for any fixed v € Y and u = v — (A*)"1d;v that ||ul|x > |Jv]y.
In addition, we estimate

B(u,v) = x{u, (=0 + A" )v)xr = x(v— (A*)*latv, —0w + A V) p+

T
- / v (0(t) — (A")10,0(8), A% (u(t) — (A*) 00 () v- dt

T
:/O [o(t) = (A) o) = llv = (A) 0wl = llullk > llullx[lvlly
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and, therefore,
B(w,
sup B(w,v) > |lvlly Yved.
wex\{oy llwllx
This shows the assertion
=B = inf  sup DY o O
veI\{0} wer {0y [wlxllv]ly

__ Summing up these preliminary observations on the inf-sup constants 3, 3 (2) and
8@ yields the following explicit bound for 32 which depends only on the operator
norm of the linear operator Gj.

Proposition 4.6. For Gi € L(V;L2(H; H)) the inf-sup constant B®@ of the bi-
linear form B?) satisfies 52 > 1 — HG1H%(V‘£4(H‘H)). In particular, the inf-sup
condition (4.2)) is satisfied if

(4.8) IGllcvicamy) < 1.

Proof. Combining the Lemmas [4.2] [£.3] and [£.5] yields the assertion,

B > A — ||G1||2/;(V;,C4(H;H)) > % - “Gl“%(v;£4(H;H)) >1- HG1”%(V;L4(H;H))'
U

To see that Assumption (4.8]) is not too restrictive, we calculate ||G1 | z(v;z, (4 )
for an explicit example taken from [6].

Example 4.7. Let U = H, Q € L] (H) and H = Q'/?H. We define the operator
Gi: H— Lo(H;H) by

Gr(p)v ==Y (0, Xn)u (¥, Xn)r Xns 2% € H,
neN
where (xn)neny C H is an orthonormal eigenbasis of A with corresponding eigen-
values (ap)nen (in increasing order). Omitting the calculations we obtain
(i) Gr € LOH; L2(H; H)) with |G| £emc,0m)) < t2(Q)12,
(i) Gy € L(V;Lo(H;V)) with |Gilzvic,ev)) < tr(Q)Y2,
(i) G1 € L(V;L4(H; H)) with

2
||Q|£2<H;H>>”

1G1lle(vicasmy) < (
aq

4.2. Well-posedness. Using the result of the previous section on the inf-sup con-
stant of the bilinear form B® we may apply the Necas theorem, Theorem in
order to prove existence and uniqueness of a solution to the deterministic varia-
tional problem that we have derived in Section [3|for the second moment of the mild
solution.

Theorem 4.8. Suppose that Assumption (4.8) on G1 € L(V; Lo(H; H)) is satisfied.
Then the variational problem

(4.9) weX?: BA(w,v)= yo(f,v)ye YoeP?

admits a unique solution w € X3 for every f € Y@*. In particular, there exists
a unique solution u € X2 satisfying (3.9).
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Proof. As already mentioned, Theorem [.1] guarantees existence and uniqueness of
a solution w € X@ to ([£9) if the bilinear form B satisfies (4.2)) and (&.3).

We~know from Proposition that 3 > 1 — ||G1||2L(V;£4(H;H)) and, hence,
that 32 > 0 under Assumption ([£.8). It remains to show that also the second
condition (3] is satisfied. For this, fix v € Y \ {0}.

_ _ B®
sup B (u,v) >  sup BP(u,v)= sup 5% (u,v)
wex (@ wex®@ ueX )\ {0} l[ull v
lull 4 (2)=1

s BP0 e B 0G0 G ) vy
ueX(\{0} Jullxe weX@\{0} [wll @
0560((GheG .
T T L CI((CR 70 ot S
weX\{0} [|wll x e

> (5(2)* —163,(5((G1 @ Gl)(')‘l))Hc(x<2>;y<2>*)> [vllye),

where we used the reverse triangle inequality and the inf-sup constant 5(2* defined

in . Applying Proposition Lemma and using the fact that g = §*
yields

sup B (u,v) > ((5*)2 - ”GIH%(V;L;(H;H))) [v]lye
u€X (2)

= (82 = 1G1 2w carary ) IWllyer >0 ¥ € Y\ {0}
under Assumption (4.8)) by Lemma O

5. FROM THE SECOND MOMENT TO THE COVARIANCE

In the previous sections we have derived a deterministic variational problem
satisfied by the second moment M(?) X of the solution process X to the stochastic
partial differential equation as well as well-posedness of that problem. In this
section we will describe the covariance Cov(X) also in terms of a deterministic
problem. For this purpose, we remark first that

Cov(X) =E[(X —EX) ® (X — EX)]
=E[(X®X)—- (EX®X)— (X QEX)+ (EX ® EX)]
=M®PX —EX @ EX

and Cov(X) € X since M@ X € X and m = EX € X. By using this relation
we are able to show the following result for the covariance Cov(X) of the mild
solution.

Theorem 5.1. Let all conditions of Assumption be satisfied and let X be the
mild solution to ([2.2). Then the covariance Cov(X) € X solves

(5.1) wue X®: B@(u,v)=g) Vvey®
with B® as in ,

9(v) == (Cov(Xo),v(0,0)) g2 + y-(63(3((G(m) ® G(m))q)), v)ye
for v e Y@ and the mean function m € X defined in .
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Proof. By the remark above, Cov(X) = M® X —EX @ EX. By using the result of
Theorem for the second moment M®) X as well as (3.8) for the mean function
m = EX we calculate for vi,v9 € V:

B® (Cov(X),v1 ® va) = BOM® X, 01 ® vp) — BO(EX @ EX, v @ v2)
= f(v1 ®v2) = B(m, v1) B(m, v2) + y-(63,(6((G1(m) @ G1(m))q)), v1 @ v2) e
= (M@ Xy, (v1 ® 12)(0,0)) g2 + y+(63((G2 ® G2)q), v1 @ v2)ye2)
+ - (63((G1(m) ® G2)q),v1 @ v2)ye2)
+ y@-(03((G2 @ G1(m))q), v1 @ v2)ye
— (EXo,v1(0)) 1 (EXo,v2(0)) m + ye@-(05(6((G1(m) ® G1(m))q)),v1 @ v2)y e
= (Cov(Xo), (11 ®2)(0,0)) g + y@-(63(0((G(m) ® G(m))q)),v1 @ v2)ye) -

Hence,
8(2)(COV(X),’01 ®uy) =g(vy ®va) Yuy,vg €Y

and the density of the subset span{v; ® vy : v1,v3 € Y} C V@ completes the
proof. O

Remark 5.2. Theorem shows that if only the covariance of the mild solution
to needs to be computed, one can do this by solving sequentially two coupled
deterministic variational problems: the untensorized problem for the mean
function and afterwards the tensorized problem for the covariance.

Note also that in the case of additive Gaussian noise with a Gaussian initial
value the mean and the covariance function already determine the distribution of
the solution process uniquely, since it is Gaussian distributed itself.
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