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ABSTRACT
High-frequency quasi-periodic oscillations (HF QPOs) appear in the X-ray variability of
several accreting low-mass binaries. In a series of works, it was suggested that these QPOs
may have connection to inhomogeneities orbiting close to an inner edge of the accretion disc.
In this paper, we explore the appearance of an observable signal generated by small radiating
circular hotspots moving along quasi-elliptic trajectories close to the innermost stable circular
orbit in the Schwarzschild space–time. Our consideration takes into account the capabilities
of observatories that have been operating in the past two decades represented by the Rossi
X-ray Timing Explorer (RXTE) and the proposed future instruments represented by the Large
Observatory for X-ray Timing (LOFT). For these purposes, we choose such model parameters
that lead to light curves comparable to those observed in Galactic black hole sources, in
particular the microquasar GRS 1915+105. We find that when a weak signal corresponding
to the hotspot Keplerian frequency is around the limits of the RXTE detectability, the LOFT
observations can clearly reveal its first and second harmonics. Moreover, in some specific
situations the radial epicyclic frequency of the spot can be detected as well. Finally, we also
compare the signal produced by the spots to the signal produced by axisymmetric epicyclic
disc-oscillation modes and discuss the key differences that could be identified via the proposed
future technology. We conclude that the ability to recognize the harmonic content of the signal
can help to distinguish between the different proposed physical models.

Key words: accretion, accretion discs – black hole physics – gravitation – methods: numeri-
cal – X-rays: binaries.

1 IN T RO D U C T I O N

Several low-mass X-ray binaries exhibit in the high-frequency part
of their X-ray power density spectra (PDS) distinct peaks, so-called
quasi-periodic oscillations (QPOs). The oscillations with the highest
frequencies are sometimes displayed in the range of hundreds of Hz
(HF QPOs). In neutron star (NS) sources, two simultaneous strong
HF QPO peaks are often found (referred to as the upper and the
lower QPO). The frequencies of these twin-peak QPOs are varying
over time, sometimes by several hundred Hz on time-scales of
days, and the fastest documented changes of twin QPO frequency

� E-mail: pavel.bakala@fpf.slu.cz

are of the order of Hz s−1 (Paltani et al. 2004; Barret et al. 2005;
Barret & Vaughan 2012). The frequency ratio sampled from the
available observations of individual NS QPO sources often clusters
(typically around the 3:2 value). The clustering can account either
to incomplete data sampling, weakness of the two QPOs outside
the limited frequency range, or to the intrinsic source clustering
(see Abramowicz et al. 2003b; Belloni, Méndez & Homan 2005;
Belloni et al. 2007; Barret & Boutelier 2008; Török et al. 2008a,b,c;
Török 2009; Boutelier et al. 2010; Wang et al. 2013, for details).
The HF QPOs observed in microquasars exhibit the 3:2 frequency
ratio (e.g. Abramowicz & Kluźniak 2001; McClintock & Remillard
2006) as well. These QPOs are, however, somewhat different from
the case of NS observations. Their frequencies are much more stable
while their amplitudes are lower. One should also note that they are
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not displayed frequently and exhibit spectral differences from the
NS QPOs (e.g. van der Klis 2006).

So far, there is no consensus on the QPO origin, and numerous
models have been proposed (e.g. Alpar & Shaham 1985; Lamb
et al. 1985; Miller, Lamb & Psaltis 1998; Psaltis et al. 1999;
Wagoner 1999; Abramowicz & Kluźniak 2001; Wagoner, Silber-
gleit & Ortega-Rodrı́guez 2001; Titarchuk & Wood 2002; Rez-
zolla, Yoshida & Zanotti 2003; Pétri 2005; Zhang 2005; Kato 2007;
Šrámková, Torkelsson & Abramowicz 2007; Stuchlı́k et al. 2008;
Horák et al. 2009; Mukhopadhyay 2009; Lai et al. 2012, and oth-
ers). Several but not all of the models expect that the generic QPO
mechanism is the same for both NS and BH sources. Commonly,
there is a belief that the HF QPOs carry important information
about the inner accreting region dominated by the effects of strong
Einstein’s gravity. In several works, it was suggested that the ob-
served modulation of X-ray flux may have some connection to the
inhomogeneities propagating close to the inner edge of the accre-
tion discs. This idea was first discussed within the hypothesis of
PDS continuum origin due to the presence of spots on the accretion
disc surface (e.g. Abramowicz et al. 1991; Mineshige, Takeuchi &
Nishimori 1994).1

Spots as the origin of QPOs have been discussed, in particular, in
a series of papers (Stella & Vietri 1998a,b, 1999, 2002; Morsink &
Stella 1999) that explain QPOs as a direct manifestation of modes
of relativistic epicyclic motion of blobs at various radii r in the inner
parts of the accretion disc. Within the model, the two observed HF
QPO peaks arise due to the Keplerian and periastron precession of
the relativistic orbits. In a similar manner, Čadež Calvani & Kostić
(2008), Kostić et al. (2009), and Germana et al. (2009) introduced a
concept in which the QPOs were generated by a tidal disruption of
large accreting inhomogeneities. Recently, Germana (2012) argued
that the behaviour of the azimuth phase φ(t) for non-closed quasi-
elliptic orbits in the curved space–time can be responsible for the
observed pairs of HF QPOs.

In this paper, we investigate the behaviour of the observable sig-
nal produced by radiating small circular hotspots. We discuss the
detectability of the produced signal propagated from the strongly
curved space–time region. In our discussion, we consider the ca-
pabilities of the present X-ray observatories represented by Rossi
X-ray Timing Explorer (RXTE), as well as the proposed future in-
struments represented by the Large Observatory for X-ray Timing
(LOFT). We also compare the signal produced by spots to the sig-
nal obtained from another specific kind of simulations assuming
axisymmetric epicyclic disc-oscillation modes.

2 T R AC I N G T H E SI G NA L FRO M SP OT

Effects of special and general relativity act on photons emitted by
the hot matter that orbits in the inner part of the accretion disc with
velocity reaching values of percentages of speed of light. Complex
fast calculations of the flux propagation through curved space–
time towards a distant observer represent a demanding, although,
in principle, well-understood problem with practical astrophysi-
cal applications. In past decades, serious effort has been invested
to solve it using mathematically elegant approaches, as well as

1 In the same context, Abramowicz et al. (1992) argue that the surfaces
of accretion discs must be populated by vortices. They point out that in
differentially rotating fluids, vortices are not to be quickly destroyed by
shear. Instead, they may be a very long lived objects, that survive in the disc
like the Red Spot in Jupiter’s atmosphere.

straightforward ray-tracing methods profiting from currently avail-
able high computational power. Overall, various alternative strate-
gies have been developed by different authors (e.g. de Felice, Nobili
& Calvani 1974; Cunningham 1975; Laor 1991; Karas & Bao 1992;
Karas, Vokrouhlicky & Polnarev 1992; Stuchlı́k & Bao 1992; Matt,
Fabian & Ross 1993; Viergutz 1993; Zakharov 1994; Bromley,
Chen & Miller 1997; Dabrowski et al. 1997; Bursa et al. 2004;
Bakala et al. 2007; Vincent, Gourgoulhon & Novak 2012, and oth-
ers). Particular application to the timing of radiating spots orbiting
around black holes was discussed in greatest detail by Schnittman
& Bertschinger (2004a,b) who elaborated the model of small radiat-
ing spots described as isotropic, monochromatic emitters following
non-circular geodesic trajectories and also investigated effects given
by large azimuthal shearing of such spots.

The expected spot-signal can be in principle used to model the re-
sponse of X-ray detectors such as the proportional counter array on
board the RXTE (Jahoda et al. 1996, 2006). The actual response of
the instrument, however, depends on the complex time-dependent
spectral behaviour of the whole source flux. In order to obtain rel-
evant results one must then use a complete physical model of the
accreting source radiation. First steps in this direction were taken
in the above-mentioned work of Schnittman & Bertschinger who
investigated their hotspot light curves assuming steady state disc
models. This option for modelling the observable signal might be,
however, difficult. The current observed radiation of Galactic mi-
croquasars exhibits a complex behaviour of transitions between
particular X-ray states which are yet poorly understood, and the
detailed self-consistent picture of full accreting system physics is
rather missing so far. Another option which we follow here is to use
an empirical model of the global source flux and add just the par-
ticular investigated model for the HF QPO variability including the
predicted time-dependent energy spectra. This allows us to repro-
duce well the detectable signal using the response matrices of the
RXTE and compare them to the results that can be achieved through
the Large Area Detector currently proposed within the future LOFT
mission (Feroci et al. 2012).

2.1 Simulation setup

Next, we investigate the signal from the motion of a small radiating
spot obtained using the extended KYSPOT code (Dovčiak, Karas &
Yaqoob 2004). For simplicity, we choose the zero black hole spin.
We assume radial perturbations of the circular orbit of the radiating
spot at the specific orbital radius r3:1 = 6.75M . At this radius, the
radial epicyclic frequency νr is exactly three times smaller than
the Keplerian frequency νK. The periastron precession frequency
νP then reaches the value νP = νK − νr = 2/3νK. The intrinsic local
spot spectrum is chosen in a power-law form,

N (E) = kE−1.9. (1)

For the further elaboration of observable effects, we set the black
hole mass M

.= 11 M�. The considered mass scales the Keplerian
frequency of the spot to 160 Hz, close to one of HF QPO frequencies
observed in the microquasar GRS 1915+105 (e.g. McClintock &
Remillard 2006). For the spot trajectory we assume constant angular
velocity equal to the Keplerian value � = �3:1

K and two different
amplitudes E of the radial epicyclic oscillation - E = 0.1M and E =
1M , respectively. These amplitudes correspond to a dimensionless
pseudo-eccentricity

e ≡ (rmax − rmin)

(rmax + rmin)
= E/r (2)
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reaching the value of e
.= 0.01 and e

.= 0.1, respectively. The
integration interval of the spot observation measured by an observer
at the infinity is chosen as 10 s. Due to the technical limitations of
the applied code, we restrict ourselves to this integration time in all
further simulations presented in this paper.

We assume the global source flux described by the spectral dis-
tribution N(E) and power density spectra P(ν),

N (E) = kE−2.5, (3)

P (ν) = p0ν
p1 + 1

π

p3p4

(ν − p2)2 + p2
3

, (4)

where k is chosen to normalize the assumed count rate roughly to
1 Crab and pi = [0.001, −1.3, 2.5, 0.8, 0.002]. This setup mimics the
so-called high-steep power-law state in GRS 1915+105, including
steep spectrum and power-law dominated variability with an addi-
tional broad Lorentzian component at low frequencies (McClintock
& Remillard 2006).

2.2 Signal behaviour

Since the signal from the spot strongly depends on the source in-
clination i, we compare the results for two representative values of
i corresponding to the nearly equatorial view and the view close to
vertical axes.

2.2.1 Nearly equatorial view

In Fig. 1, we include amplitude spectra and time-dependent energy
spectra of the net spot-signal calculated for the distant observer
assuming i = 80◦. The spot-signal is dominated by the Keplerian
frequency and its harmonics amplified by relativistic effects which
is well illustrated by the amplitude spectrum on the left-hand panel
of Fig. 1. The eccentricity given by e = 0.01 causes only a negligible
modulation at the radial and precession frequency. The increased
eccentricity corresponding to e = 0.1 can be well recognized in the
amplitude spectra, but the signal is still dominated by the Keplerian
frequency and its harmonics. The time-dependent energy spectra of
the spot are depicted in the right-hand panel of Fig. 1. We can see
that they clearly reveal the signatures of relativistic redshift effects.

So far we have reproduced just the variability and spectra of the
net spot flux. In order to assess the observable effects, we have to
study the total composition of the net spot flux together with the

global source flux given by equations (3) and (4). Assuming this
composed radiation, we can consider the capabilities of the RXTE
and LOFT instruments using their response matrices and provided
software tools. The time-dependent spectra describing the com-
posed radiation are then convolved with the appropriate response
matrix giving an estimate of the observed data. These are Fourier
transformed to the resulting power spectra. The detectability of the
spot signatures then depends obviously on the fraction of photons
from the spot in the total flux. Hereinafter, we refer to this quan-
tity which determines the signal-to-noise ratio shortly as signal
fraction n.

Fig. 2 shows PDS resulting from the RXTE and LOFT simula-
tions assuming various levels of n and the inclination i = 80◦ (i.e.
nearly equatorial view). It includes the cases when the signal is
weak for the RXTE and there are no significant features within its
PDS as well as the high signal fraction when first two harmonics of
the Keplerian frequency can be seen. Comparing both panels of this
figure, we can deduce that when the weak QPO signal correspond-
ing to the hotspot Keplerian frequency is around the limits of the
RXTE detectability, the LOFT observations will clearly reveal its
first and second harmonics. We checked that there is, in practice, no
qualitative difference between the cases of e = 0.01 and e = 0.1. It is
therefore unlikely that the periastron precession or radial epicyclic
frequency can be detected in addition to the harmonics when the
inclination angle is close to the equatorial plane.

2.2.2 View close to vertical axes

For i = 30◦, the signal is dominated by the Keplerian frequency but
the harmonics are much less amplified in comparison to the nearly
equatorial view (see the left-hand panel of Fig. 3). The e = 0.01
pseudo-eccentricity again causes rather negligible modulation at the
radial and the precession frequency. Nevertheless, we can see that
the increased eccentricity of e = 0.1 affects the variability more
than for the large inclination angle. Furthermore, the modulation at
the radial frequency is comparable to those at the second harmonics
of the Keplerian frequency. The time-dependent energy spectra are
depicted in the right-hand panel of Fig. 3.

Fig. 4 includes PDS resulting from RXTE and LOFT simulations
assuming various levels of n. It is drawn for e = 0.1 and includes
the few cases when the signal is weak for the RXTE and there are no
significant features within its PDS, plus one case when some feature
at the Keplerian frequency can be seen. Comparing both panels
of this figure, one can deduce that when the weak QPO signal

Figure 1. Expected net spot flux measured by a distant observer close to the equatorial plane. Left: amplitude spectrum. Right: time-dependent energy spectra
drawn for a distant observer.

MNRAS 439, 1933–1939 (2014)
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Figure 2. Leahy-normalized PDS obtained for various levels of signal fraction n assuming nearly equatorial view (i = 80◦) and pseudo-eccentricity e = 0.1.
The colour-coded flags emphasize the signal excess above the noise level for given n. Left: outputs for an exemplary source regarding the RXTE capabilities.
Right: outputs for the same source luminosity considering the LOFT capabilities. Note that the lowest displayed values of n illustrated by the blue and yellow
colour do not indicate any significant features within the RXTE PDS. On the other hand, the LOFT PDS reveals the Keplerian frequency (blue and yellow
PDS), respectively, its first two harmonics (yellow PDS).

Figure 3. Expected net spot flux measured by a distant observer close to vertical axes. Left: amplitude spectrum. Right: time-dependent energy spectra drawn
for the distant observer.

Figure 4. Leahy-normalized PDS obtained for various levels of signal fraction n assuming a view close to the vertical axes (i = 30◦) and the pseudo-eccentricity
e = 0.1. The colour-coded flags emphasize the signal excess above the noise level for given n. Left: outputs for an exemplary source, considering the RXTE
capabilities. Right: outputs for the same source luminosity, considering the LOFT capabilities. Note that RXTE PDS includes a barely significant excess of
power at 160 Hz only for the highest displayed value of signal fraction n. For the same value, the LOFT PDS reveals the first two harmonics and also the radial
epicyclic frequency, νr

.= 53 Hz. Moreover, combinational harmonic frequency, 4νr = 2νP
.= 213 Hz, can be seen as well.
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X-ray signal of relativistic orbital motion 1937

Figure 5. Left: amplitude distribution and its inclination dependence expected for the drifting spot observed from infinity. Right: illustration of the corresponding
PDS drawn for the RXTE and LOFT observations and inclination i = 65◦.

corresponding to the hotspot Keplerian frequency is around the
limits of the RXTE detectability, the LOFT observations can clearly
reveal its first and second harmonics, and in addition the radial
epicyclic frequency νr and its combinational harmonics 4νr = 2νP.
Although it is not directly illustrated in the figure, it can be shown
that decreasing eccentricity to e = 0.01 leads to a similar PDS, only
without the features at νr and 4νr.

3 B ROA D P E A K S A N D T H E I R H A R M O N I C S

In the previous simplified analysis, we assumed the single spot or-
biting with the fixed Keplerian period. So far, there is no agreement
on the physical origin and properties of the hypothetic clumps or-
biting in the disc. In various proposed scenarios, the spot-signal
(de)coherence is commonly related either to the radial distribution
of several spots or to the continuous change of the spot orbital ra-
dius (see e.g. Karas 1999; Pecháček, Karas & Czerny 2008; Bini
et al. 2012, for details and discussion). In the left-hand panel of
Fig. 5, we show PDS resulting from consideration of spots created
at r = 6.75M and drifted to r = 6M (ISCO). The figure illustrates
well the strong inclination dependence of the ratio between the am-
plitudes observed at the Keplerian and harmonic frequencies. The
example of instrument response to the total model flux is illustrated
on the right-hand panel of Fig. 5 (the mass M is set to the same
value as in the previous sections).

3.1 The 3:2 peaks produced by spots and tori

The radial distribution or drifting of the spots can clearly result
in various levels of signal coherence. Nevertheless, small circular
spots related to a single preferred radius do not reproduce the often
observed 3:2 frequency ratio. Motivated by Karas (1999), we also
consider a somewhat more complicated arbitrary scheme where the
multiple spots are created and drifted around radii close to two
preferred orbits with Keplerian frequencies roughly in the 3:2 ratio.
These orbits are set as r2 = 8M (radius where the radial epicyclic
frequency reaches the maximum value) and r3 = 6M (ISCO). Spots
are then created within the regions [ri + δr, ri] with the size given by
δr = 0.75M. The illustration of this scenario is shown in the left-hand
panel of Fig. 6. Since we keep the same black hole mass as above,
M

.= 11 M�, our setup leads to the main observable frequencies
around 110 and 160 Hz (see panels a and c of Fig. 7 drawn for signal
fraction n

.= 10 per cent and i = 65◦). In the following consideration,

we compare the PDS obtained for this setup to the PDS resulting
from the model of the oscillating optically thin torus slowly drifting
through the resonant radius r3:2.

For the torus kinematics, we assume the m = 0 radial and vertical
oscillations with equal intrinsic amplitudes. The possible QPO ori-
gin in the resonances between this or similar disc-oscillation modes
has been extensively discussed in works of Abramowicz & Kluźniak
(2001), Abramowicz et al. (2003a,b), Kluźniak et al. (2004), Horák
(2005), Török et al. (2005), and several other authors. Here, we
adopt the concept previously investigated by Bursa et al. (2004)
who focused on optically thin torus with slender geometry.

The visual appearance of torus influenced by lensing and Doppler
effects is illustrated in the right-hand panel of Fig. 6. The periodic
changes of the observed luminosity are partially governed by the
radial oscillations due to changes of the torus volume while the
vertical oscillations modulate the flux just due to lensing effects in
the strong gravitational field. The contribution of the two individual
oscillations to the variations of the observed flux thus strongly
depends on the inclination angle (see also Mazur et al. 2013). Here,
we set i = 65◦ where the fractions of the power in the two observed
peaks are comparable. We set the black hole mass M = 5.65 M� and
a = 0 (r3:2 = 10.8M), implying that the two oscillatory frequencies
are νθ (r3:2) = 160 Hz and νr(r3:2)

.= 110 Hz. Assuming this setup,
we produce torus drift light curves for the interval r/r3:2 ∈ [0.97,
1.03]. The resulting PDS drawn for signal fraction n

.= 10 per cent
is included in Fig. 7 (panels b and d). We note that similar PDS can
be reached assuming e.g. a near extreme rotating black hole with
a = 0.98 and M

.= 18 M�.
Using Fig. 7, we can finally confront the predictions for spots

drifted around preferred radii to those expected for the oscillating
torus slowly passing the resonant orbit r3:2. Inspecting this figure,
we can find that the RXTE PDS obtained for the given setup of the
two models are rather similar. On the other hand, the LOFT PDS
reveal the presence/absence of the harmonics in addition to the 3:2
peaks.

3.2 Other examples of the harmonic signature of spot motion

Higher harmonics should appear in the signal generated by small
spots in various situations. In the following, we justify their possible
detectability assuming two more examples of the spot motion.

Panels (e) and (g) of Fig. 7 marked as Spots-S include PDS
resulting for the group of 200 stationary spots (i = 65◦). These
spots were spatially distributed around the two orbits r2 and r3
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Figure 6. Left: sketch of the 3:2 QPO model scheme based on spots orbiting close to two preferred radii. Right: illustration of the role of lensing and Doppler
effects in the visual appearance of torus located at the resonant orbit r3:2.

Figure 7. Panels (a)–(d): comparison between the multiple spot and oscillating torus PDS obtained for the two instruments. Superimposed red curves indicate
various multi-Lorentzian models. Panels (e)–(h): results of simulations assuming stationary spots distributed in space (Spots-S) and spots with short lifetimes
located just at the two orbits (Spots-T).

assuming a superposition of Gaussian radial distributions of devi-
ations σ 2, 3 = (0.3, 0.1) and random orbital phases. In contrary,
panels (f) and (h) of the same figure marked as Spots-T assume a
non-stationary situation with spots that repetitively appear only at
the two preferred radii r2 and r3 (i = 65◦). The spots were created
with long delays with respect to their random lifetimes. These were
much shorter than the integration time of the simulation. Appar-
ently, in both chosen examples, we can find harmonics representing
the signature of the spot motion.

Inspecting the Spot-S and Spot-T situations, we have found clear
harmonics in the expected amplitude spectra for any choice of the
model parameters. Nevertheless, we note that their detectability
in the observational PDS was not high in all cases. Moreover, as
illustrated in the case of Spots-T, various models can produce strong
noise at low frequencies.

Detailed elaboration of the question which setup guarantees the
detectability of the harmonics thus requires a full study of the related
(rich) parameter space. We do not intend to make such a study in
this work, but it should be discussed elsewhere.

4 D I S C U S S I O N A N D C O N C L U S I O N S

We identified the signatures of the spot motion mostly with the
harmonic content of the observable signal. Remarkably, for large
inclination angles, the LOFT observations could easily reveal the
Keplerian frequency together with its first and second harmonics
when the strongest (but still very weak) single signal is around the
limits of the RXTE detectability. Nevertheless, the radial epicyclic
frequency could be also found providing that the inclination is small.
In our analysis, we have paid attention to the timing signatures
of the motion of small circular spots radiating isotropically from
the slightly eccentric geodesic orbits. The case of highly eccentric
orbits and/or spot having large azimuthal shear will be presented
elsewhere.

The comparison between spot and torus models in Section 3 has
been obtained for specific kinematic models. Its general validity
is thus limited. For instance, a consideration of resonance-driven
effects or torus geometrical thickness could also give rise to some
harmonic content in the signal from the oscillating tori. Despite
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these uncertainties, the elaborated comparison indicates clearly that
the increased sensitivity of the proposed LOFT mission can be
crucial for resolving the QPO nature.
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Török G., Abramowicz M. A., Bakala P., Bursa M., Horák J., Kluźniak W.,
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